
MATH 231H SOLUTIONS TO SPECIAL ASSIGNMENT FIVE

Problem 0.

(a) d(u + v) =
∑n
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∂xi
(u + v)dxi =
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dxi = du + dv.

(b) d(uv) =
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Problem 1.

(a) u(x) = (x2 + y2 + z2)−1/2 so ux = −x(x2 + y2 + z2)−3/2, whence

uxx = −(x2 + y2 + z2)−3/2 + 3x2(x2 + y2 + z2)−5/2 =
3x2 − (x2 + y2 + z2)

(x2 + y2 + z2)5/2
.

By symmetry uyy = 3y2
−(x2+y2+z2)

(x2+y2+z2)5/2
, and uzz = 3z2

−(x2+y2+z2)
(x2+y2+z2)5/2

and we see

that ∆u = uxx + uyy + uzz = 0.
(b) u(x) = ea·x so ux = a1e

a·x and uxx = a2
1e

a·x = a2
1u(x). By symmetry,

uyy = a2
2u(y) and uzz = a2

3u(z). Adding them all up gives ∆u = |a|2u.

Problem 2.

(1) The notation reflect what you get by treating ∇ as a vector of numbers and
using the ordinary rules of scalar, dot, and vector product.

(2) curl(gradu) =
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= ( ∂2u
∂y∂z −

∂2u
∂z∂y )i−( ∂2u

∂z∂x −
∂2u

∂x∂z )j+( ∂2u
∂x∂y −

∂2u
∂y∂x )k = 0 because the mixed derivatives in the brackets cancel out.

(3) div curlu = ∂
∂x (∂u3

∂y − ∂u2

∂z ) + ∂
∂y (∂u1

∂z − ∂u3

∂x ) + ∂
∂z (∂u2

∂x − ∂u1

∂y ) = [(u3)yx −

(u3)xy] + [−(u2)zx + (u2)xz] + [(u1)zy − (u3)yz] = 0.
(4) div (gradu) = div (〈ux, uy, uz〉) = (ux)x + (uy)y + (uz)z = ∆u.

Problem 3. The height of the car at time t is H(t) := h(x(t), y(t)). The rate of
change of the height is H ′(t) = hx(x)x′(t) + hy(x)y′(t) = (gradh)(x) · x′(t).

Problem 4. x(t) = (R cos(ωt + ω0), R sin(ωt + ω0)), so

d

dt
f(x(t), y(t)) =

∂f

∂x
x′(t)+

∂f

∂y
y′(t) = Rω[− sin(ωt+ω0)fx(x)+cos(ωt+ω0)fy(x)].

Problem 5. Let E(t) := K(t) + U(t). We show that E(t) is constant by showing
that its derivative is equal to zero.

dE

dt
=

1

2
m

d

dt
(x′ · x′) +

d

dt
[U(x)]

= m(x′′ · x′) + Uxx′ + Uyy′ + Uzz
′

= mx′′ · x′ + ∇U · x′ = [mx′′ + ∇U ] · x′

= [−∇U + ∇U ] · x′ = 0 · x′ = 0 (∵ equation of motion)
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