MATH 231H SOLUTIONS TO SPECIAL ASSIGNMENT FIVE

Problem 0.
(a) d(u + v) = E? 1 (% (u + v)dz; = Z? 1 (% (u + v)dz; = Z:l 1 (% Y dx; +
Dy (% Y dx; = du + dv.
(b) d(uv) =377, a?c (wv)dz; = 377, a?c (wo)dz; = 377 vt o dwﬂrZz 1 “ o dvi =
vdu + udv
Problem 1.
(a) u(x) = (2 + 92 +22) Y2 s0 u, = —x(2® + 3 + 2%)~3/2, whence
322 — (2% +y? + 2?)
(22 + 42 + 22)5/2
3227(12+y2+z2)

Ugp = —(x2 Pt Z2)73/2 + 3x2(x2 P +Z2)75/2 _

3y” —(¢?+y’+2°)

By Symmetry Uyy = W, and Uyy = W and we see
that Au = ugy + uyy +u., =0.
(b) u(x) = e** 50 u; = a1e** and Uy, = afe®* = aju(x). By symmetry,

Uyy = aju(y) and u,, = afu(z). Adding them all up gives Au = |a|?u.

Problem 2.

(1) The notation reflect what you get by treating V as a vector of numbers and
using the ordinary rules of scalar, dot, and vector product.
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(2) curl(gradu) = 9z gy 9z | = (Oé?yauz - aazauy)l_ (55— 50 )J"‘(aamauy -
3 3 U

dr Oy Oz
Byax)k 0 because the mixed derivatives in the brackets cancel out.
(3) div curlu = az(%“; %) + a—y(%ﬁl — %) + az(%? %_uyl) = [(u3)yz —
(ug)ay] + [=(u2)za + (u2)az] + [(u1)zy — (u3)y:] = 0.
(4) div (gradu) = div ((Ug, Uy, uz)) = (Uz)e + (Uy)y + (uz). = Au.
Problem 3. The height of the car at time ¢ is H(t) := h(z(t),y(t)). The rate of
change of the height is H'(t) = hy(x)2'(t) + hy(x)y'(t) = (grad h)(x) - x'(¢).

Problem 4. x(t) = (R cos(wt + wp), Rsin(wt 4+ wy)), so

S l0).0) = S0+ Ly 0) = Rl sinfet +0) o0+ costet + wa)f, ().

Problem 5. Let E(t) := K(t) + U(t). We show that E(t) is constant by showing
that its derivative is equal to zero.

dE 1 d - d
o §ma(x xX') + E[U(X)]
= m"-x)+ Uy’ + Uy + U2

/

= mx" -x'+ VU -x' = [mx" + VU] -x'
[-VU +VU]-x'=0-x' =0 (. equation of motion)




