MATH 231H SOLUTIONS TO SPECIAL ASSIGNMENT ONE

Problem 1. Let M be the midpoint. Then (refer to the diagram on the assignment
sheet):

— — —_—

OM = OA+AM

—_— _— —

OM = OB+ BM

— P— —_— P—

AM = —BM (. |AM| = |BM]| and they have opposite directions).

— _— — — — —

Summing the first two equations gives 20M = OA+ OB =|{OM = %(OA +OB) |

Problem 2 part (1). In the diagram on the assignment sheet:

4B
— —
AQ = tAC (g =1
PQ = AQ-AP (. AP+ PQ=AQ)
—_— = —

— —_— —
BC = AC—-AB (.-AB+ BC = AC)

— — — —_— — — . |PQ|
Thus PQ = tAC —tAB = t(AC — AB) = tBC'. which exactly means that 5o = 1
(same size) and that PQ|BC (same direction).

Problem 2 part (2). The assumptions in part (2) can be expressed in vector
notation by the equation

PQ = tBC.

. - . . - - . .
Also, since AP, AB have the same direction, and AQ), AC have the same direction
we have by the definition of the scalar multiplication that

E = ozA—B)whereoz:_%
E = ﬁmwhereﬁ::%

—_— — =

The idea is to show that « = 3 = ¢. As in the solution of part (1), PQ = AQ — AP

—_— —  ——

, BC = AC —

b

, SO
— — — 1— 1—
BC = AC—-AP=-AQ - —AB
16} @
— 1— 1— 1—
BC = ¥PQ2¥AQ—¥AP
which means that two right hand sides of the above equations are equal. After some
. . 1 1 —_— 1 1 —_— _—
rearrangement, this gives (5 — ?) AQ = (; — E) AP. The vectors AQ, AP have

different directions, so they cannot be proportional. This means that the terms in

the brackets vanish , whence % = %, % = é = o = =1 as we wanted.
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2 MATH 231H SOLUTIONS TO SPECIAL ASSIGNMENT ONE

Problem 3. Let ABCD be a parallelogram (with the vertices listed counterclock-
— —
wise), and set a = AB,b = AD. The other sides of the parallelogram are
—_— — —_— —
BC=AD=a, DC=AB=h.
Its diagonals are
—_— — = _— —  —
AC=AD+DC=a+b, DB=DC—-BC=b-a
What we are asked to prove, in vector notation, is 2|a|?+2|b|?> = |a+b|?+|a—b|?.
We start from the LHS:
LHS = (a+b)-(a+b)+(a—b)-(a—b)
= (la®+a-b+b-a+|b?) +(la*—a-b—b-a+[b]?)
= 2la]* +2|b]* = RHS.
Problem 4 part (1). It is enough to prove the squared inequality |a + b|? <
(lal + [b])*:
RHS = |a>+2|a| - [b| + [b|?
la]? + 2|a| - |b| cos £(a, b) + |b|?
= a-a+2a-b+b-b=a-at+a-b+b-at+b-b=(a+b)-(a+Db)
= |a+b|*=LHS

Y]

—_ —  — —
In a triangle AABC, the sides have lengths |AB|, | BC|, |AC| and we see that |AB|+
J— _— — —

|BC| > |AB+ BC| = |AC|. How can we see that the inequality is strict (i.e. >, not
just >)? Studying the chain of inequalities above we see that the only way for the

—_ — —_ — —_—

RHS to equal the LHS is when 2|AB| - |BC| = 2|AB| - |BC| cos £(AB, BC) which
means that L ABC = 0° or 180°. This cannot happen in a triangle, so the > can
be replaced by >.

Problem 4 part (2). Part (1) implies
la—b[+[b]>|a] = |a—Db|>la|—[b]
[b—al+a| > [b] = |a—b|=[b—al>[bl-|al

This means —|a — b| < |a| — |b| < |a — b|, equivalently ||a] — |b|| < |a —b|.

a1

1
=aqaiby —azb; =a-x
as by 102 201

Problem 5. Working with 2D vectors we see that

where x = (b2, —b1). What is this vector x?

e Length: |x| = /b3 + (—b1)2 = |b];

e Direction: x-b = byb; — b1ba = 0 s0o x L b. Thus £(a,x) = £L(a,b) + 90°

(can you draw a picture where the minus sign is the correct one?)

by
bo
The latter expression is the area of a parallelogram with sides |al, |b| (cut the
parallelogram along the height from the endpoint of b to side a, rearrange the
pieces to form a rectangle, and calculate its area).

=a-x = |a]-|b|cos(£(a,b) £90°) = £|a| - |b| sin L(a, b).

Consequently ’ Zl
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MATH 231H SOLUTIONS TO SPECIAL ASSIGNMENT ONE 3

Problem 6.
(1) Let 6 := £(a,b).

RHS la]?|b|? — (|a||b| cos #)? (.. definition of dot product)
= Ja]?[b]*(1 — cos* ) = (|a|[b] sin6)

= Jaxb|?>=LHS (. definition of cross product)

(2) Write a — CLli —+ agj —+ agk, b = bli + ij + bgk, C = Cli + CQj + Cgk. ThOSG
who do not know determinants should then just calculate using coordinates
a- (b xc), (axb)-c and see that they get the same thing at the end.
Those that know determinants can bypass the calculation by noticing that

a1 a2 as ci C2 C3
a-(bxc)=|b by bg |=|a a2 a3z |=(axb)-c
c1 c2 c3 by by b3

(3) T don’t know a clever way of doing this, except via direct calculation using
coordinates. To keep the equations of reasonable length I will prove the
equation in the special cases a =i, j, k and then note that these imply the
general case because both sides of the identity depend on a in a linear way.

x (bxc)=
i j k
= ix bl bg bg
C1 C2 C3

(i X i) . something — (i X j)(blcg — bgCl) + (i X k)(blcg — bQCl)
—k(b103 — b301) —j(blcg — bgcl) ( ixi= O,i Xj = k,l x k = —j)
(bac1 — b1c2)j + (bser — bics)k

(i-c)b—(i-b)c=

cib — bic = (Clbl — blcl)i + (Clbg — blcg)j + (Clbg - blcg)k
= (b2C1 — blcg)j =+ (bgcl — blcg)k

soix (bxc)=(i-c)b—(i-b)c. Similar calculations establish the identity
for a = j,k. The general case now follows from the linearity of the cross
and dot products:

X (bxc)=

= (a1i+ azj + ask) x (b x ¢)

[a1i x (b x ¢)] + [azj x (b x ¢)] + [ask x (b X ¢)]

[(a1i-c)b — (a1i- b)c] + [(az2] - ¢)b — (azj - b)c] + [(ask - ¢)b — (ask - b)c]
((a1i+ asj+as + k) - c)b — ((a1i + asj + ask) - b)c

(a-c)b —(a-b)c
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Problem 7.

(1) Proof of Jacobi’s identity: We use Problem 6 (c¢). Each summand in a x
(bxc)+bx(cxa)+cx(axb)isa linear combination of two of the
vectors a, b, c. We calculate the total coefficient of each of these vectors:

. | Coefficient of a: | b x (c x a) contributes —b - ¢ and ¢ x (a x b) con-
tributes ¢ - b. Total: —=b-c+c-b =0.
. | Coefficient of b: | a x (b x ¢) contributes a- ¢, ¢ X (a x b) contributes
—c-a. Total: a-c—c-a=0.
. |Coeﬁicient 0fc:|—a~b—|—b-a:0.
Thusax (bxc)+bx (cxa)+cx(axb)=0a+0b+0c=0.
(2) ix(ixk)=ix(=j)=-ixj=-k, but (ixi)xk=0xk=0.
(3) Note that

ax(bxc)—(axb)xc = ax(bxc)+cx(axb)
= —bx(cxa) (. Jacobi’sidentity)
Therefore
ax(bxc)=(axb)xc & bx(cxa)=0&|bx(cxa)=0
< |b|-|c x alsin£(b,c xa)=0
< |b||c||a|sin £L(b,a)sin £L(b,c x a) =0

In other words, a x (b x ¢) = (a x b) x ¢ if and only at least one of a, b, c
is equal to zero, or b||a, or c|la, or b L a,c.

Problem 8. In a triangle AABC, the height to AC' is |AB|sin £CAB so the area
.1 . —_— —_— — ey
is 5|AC| - |AB|sin {CAB = |AC||AB|sin £(AB, AC) = 5|AB x AC/.

Problem 9. Consider a regular polygon with 2n sides (n even) with some arbitrary
point P inside it. Let O denote the center of the polygon (i.e. the center of the
circumscribing circle). Label the vertices of P from V; to Va,, counterclockwise. We
define the following vectors (see figure below):

—
e a;, =PV, (i=1,...,2n).
—
—
e c,=V;Viy1 (i=1,...,2n). Note:
¢i = biy1—b;
¢c; = —c; whenever |i — j| = n (see figure).
—
e r=0P (soa; =r+Db;).
We assume that our polygon is in the zy—plane. Let A; denote the area of

APV; Vi1, and let S denote the total area of the polygon. By problem 8, %ai X
a;11 = A;k, so it is enough to prove that

a2><a3+a4><a5+-~+a2n,2xagn,l—l-agnxal:Sk

(this would mean that the areas of the ‘even’ triangles is half the total area).
Note that if P = O, then this is indeed the case, because in that case all triangles
have the same area. In other words, we always have the equation

bQXb3+b4Xb5+"'+b2n,2Xb2n71+b2nXb1:Sk (*)
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Recalling that a; = r + b; we see that

az Xag+ayg Xas+---+ag-—2 Xag-1+ay, Xa =

= (r+ba)x(r+bg)+--+(r+ba) x (r+b)
= nrxr4+rX(by+bs+---+by_1)+(ba+bsg+--+by,) xr
+(bz x bg + by X bs + -+ + ba,_2 X ba,_1 + bay, X by)
= 0+ [(bo —b1)+ (bsy—b3)+ -+ (b2, —ba,_1)] xr+ Sk, by (*)
= [c1+c3+--+cop1] xr+ 5k

If n is even, then for every c; in the brackets one can find a c; in the brackets such
that |¢ — j| = n, whence by the above discussion ¢; + ¢; = 0 (Look at the picture:
can you identify for each side of the polygon the side which ‘cancells’ it?). We see
that the sum in the brackets vanishes and so

as Xaz+aq4 Xas+---+agp—9o2 Xag,—1+az, Xa =Sk
as required.

Remark: In fact it can be shown that the condition that n is even is not necessary,
and that the sum in the brackets always vanishes. Can you do this? (Hint: complex
numbers help here)






