Math 597e Primes, Spring 2008, Solutions 7

Let f(a) be as in the lectures, let Q = N'/2(log N)~Z and P = (log N)” where B and D will be fixed later.
Further let K(a) = \Zthl e(ah)|? = > inj<u(H — |h|)e(ah) be the Fejér kernel, where we suppose that
H < log N. We now define the major arc M(q, a) = [a/q—P/N,a/q+P/N] and take 9 to be the union of the
M(g,a) with1 < a < ¢ < Qand (a,q) = 1. Alsolet U= (P/N,1+P/N]and R(N,h) =3_ (logpi)(logp2)
where the sum is over primes p;, p2 with p; < N and py — p; = h.

Note, there are a number of corrections.
1. Prove that [ |f(e)]?K(a)do = Z,?:_H(H — |h|)R(N, h). By orthogonality the integral is
Yo <N 2pp<n(logp1)(logp2) ZTh\SH(Hf |h]) where the sums are over those p1,pa, h such that po —p; = h.
2. Prove that R(N, O) = Nlog N + O(N). LHS =}~ _ \(logp)* = (log N)J(N) — fQN I(uw)u~tdu.
3. Prove that [i [f(o)|K(a)da < HQ(N log N)'/2. The integral is
< H? [, |f() |a<<H2 (fy 1f(@)?a)"/* = HZR(N,0)1/2.

4. Show that if o € M(q, a), then K(a) = K(a/q) + O(PH?N~1). Deduce that HN log N + 2ZhH:1(H
WR(N,h) > I + O(HN) where I = 3, . 3" oy K(a/q) [, o) | (@) Pdar. We have K (a) — K (a/gq) =
T (ap=1 ’

Pin<a(H = |A]) f:/q 2mie(hy)dy < H?|a —a/q] < H?PN~1, so the integral is > ffmkM |f(o)]?K(a)da =
I40 (|f()|2H2PN~Y). Thus by Q1, 2, HN log N+O(HN)+2 "2 (H—h)R(N,h) > I, +O(H?Plog N).
5. Let fy(a) = Y p<n(logp)e(ap). Prove that f(a)—f,(a) < log g and that I; = I,+O(N*/2(log N)*) where

ptq
I is as I but with f replaced by f;. Let Eq(a) = f(a) — fo(a). Then Eq(a) < 37, logp = logg. Thus

[fa(@)]? = f(@) = Eqg(a)* = |f(a)]* = 2R(f(a) Eq(@) + |Eq(a)|*. Hence |f(a)* — |fg(a)* < |f(a)|logq +
(logq)* and so I — Is < H*(log Q) [ | f() |da+H2(logQ )? [y dov < (log N)*(N log N)'/2 + (log N)*.

6. Define V(a) by V(a) = u(q)p(q)~* Zivzl e((a —a/q)) when o € M(q,a) and by 0 when o ¢ M. Let

E(a) = fy(a) — V(a). Prove that |fo(a)]? > |V (a)]? + 2R(V () E()) and that I» > I3 + 2RI, where I3, I4
are as I; but with |f|? replaced by |V|?, VE resp. |f,(a)* = [V(a)]* + 2R(V (a)E(a)) + |E(@)|?, etc

7. Prove that fmt(q o) [V (e)]? = pu(q)?¢(q) (N + O(N/P)) and that with &(h,Q) as in the lectures I3 =

2
nN:1 e(ae —a/q)| da=

e, (zﬁj:le( ‘ g+ 0 ( ) B %w) Hence I5 — Is < e 0 wayt H21(0)26(q) 2NP™! <
H2(log QNP

In summary, provided that D > 3, HN log N + 2Zf=1(H —h)R(N,h) > Is + 2RI, + O(HN).

8. Let ¢(n,q,r) = logn — 1/¢(q) when n is prime and n = r (mod ¢), and ¢(n,q,r) = —1/¢(q) other-
wise, and let A(8,q,7) = >,y c(n,q,7)e(Bn). Prove that if o € M(q,a), @ = a/q + 3, then E(a) =
qu 1 A(B.q,r)e(ar/q). Deduce that if S(r) =327 .—; K(a/q)e(ar/q) and

(rg)=1 (a,q)=1

fPIg/VN | ZnN=1 e(n@)||A(B, ¢,7)|dB, then |14 g <o 1(9)20(g) ! Z? .
q

B(0) = £ g1 €007/0) (Zpenpmr (mod o 108)e(BD) = Lc €(Bn)/6(q > te. Hence

P/N N
L= (S Y S Ka/ael-ar/a) / 3 cnBABrar)dd |
q<Q =1

r=1,(r.q)=1 a=1,(a,q)=1

Is + O(H?(log QQNP~") where Is = N 3, s (H — |h])&(h, Q). We have ffm(q,a)

| (r)|I(r). We have



