Math 597e Primes, Spring 2008, Solutions 3

1. Recall that >-7_, x(z)e(zn/q) = X(n)7(x) holds for all x modulo ¢ when
(n,q) = 1. (a) Show that if a,, = 0 whenever (n,q) > 1 then > IT()PIS()1? =

v(q) Z? “ )1 1 |T(a/q)|?. (b) Suppose that a,, = 0 whenever n has a prime factor
q =

< Q. Show that 3y 2 5\ (o o ITOORISCOR < AN, Q) SMEN., a2,
(c) Suppose that a,, = 0 whenever (n,q) > 1, and that the character y (mod q)
is induced by the primitive character x* (mod d). Show that S(x) = S(x*). Re-
call also that 7(x) = 7(x*)u(¢/d) if (¢/d,d) = 1 and that 7(x) = 0 otherwise.
(d) Let Z*x denote summation over the primitive characters modulo ¢q. Show

that if the a, are as in (b) then quQ ﬁ(z*x |S(X)\2) (ZkSQ/q %kk);) <
(k’7Q):1

A(N,Q) Zfﬁ;\]jﬂ la,|?. (e) Show that if the a, are as in (b) then

g<o (108Q/a) 7, SO < AW, Q) 2,20y lanl*
(f) Let N be the set of those integers n € [M + 1, M + N] such that (n,q) = 1 for
all ¢ < Q. Put Z = cardN. Show that

22108Q + ¥ yeq (102 Q/0) X\ | Scn ()| < AN.Q)2
(a) We have |7(x)| = |7(X)| and so

(X)) anx(n)| = > a Zz e(xn/q) Z T(x/q)| .

At once by orthogonality, > (mea 4) ITOOP SOOI = ¢(q) Z?wm(;lzl T (x/q)|>.
(b) Divide both sides of (a) by ¢(q), sum over ¢ < @) and apply the large sieve.

(c) When (n,q) =1, so that (n,d) =1 also, we have x(n) = x*(n).

(d) Correction, T(X) = 7(x")p(q/d)x*(¢/d). Now in the LHS of (b), |S(x) =
S(x*) when y is induced by the primitive character x*. Thus the sum over x in
(b) is 0 unless (d, ¢/d) = 1, in which case it is
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d|q,(d,q/d)=1 x* (mod d)

TS| =

Replacing q on the LHS of our sum by dk gives the double sum
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dk<Q,(d.k)=1 x* (mod d)

and the conclusion follows on noting that |7(x*)|?> = d and applying (b).
(e) From estimates in lectures we have 37 v . )1 w(k)?/o(q) > o(q)g  log X.
(f) In (e) the term g = 1, so that x = 1, gives Z?log Q.



