MATH 597E PRIMES, SPRING 2008, SOLUTION 1

1. (The ‘Larger Sieve’ of Gallagher [1971]) Let N be a subset of Z of the inte-
gers in an interval [M + 1, M + N], and let Z(q, h) denote the number of n € N
such that n = h (mod ¢). For any primepower ¢ let r(q) denote the number of

2
h (mod q) for which Z(q,h) > 0. (a) Explain why Z? = ( {1 Z(q, h)) <

r(q) ZzzlAZ(q, h)2. (b) Let Q be a finite set of prime powers. Deduce that
72 > gco % < > geoM@) Xonimsen 1. (¢) Group pairs ny,n2 of members of A

ni1=n2 (q)
according to their common difference, and hence show that the right hand side above

Is = (]iV:__lN_H D n1na€N ZQEdQ A(g). (d) Show that Zd;ﬁo > nimseN 1= AR

nl—ngzd q| nl—ngzd

(e) Deduce that the expression in (¢) is < Z ) o A(q) + (Z? — Z)log N. (f) Con-

clude that Z < Ziéef(g(/q:(; ;o_gli\; ~ Provided that the denominator is positive. (g)
Suppose that r(p) = (p+1)/2 for each odd prime p. By choosing Q suitably deduce
that Z < N1/2.

(a) Let H denote the residue classes h modulo ¢ for which Z(g,h) > 0. Then
the sum on the left is ), _,, Z(q, h) and cardH = 7(q). Hence the inequality fol-
lows from Cauchy’s inequality. (b) The sum on th right in (a) is the sum over
the pairs ni,no in N with nq,ns in the same residue class modulo ¢. In the
inequality in (a), divide through by r(¢), multiply by A(g) and sum over the el-
ements ¢ of Q. (c) In the inner double sum on the RHS in (b) sort the terms
according to the value d of n; — ny. Obviously |ny — ng| < N — 1 and so the d
lie in [1 — N, N — 1]. Since n; = ng (mod ¢) we also have ¢|d. Thus the RHS
in (b) is 37,0 AQ) D14 <N—1,4)d 2on1.nseNmy —np—a 1+ Interchanging the order of
summation gives the desired conclusion. (d) Summing over all d simple gives the
number of ordered pairs ni,ng, which is Z?. The number of ordered pairs with
ny =mngis Z. (e) When d # 0, }° o aMa) < D4 M) = logld| < logN.
wcoMa) + (2% = Z)log N. (f) By (b) and

A
(), 225 e0 29 < 25 o Alg) + (2% — Z)log N. Thus Z2(¥ o Alg)/r(q) -
log N) < Z(3_,c0A(g) —log N). If Z = 0, then we are done. Otherwise a Z can be
cancelled on both sides. (g) Let Q > 3 be a parameter at our disposal and let Q be

the set of odd primes not exceeding Q. Then > o A(q)/r(q) > > 5 <o % =

2 ZPSQ 1°§p +0(1) =2log Q@+ O(1). Let @ = CN'/2 for a suitably large constant

C. Then ) .o A(g)/r(q) —log N > 1. Moreover ) .o A(g) —log N > N1/2,

Hence the expression in (c) is < Z )




