MATH 597E PRIMES, SPRING 2008, PROBLEMS 3

Due Tuesday 12th February

Let S(x) = Xnthr i1 anx(n), T(@) = 3000 ane(na).

1. Recall that ‘

S x(@)e(an/q) = X(n)7(x)

=1

holds for all x modulo ¢ when (n,q) = 1.
(a) Show that if a,, = 0 whenever (n,q) > 1 then

ZIT WSO = ¢le) > I1T(a/q)*.

a=1
(a,q)=1

(b) Suppose that a,, = 0 whenever n has a prime factor < ). Show that

1 ) ) M+N ,
Yo 2 FOPISCOP SAN.Q) D fadl
q<Q x (mod q) n=M+1

(c) Suppose that a,, = 0 whenever (n,q) > 1, and that the character x (mod ¢) is
induced by the primitive character x* (mod d). Show that S(x) = S(x*). Recall
also that 7(x) = 7(x*)u(q/d)x*(¢/d) if (¢/d,d) = 1 and that 7(x) = 0 otherwise.
(d) Let Z*x denote summation over the primitive characters modulo ¢q. Show that
if the a,, are as in (b) then

L * 9 M(k)2 M+N ) ,
q%@(q)(; S0 )(M/q e TN ST
(k,q)=1

(e) Show that if the a,, are as in (b) then

M+N
> (logQ/q) Z [SCOP <AN,Q) > anl*.
q<Q n=M+1

(f) Let N be the set of those integers n € [M + 1, M + N| such that (n,q) = 1 for
all ¢ < Q. Put Z = cardN. Show that

Z%1log Q + Z logQ/q Z ’Z ’ <AN,Q)Z.
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