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Throughout, n is a large integer, Nk =
⌊
n1/k

⌋
, fk(α) =

∑
x≤Nk

e(αxk), and R(n; s, t)
denotes the number of solutions in positive integers x1, . . . , xs, y1, . . . , yt of x2

1 + · · · +
x2

s + y3
1 + · · · + y3

t = n. (1). Also we define ν = 1
100 , M(q, a) =

{
α :

∣∣∣α− a
q

∣∣∣ ≤ Nν−3
3

}
and M denotes the union of all M(q, a) with 1 ≤ a ≤ q ≤ Nν

3 , (a, q) = 1, and m =(
Nν−3

3 , 1 + Nν−3
3

]
\M. Let Sk(q, a) =

∑q
x=1 e(axk/q), vk(β) =

∑n
m=1

1
km

1
k−1e(mβ),

Vk(α, q, a) = q−1Sk(q, a)vk(α−a/q) and define Vk(α) on M by taking Vk(α) to be Vk(α, q, a)
on M(q, a). s, t is always one of the pairs 1, 7; 2, 5; 3, 3.

1. Show that R(n; s, t) =
∫ 1

0
f2(α)sf3(α)te(−αn)dα.

RHS =
∑

x,y

∫ 1

0
e(α(x2

1 + · · ·+ x2
s + y3

1 + · · ·+ y3
t − n))dα.

2. Show that (i)
∫ 1

0

∣∣f2(α)f3(α)6
∣∣ dα � n

3
2+ε, (ii)

∫ 1

0

∣∣f2(α)2f3(α)4
∣∣ dα � n

4
3+ε, (iii)∫ 1

0

∣∣f2(α)3f3(α)2
∣∣ dα � n

7
6+ε.

(i) LHS ≤
(∫ 1

0

∣∣f2(α)4
∣∣ dα

) 1
4

(∫ 1

0

∣∣f3(α)8
∣∣ dα

) 3
4 � (n1+ε)

1
4 (n5/3+ε)

3
4 = n

3
2+ε. (ii)

LHS ≤
(∫ 1

0

∣∣f2(α)4
∣∣ dα

) 1
2

(∫ 1

0

∣∣f3(α)8
∣∣ dα

) 1
2 � (n1+ε)

1
2 (n5/3+ε)

1
2 = n

4
3+ε. (iii) LHS

≤
(∫ 1

0

∣∣f2(α)4
∣∣ dα

) 3
4

(∫ 1

0

∣∣f3(α)8
∣∣ dα

) 1
4 � (n1+ε)

3
4 (n5/3+ε)

1
4 = n

7
6+ε.

3. Show that there is a positive number δ such that (i)
∫

m

∣∣f2(α)f3(α)7
∣∣ dα � n

11
6 −δ, (ii)∫

m

∣∣f2(α)2f3(α)5
∣∣ dα � n

5
3−δ, (iii)

∫
m

∣∣f2(α)3f3(α)3
∣∣ dα � n

3
2−δ.

By the proof of Thm. 2.1 with k = 3, supm |f3(α)| � n
1
3−2δ, so

∫
m
|f2(α)sf3(α)t| dα ≤

supm |f3(α)|
∫ 1

0

∣∣f2(α)sf3(α)t−1
∣∣ dα and we can appeal to question 2.

4. Suppose that 1 ≤ a ≤ q ≤ Nν
3 , (q, a) = 1, α ∈ M(q, a). (i) Show that fk(α) −

Vk(α, q, a) � nν . (ii) Show that f2(α)sf3(α)t − V2(α, q, a)sV3(α, q, a)t � n
s
2+ t

3−
1
3+ν .

Note that the M(q, a) defined in class depends on k. Call it Mk(q, a). As Nν−2
2 ≥ Nν−3

3

it follows M(q, a) = M3(q, a) ⊂ M2(q, a). Since N2ν
k ≤ nν (i) follows from Lemma 2.7.

(ii) By (i) and the bounds fk(α) � n1/k, Vk(α, q, a) � n1/k we have fs
2f t

3 − V s
2 V t

3 =
(fs

2 − V s
2 )f t

3 + V s
2 (f t

3 − V t
3 ) � n

s−1
2 +ν+ t

3 + n
s
2+ t−1

3 +ν .

5. Prove that (i)
∫

M
|f2(α)sf3(α)t − V2(α)sV3(α)t| dα � n

s
2+ t

3−1−δ, (ii) R(n; s, t) =∫
M

V2(α)sV3(α)te(−αn)dα + O
(
n

s
2+ t

3−1−δ
)
.

(i) By question 4 (ii), LHS �
∑

q≤Nν−3
3

qNν−3
3 n

s
2+ t

3−
1
3+ν � n

s
2+ t

3−1− 1
3+2ν . (ii) By (i)

and the fact that the M(q, a) are disjoint, R(n) =
(∫

M
+

∫
m

)
f2(α)sf3(α)te(−αn)dα. Thus

by (i) and question 3 this is
∫

M
V2(α)sV3(α)te(−αn)dα + O

(
n

s
2+ t

3−1−δ
)
.

By arguments similar to those in class it can be shown that the above is

Γ(3/2)sΓ(4/3)t

Γ(s/2 + t/3)
S(n)n

s
2+ t

3−1 + O
(
n

s
2+ t

3−1−δ
)

where S(n) =
∞∑

q=1

q∑
a=1

(a,q)=1

(
S2(q, a)

q

)s (
S3(q, a)

q

)t

e(−an/q)

satisfies 1 � S(n) � 1.


