571 Analytic number Theory I, Fall Term 2007, Solutions 14
Throughout, n is a large integer, Ny = [n'/*], fi(a) = D w<Ny e(az?), and R( ,s,t)
denotes the number of solutions in positive integers x1,...,xs,y1,...,y: of :cl
22 +yd 4+ +y} =n. (1). Also we define v = 55, M(g,a) = {a: ‘ }
and M denotes the union of all M(q,a) with 1 < a < g < NY, (a,q) = 1 and m =
(Ng’_?’, 1 +N3”_3} \M.  Let Sk(g,a) = D2_ e(ax®/q), ve(B) = S0 _, %m%_le(mﬁ),
Vi(a, q,a) = ¢ 1Sk(q, a)vi(a—a/q) and define Vi () on M by taking Vi () to be Vi(a, q, a)
on M(q,a). s,t is always one of the pairs 1,7; 2,5; 3, 3.

1. Show that R(n;s,t) fo f2(a)® f3(a)te(—an)da.
RHS =" fo -l-x +y1+---+y§’—n))da.

2. Show that (i) [, y f2() f3(@)8|da < n3te, (i) [ |f2(0)? ()] da < n3te, (iii)
f() ‘fg Oé 3 |dOé<<n6+E.

(i) LHS < ( IS fg(oz)ﬂda)Z ( I s a)8|da>z < (IH)Ims/Aed = pite (i)
Lus < (fy [f2(a)*]da)” (fy |fa(e) \da)i < (nMF)E(mP/FHE)E = nite (i) LHS
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< (f1a(0)*]da) " (i 7s(@)"]da) " < (n1+2)
3. Show that there is a posmve number § such that (i) [ |[fo(a) f3(a)"| do < n'e =9, (i)
m|f2 fa( ’doz<<n3 , (iii) |f2 ‘doz<<n2
By the proof of Thm. 2.1 with k = 3, sup,, |f3(oz)| <ni=2 5o I f2(@)® fa(a)t| do <
sup,, | f3(@)| fol | f2(a)® f3(a)' ™| do and we can appeal to question 2.
4. Suppose that 1 < a < ¢ < NY, (¢,a) = 1, a € M(q,a). (i) Show that fr(«a) —
Vi, q,a) < n”. (i) Show that fa(e)* fs(a)! — Va(a, ¢,a)*Va(a, g, a)t < n3+i—3+v,
Note that the (g, a) defined in class depends on k. Call it My (¢, a). As Ny =2 > N3”_3
it follows M(q,a) = M3(q,a) C Ma(g,a). Since NP¥ < n” (i) follows from Lemma 2.7.
(ii) By (i) and the bounds fx(« ) < nl/k, Vk(a q,a) < n'’F we have f5ft — VyVi =
(5 = VOV +VS(ff = Vi) < n T T7HE i+ v,
5. Prove that (i) [y [f2(@)®f3(a)t — Va(a)*Va(@)|da < n3t57170, (i) R(n;s,t) =
Jon Va(@)*V(a)te(—an)da + O (n%+§_1_5>.
(i) By question 4 (ii), LHS < <Ny qN”_3n%+%_%+V < n%+%_1_%+2”. (ii) By (i)
and the fact that the 9(g, a) are disjoint, R(n) = ( [y, + [..) f2(@)® f3(a)'e(—an)do. Thus
by (i) and question 3 this is [, Va(a)*Va(a) (—om)da + O (n2+3 1= 5).

By arguments similar to those in class it can be shown that the above is
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where &(n) =3 i ( ) (S?’(Z’ ))te(—an/Q)

q:l :]_
):

satisfies 1 < 6(n) < 1.



