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1. (Heilbronn) Let Q ∈ R, Q ≥ 2 and define

S =
∑
p≤Q

∑
q≤Q

(
q

p

)
L

where the sum is over odd primes p and q.
(i) Prove that |S|2 ≤ π(Q)T where

T =
∑

q1≤Q

∑
q2≤Q

∑
p≤Q

(
q1q2

p

)
L

.

(ii) Prove that

T 2 ≤ 2π(Q)2
∑

p1≤Q

∑
p2≤Q
p2 6=p1

∑
m≤Q2

(
m

p1p2

)
J

+ 2π(Q)3Q2.

(iii) Prove that
T 2 � Q5(log Q)−3

and that
S � Q7/4(log Q)−5/4.

Can this be improved?

2. Suppose that α is real, that <z > 0 and that χ is a primitive character (mod q).
(a) Show that

∞∑
n=−∞

χ(n)e−π(n+α)2z/q =
τ(χ)
q1/2

z−1/2
∞∑

k=−∞

χ(k)e(kα/q)e−πk2/(qz).

(b) By differentiating with respect to α, or otherwise, show that

∞∑
n=−∞

χ(n)(n + α)e−π(n+α)2z/q =
τ(χ)
iq1/2

z−3/2
∞∑

k=−∞

χ(k)ke(kα/q)e−πk2/(qz).


