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1. Suppose that χ is a character (mod q), and that d is the conductor of χ. Show that if (a, q) = 1 then∣∣∣∣ q∑
n=1

n≡a (mod d)

χ(n)
∣∣∣∣ =

ϕ(q)
ϕ(d)

.

2. Let Gk(a) =
p∑

n=1

e
(ank

p

)
and Nr(h) denote the number of solutions of the congruence xr ≡ h (mod p).

(a) Prove that Gr(a) =
p∑

h=1

Nr(h)e
(ah

p

)
.

(b) Let l = (k, p − 1). Show that if k is a positive integer then Nk(h) = Nl(h) for all h, and hence that
Gk(a) = Gl(a).

(c) Suppose that k | (p− 1). Prove that
p∑

a=1

|Gk(a)|2 = p

p∑
h=1

Nk(h)2.

(d) Suppose that k | (p − 1). Show that there are (p − 1)/k residues h (mod p) for which Nk(h) = k, that
Nk(0) = 1, and that Nk(h) = 0 for all other residue classes (mod p). Hence show that the right hand side
above is p(1 + (p− 1)k).
(e) Let k be a divisor of p−1. Suppose that p - a, p - c, and that b ≡ ack (mod p). Show that Gk(a) = Gk(b).
(f) Suppose that k | (p− 1). Show that if p - a then |Gk(a)| < k

√
p.

3. Suppose that k | ϕ(q) and that (h, q) = 1. (a) Prove that

1
ϕ(q)

∑
χ

χ(xk)χ(h) =
{

1 if xk ≡ h (mod q),
0 otherwise.

(b) Let Nk(h) be as in Exercise 2(a). Show that

Nk(h) =
∑

χ

χk=χ
0

χ(h).

4. Suppose that k | (p − 1), that Nk(h) is as in Exercise 2(a), and let χ be a character of order k, say
χ(n) = e((indn)/k). (a) Show that for all h,

Nk(h) = 1 +
k−1∑
j=1

χj(h).

(b) Show that if p - a then

Gk(a) =
k−1∑
j=1

χj(a)τ(χ).

(c) Show that if p - a then |Gk(a)| ≤ (k − 1)
√

p.


