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1. Let χ be a Dirichlet character (mod q), and let k denote the order of χ in the
character group.
(a) Show that if (a, q) = 1 then χ(a) is a kth root of unity.
(b) Show that each kth root of unity occurs precisely ϕ(q)/k times among the
numbers χ(a) as a runs over the ϕ(q) reduced residue classes (mod q).

2. Let k ∈ N and p be a prime number. Let l = (k, p− 1) and let Ak denote the set
of non-principal characters modulo p whose order divides l. Let N(a) denote the
number of solutions of the congruence xk ≡ a (mod p). Show that cardAk = l− 1,
N(0) = 1, N(a) = l or 0 when p - a, and
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χ(a) = N(a).

3. (a) Show that if y ≥ 0 then
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= si(0) ≤ si(y) ≤ si(π) = 0.28114 . . . .

(b) Show that if y > 0 then
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(c) Deduce that if y > 0 then | si(y)| < 1/y.


