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1. Let Ak(x) =
∑

n≤x an(log n)k. (a) Show that

A0(x)− A1(x)
log x

= a1 +
∫ x

2

A1(u)
u(log u)2

du.

(b) Suppose that A1(x)� xθ where θ > 0. Show that

A0(x) =
A1(x)
log x

+ O
(
xθ(log x)−2

)
.

(c) Let σc denote the abscissa of convergence of
∑

ann−s, and σ′c the abscissa of
convergence of

∑
an(log n)n−s. Show that σ′c = σc.

2. (a) Show that if α(s) =
∑

ann−s has abscissa of convergence σc < ∞, then
limσ→∞ α(σ) = a1.
(b) Show that ζ ′(s) = −

∑∞
n=1(log n)n−s for σ > 1.

(c) Show that limσ→∞ ζ ′(σ) = 0.
(d) Show that there is no halfplane in which 1/ζ ′(s) can be written as a convergent
Dirichlet series.

3. (a) Show that if an is totally multiplicative, and if α(s) =
∑

ann−s has abscissa
of convergence σc, then for σ > σc

∞∑
n=1

(−1)n−1ann−s = (1− 2a22−s)α(s).

(b) Show that when σ > 1

∞∑
n=1

(−1)n−1n−s = (1− 21−s)ζ(s).

(c) Show that the series on the left above has abscissa of convergence 0.


