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Return by Tuesday 1st May

1. Let Ek(z) = Gk(z)/(2ζ(2k)), q = e2πiz. Show that

E2(z) = 1 + 240
∞∑

n=1

σ3(n)qn,

E3(z) = 1− 540
∞∑

n=1

σ5(n)qn,

E4(z) = 1 + 480
∞∑

n=1

σ7(n)qn,

E5(z) = 1− 264
∞∑

n=1

σ9(n)qn,

E6(z) = 1 +
65520
691

∞∑
n=1

σ11(n)qn,

2. Prove that σ7(n) = σ3(n) + 120
∞∑

m=1

σ3(m)σ3(n−m).

3. Prove that 11σ9(n) = 21σ5(n)− 10σ3(n) + 5040
n−1∑
m=1

σ3(m)σ5(n−m).

4. Prove that 756τ(n) = 65σ11(n)+691σ5(n)−691.252
n−1∑
m=1

σ5(m)σ5(n−m). Deduce

Ramanujan’s congruence τ(n) ≡ σ11(n) (mod 691).


