MATH 568 INTRODUCTION TO NUMBER
THEORY II, SPRING TERM 2007, PROBLEMS 7

Return by Tuesday 20th March

1. Let A be the set of integers composed entirely of primes p < Ay, and let B be
the set of integers composed entirely of primes p > A;. Then n is uniquely of the
form n = ab, a € A, b € B. Let §(A1, A2) denote the density of those n such that
a S AQ.

(a) Give a formula for §(A4;, As).

(b) Show that §(A;1, Az) > (log A3)/log Ay for 2 < Ay < Aj.

2. Let a, = 1+ coslogn, and note that a,, > 0 for all n.
(a) Show that
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for o > 1.
(b) By Corollary 1.15, or otherwise, show that
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(¢) Show that

(d) Deduce that
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Thus for the coefficients a,, we have an analogue of Mertens’ estimate but not an
analogue of the Prime Number Theorem.

3. Suppose that t is a fixed non-zero real number. Prove that, as x — oo,
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It is the oscillating term, % on the right which prevents the series from converging.



