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1. Show that d(n) ≤
√

3n with equality if and only if n = 12.

2. Let k ∈ N, let dk(n) denote the number of (m1, . . . , mk) ∈ Nk such that m1 . . .mk = n and define
Sk(x) =

∑
n≤x dk(n), Tk(x) =

∑
n≤x dk(n)/n.

(a) Prove that if k ≥ 2, then Sk(x) = xTk−1(x) + O(Sk−1(x)).
(b) Prove that Tk(x) = x−1Sk(x) +

∫ x

1
Sk(t)dt

t2 .
(c) Prove that

Tk(x) =
(log x)k

k!
+ O

(
(log x)k−1

)
and, when k ≥ 2,

Sk(x) = x
(log x)k−1

(k − 1)!
+ O

(
x(log x)k−2

)
.

3. (Bateman (1949)) Let Φq(z) denote the qth cyclotomic polynomial,

Φq(z) =
q∏

a=1
(a,q)=1

(z − e(a/q))

where e(θ) = e2πiθ.
(a) Show that ∏

d|q

Φd(z) = zq − 1.

(b) Show that
Φq(z) =

∏
d|q

(zd − 1)µ(q/d).

(c) If P (z) =
∑

pnzn and Q(z) =
∑

qnzn are polynomials with real coefficients then we say that P 4 Q if
|pn| ≤ qn for all non-negative integers n. Show that if P1 4 Q1 and P2 4 Q2 then P1 + P2 4 Q1 + Q2 and
P1P2 4 Q1Q2.
(d) Show that Φq(z) 4 Qq(z) where

Qq(z) =
∏
d|q

(
1 + zd + z2d + · · ·+ zq−d

)
.

(e) Show that Qq(1) = qd(q)/2.
(f) Show that for any ε > 0 there is a q0(ε) such that if q > a0(ε) then all coefficients of Φq have absolute
value not exceeding

exp
(
q(log 2+ε)/ log log q

)
.

Erdős (1949) had shown that there are infinitely many q such that the q–th cyclotomic polynomial has
coefficients

> exp
(
q(log 2−ε)/ log log q

)
and Vaughan (1975) showed that this is true even with ε = 0.


