MATH 568 SPRING 2007, PROBLEMS 5

Return by Tuesday 27th February
1. Show that d(n) < v/3n with equality if and only if n = 12.

2. Let k € N, let dg(n) denote the number of (mq,... ,my) € N¥ such that m...mj, = n and define
Se(x) =32, <p de(n), Ti(z) = 3, <, di(n)/n.

(a) Prove that if k > 2, then Sy () = 2Tk_1(x) + O(Sk_1(z)).
(b) Prove that Tj,(z) = 2~ 'Sp(z) + [{" Sk(t) -
(c) Prove that
log z)* B
Ty(x) = ( X ) +O((logz)k 1)
and, when k£ > 2,
] k—1
Sk(z) = Jc( 08 ) + O(z(logz)F~2).

(k—1)!

3. (Bateman (1949)) Let ®,(z) denote the ¢! cyclotomic polynomial,

¢y(2)= [ (z—ela/a))

where e(0) = €27,
(a) Show that
H@d(z) =27-1.

dlg

(b) Show that
2,() = [J(=" - el

dlq

(c) If P(z) = > pnz™ and Q(z) = Y ¢,2™ are polynomials with real coefficients then we say that P < @ if
|pn| < ¢n for all non-negative integers n. Show that if Py < @1 and P> < Q2 then Py + Py < Q1 + Q2 and
PPy 5 Q1Q2.

(d) Show that ®,(2) < Qq(z) where

Qu(x) = [T (1420422 4o 4 277),
dlq

(e) Show that Q,(1) = ¢%@/2,
(f) Show that for any € > 0 there is a go(¢) such that if ¢ > ag(e) then all coefficients of ®, have absolute

value not exceeding - -
exp (q( og 2+e)/ log ogq).

Erdés (1949) had shown that there are infinitely many ¢ such that the g—th cyclotomic polynomial has

coefficients
> exp (q(log 2—¢)/loglog q)

and Vaughan (1975) showed that this is true even with € = 0.



