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1. This question investigates whether there exists an arithmetic function θ such
that θ ∗ θ = µ and θ(1) ≥ 0.

(i) Prove that θ exists and is uniquely determined.
(ii) Prove that θ ∈M.
(iii) Prove that θ(pk) = (−1)k

( 1
2
k

)
.

2.

3. Let f(n) denote the number of solutions of x3 + y3 = n in natural numbers x, y.
Show that

∑
n≤X

f(n) = AX2/3 + O
(
X1/3

)
where A =

∫ 1

0

(1− α3)1/3dα.

Note that A = 1
3B(4/3, 1/3) = Γ(4/3)2

Γ(5/3) = 1
π 33/2Γ(4/3)3.

4. Show that the number N(X) of different natural numbers of the form 2r3s with
r ∈ N, s ∈ N and 2r3s ≤ X satisfies

N(X) =
(log X)2

2(log 2)(log 3)
+ O(log X)

as X → ∞. Hint: Note that the condition 2r3s ≤ X is equivalent to r log 2 +
s log 3 ≤ log X.


