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1. Show that for arbitrary real or complex numbers cy, ... ,cg4,
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where the sum on the left hand side runs over all Dirichlet characters x (mod gq).
LHS= Y77 _ 1 >0 1 emCn D2, x(m)X(n) and the inner sum is 0 unless (mn, q) = 1
and m ==n (mod ¢), in which case it is ¢(q).
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2. Show that for arbitrary real or complex numbers ¢,, > ¢_, ‘ >y cxx(n)‘ =

(q) >, |cx|? where sums over x are extended over all Dirichlet characters (mod

q)-
LHS= > > . Cx1Cxs 2om—1 X1X2(n) and the innermost sum is 0 unless x; =
X2, in which case it is ¢(q).

3. (Mertens (1895a,b)) Let r(n) = >_,, x(d). (a) Show that if yx is a non-principal
character (mod ¢), then Zn>m

character (mod ¢), then > . :L(f}g = 222L(1, x) + O (1). (c) Recall that if x
is quadratic then r(n) > 0 for all n, and that r(n?) > 1. Deduce that if y is a
quadratic character, then the left hand side above is > log z. (d) Conclude that if
X is a quadratic character, then L(1,x) > 0.
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(a) Let S(y) = ,c, x(n). Then ¥, _, . X = SCISC) 4 (% SWSE) gy

Since S(t) <, 1, this is <, \} + f;{ sp7sdt. (b) It is useful to observe that
oo {t oot

Zm<y \1ﬁ Eyfj +f1 2t?3{/2 dt = y1/2 - % +f1y 275}/2 dt — fl 2£3}2 dt+f 2%3}2 dt =

2912 + C1 + O(y~'/?). Here {t} =t — [t] and C} is a constant. Now we apply
Dirichlet’s method of the hyperbola to the sum in question Let D = /x. Then

r(n d d

anm % = ngD x(d) Zm<m/d vm +Zm<az/D vm ZD<d<m/m &\f) By ( ) the
second double sum here s <y Dm<e /D \/@ < ‘g = 1. The first double sum
is Zd<D X(d) (2(x/d)'/? + C1 + O(d*/2271/2)). The O term here makes a total
contrlbutlon to the sum of < Dxz~'/2 = 1. By (a) with = 1 the contribution

from C; is <, 1. Finally the main term gives 2x1/? d<D %d) and by the theory

of L-functions developed in class the sum here is L(1,x) + O,(1/D). (c) We

r(n m+1 T
have anmﬁ > ngﬁ% > 3 < vi I + > 1\F% = Jlogxz. (d) If
L(1,x) = 0, then it would follow that logx <1 for all z!

X(n) <y \} (b) Show that if y is a non-principal




