Math 567 Number Theory I, Solutions 9

1. Q(n) denotes the total number of prime factors on n. Show that Q(n) <
28(n) < n.

logn
Tog 2 We have

2. Show that ., %n) = 7T%‘x-l—O(log z) for x > 2. We have o(n) =3_,, ., m = 3_,,, n/m.
Thus anx U(n)/n = anx Zm|n 1/m = ngx % L%J - mngx m_2 + O(lOgIL’) =

zy o m 2+ O(logx).

3. Let D(z) = },.,d(n). Show that > _ < dn) D(I) + J7 leu)du Deduce that
Tcs 122 = J(log2)t + Ollogz). e, 00 = 3, dn) (2 4 J7 ) = P24 [ Xy,
By Dirichlet’s estimate for D(xz) this is z(logz + 2y — 1) + O(z~Y/?) + fx logutdy—1 4
O(u=1?)du = L(log z)? +27 logx+0( ) = 2(log x) + O(log x). Alternatively anw ) _

Zn<$ % m|n 1= Zm<x m Zl<x/m T = Zm<x m (log(x/m) + O( )) ngx % :1 dTu
O(logx) = fl ( m<u m) + O(logx) = fl logu%“ + O(log ).

4. A number n € N is squarefree when it has no repeated prime factors. For x € R, z > 1 let
Q(x) denote the number of squarefree numbers not exceeding x. (i) Show that if n € N, then

Q) >n-Y, m (if) Show that Y, & < 3 + 323, rbpr < 1+ X0 e = &
(iii) Show that Q(n) > n/2 for all n € N. (iv) Show that every integer n > 1 is a sum
of two squarefree numbers. (i) We have n — Q(n) = card S where S is the set of natural
numbers m < n which are divisible by the square of some prime. The total number of
natural numbers m < n which are divisible by p? is [np~2] and so card S < o |np~2]. (ii)
A prime p is 2 or odd and > 3, and 9 is not a prime. Hence Zp p 2 < %%— S (2k4+1)72

+

T+ k= 1°O4k(k+1) = £. (iii) By (i) & (ii), Q(n) > n — nzpp_2 > 4. (iv) Let A denote
the set of squarefree k < n — 1 and let B denote the set of l < n — 1 with n — [ squarefree.
Then A, B C [1,n — 1] and, by (iii), card A = card B > 25=. Hence there is an m common

to both A and B. Thus m and n — m are squarefree.

5. Let € be a positive real number and let n € N. Show that the number N of different prime
factors p of n with p > n¢ satisfies N < 1. Deduce that [ < %) > c(e) [locrane (1— )

where ¢(e) = 271/¢. Prove that c(a)n1 ¢ < ¢(n) < n. If N =0, then there is nothing to

prove. If N > 0, then logn > 0 and n*V < Hp|np < n. Thus eNlogn < logn. Now

[Ln (1 — %) > (Hp|n;p>n€ (1- %)) [lo<ycpne(1 = 1/r). The first product on the right is
> (1 —1/2)" and the second telescopes to 1/|n?|.

6. Let y be any real number with y > 1. By considering the prime divisors p of n with p > vy,

or otherwise, show that y*(™~¥ < n, ie. w(n) <y+ log" Show that f(z) = 222 — logx is

2logn
loglogn*

that if n > 3, then w(n) < lfgl(ffg" . Crudely the number N of prime divisors p of n with

p<yisat most y. Thusn >[[,, -, p=> y“(™ =Y. Taking logs gives w(n) <y + %. We

have f/(z) = = /2 —z~! = ﬁ > 0 when x > 1. Thus for n > 3, since then logn > 1,

1/2 < 2logn
— loglogn*

Prove

an increasing function of = for x > 1. Deduce that if n > 3, then (logn)z <

we have 2(logn)/? > loglogn and so (logn) Then taking y = (logn)'/? gives

41
w(n) < log(l)(g;;gnn'



