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Throughout e(z) = e2πiz, p is an odd prime and χ(x) the Legendre symbol modulo
p. Also τp =

∑p
n=1 χ(n)e(n/p), the Gauss sum formed from χ.

Easier problems

1. Show that if m ∈ N and h ∈ Z, then m−1
∑m

a=1 e(ah/m) = 1 when m | h and 0
when m - h.
2. Let c1, . . . , cp be complex numbers. Show that

∑p
a=1 |

∑p
n=1 cne(an/p)|2 =

p
∑p

n=1 |cn|2.
3. Let σp(a) =

∑p
n=1 χ(n)e(an/p). Show that if a ∈ Z and p - a, then σp(a) =

χ(a)τp and that (p− 1)|τp|2 =
∑p

a=1 |σp(a)|2. By using Q. 2, show that |τp| =
√

p.
4. Let M ∈ Z, N ∈ N, a ∈ Z, p - a and T (M,N, a) =

∑M+N
n=M+1 e(an/p). Show that

T (M,N, a) = e
(
a

(
M + 1

2N + 1
2

)
/p

) sin(πaN/p)
sin(πa/p) .

5. Let M ∈ Z, N ∈ N and S(M,N) =
∑M+N

n=M+1 χ(n). Show that S(M,N) =∑M+N
m=M+1

∑p
n=1 χ(n)p−1

∑p
a=1 e(a(m− n)/p) and deduce that

S(M,N) = 1
p

∑p−1
a=1 χ(−a)τpT (M,N, a) and |S(M,N)| ≤ 1√

p

∑p−1
a=1

1
| sin(πa/p)| .

6. Show that if a ∈ N, then 1
a ≤ log a+ 1

2
a− 1

2
. Deduce that

∑p−1
a=1

1
| sin(πa/p)| =

2
∑(p−1)/2

a=1
1

sin πa/p ≤
∑(p−1)/2

a=1
p
a ≤ p log p. Prove that if M ∈ Z, N ∈ N, then

|S(M,N)| ≤ √
p log p. This is the Pólya-Vinogradov inequality [1917]. Assum-

ing the generalized Riemann hypothesis we have |S(M,N)| � √
p log log p (Mont-

gomery & V [1977]) and this is essentially best possible (Paley [1932]).
Harder problems

Let L = L(p) be the least positive quadratic non-residue modulo p and let U be
the number of quadratic non-residues in [1, N ].
7. (i) Show that if L ≤ n ≤ N ≤ L2 and χ(n) = −1, then there is exactly
one prime q dividing n such that χ(q) = −1, and L ≤ q ≤ N , and show that
U =

∑∗
L≤q≤N

[
N
q

]
≤ N log log N

log L +O
(

N
log N

)
, where the sum is restricted to primes

q with χ(q) = −1. Show also that U ≥ 1
2N − 1

2

√
p log p.

(ii) Let N =
[√

p log2 p
]
. Prove that either L < N1/2 or 1

2 ≤ log log N
log L +O(1/ log N).

Deduce in the latter case that
√

e ≤ log N
log L + O(1/ log L), i.e. there is a constant C

such that L
√

e ≤ CN . Show that in either case L(p) � p
1

2
√

e (log p)
2√
e . (Vinogradov

[1927]. Burgess’ L(p) � p
1

4
√

e
+ε [1958] is an immediate consequence of his proof

that |S(0, N)| < εN whenever N > C(ε)p
1
4+ε.)


