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Easier problems

1. Let a, b, c ∈ Z with a and b not both zero. Prove each of the following.
(i) If (a, b) = 1 and a|bc, then a|c.
(ii)

(
a

(a,b) ,
b

(a,b)

)
= 1.

(iii) (a, b) = (a + cb, b).

2. Show that if (a, b) = 1, then (a− b, a+ b) = 1 or 2. Exactly when is the value 2?

3. Show that if (b, c) = 1, then (a, bc) = (a, b)(a, c), and that (bx + cy, bc) =
(b, y)(c, x) for all integers x and y.

4. Find integers x and y such that 525x + 231y = (525, 231).

5. Show that if ad− bc = ±1, then (a + b, c + d) = 1.

Harder problem

6. (L. Mirsky and D. J. Newman) Suppose that K ≥ 2, 0 ≤ ak < mk for 1 ≤ k ≤ K
and that m1 < m2 < . . . < mK . This is called a family of covering congruences
when every integer x satisfies at least one of the congruences x ≡ ak (mod mk).
A system of covering congruences is called exact when for every value of x there
is exactly one value of k such that x ≡ ak (mod mk). Show that if the system is
exact, then

K∑
k=1

zak

1− zmk
=

1
1− z

.

Let e(α) denote e2πiα where i =
√
−1. When z = re(1/mK) with r ∈ R>0 and

r → 1−, show that the left hand side above is

∼ e(aK/mK)
mK(1− r)

whereas the right hand side is bounded for z in a neighbourhood of e(1/mK).


