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1. This is based on the material in §2.7.1. Suppose that f € SNLY(R) is given and
u € C*(R) N LY(R) satisfies u”" —u = —f.

(i) Show that lim|,|_ o w(x) = lim;| o v'(x) = 0. Hint; the summability of u
and f are useful here.

We have u” = u — f € C?*(R) N L' (R). Hence u/(x) = )+ fo u’(y)dy — 14
as ¢ — +oo. Thus ||u'||OO < oo and so u f e Ll(R) Thus w'v' —vw'u = —u'f and
w(z)? = u'(x)? —u'(0)% + -2 [T u y)dy converges as z — +oo. Hence
lu(z)| — Uy as x — Fo0. But I # 0 or l' 7£ 0 would imply that [, |u(x)|dx
diverges Hence I’y = 0. Moroever u(y) — f Y/ (v)dv. Letting y — +00
gives u(x) = —f uw'(v)dv. But if Iy # 0 thls integral dlverges. Hence [, = 0.
Likewise [_ = 0.

(ii) Show that ( ") exists and equals —472t?a. Hint; consider integration by
parts.

By integration by parts twice ffR u(x)e(—xt)dr =
[v/ (z)e(—xt) + 2mitu(z)e(—xt)] IjR — 422 ffR u(x)e(—xt)dz. Letting r — oo aned
appealing to part (i) gives the desired conclusion.

(iii) Show that ( + 47r2t2)u = f.

On hypothesis, ( ') = @— f. Substituting this in (ii) and solving for f establishes
(ii).

(iv) Deduce that u = ((1 —|—47T2t2)_1f)vz temlelo f = 3 e e~ 1#=¥l f(y)dx. Hint;
homework 9, question 2 is useful here.

By (iii) and the continuity of u we have u = ((1 + 472¢?)~ ) Moreover (1 +

A~

4m?t2)~t = g(t) where g(z) = %e*m. Hence u = (gf) and §f = gof. Hence
u = go [ as required.



