Math 504 Analysis in Euclidean Spaces, Spring Term 2009, Solutions 6

1. Suppose that {u,} is uniformly distributed (mod 1), and let ¢ be a real number. Put
Up = Up + ¢. Show that {v,} is uniformly distributed.

By Weyl I, for h € N we have + 3" _ e(hu,,) — 0 as n — co. Hence + 3" e(hv,) =
e(he) 2 >0 1 e(huy,) — 0 as n — oo,

2. Let a, 10gn — [logn]. (a) Show that limsupy_ . +card{n : 1 < n < N,a, €
[0,1/2]} = 1/2. (b) Show that liminfy_ o +card{n : 1 < n < N,a, € [0,1/2]} =

=5l (o) ShOW that & SN e(klogn) = 00 + O(Ikll“%jv) (d) Show that the

sequence {ay,} is not unlformly distributed (mod 1).

(a), (b). Let L € N and N € N be such that [log N| = L. We sort the n < N according
to the value of &k = |logn]. Then 0 < k <logN and k <logn < k+ 1. If o, € [0,1/2],
then £ < logn < k + % and so we are counting the n with e¥ < n < min(N, ek+1/2).
This is [efT1/2] — [e*] +1 when 0 < k < L — 1 and min(N, leE+1/2]) — Tel] + 1 when
k = L. This is e¥(e'/2 — 1) + O(1) and min(N, eL+1/2) el + O(1) respectively. Thus
card{n:1<n<N,a, € mljm} min(N, eFH1/2) — el 4 ST ek (e/2 — 1) 4 O(log N) =
min(N, el +1/2) — ele=e e + O(log N). We have N = eX*? for some § with 0 < 6 < 1.

mmﬁmﬁm1<n<N% €[0,1/2]} = 1 — << 4 O((log N)/N) when 6 < 1/2

n=1

ef(e—1)
and = :(e 5+ O((log N)/N) when ; < 6. The main term here lies between ele/ifl and
e;fll/ with equality when # = 0 and 1 5 respectlvely. Moreover it is a continuous function of

0. By taking N = [el] and N = |eLT1/2| respectively we obtain 7, tending to 0 and 1/2
respectively and thus the upper and lower limits for {-card{n : 1 < n < N,a, € [0,1/2]}
are achieved in the limits.

(c) The general term here is n?™k = N27ik —fg 2miku?™*~1dy and so the sum in question

is N1+2mik _ le 2mik|u|u?™*~1du. Here the integral is le 2miku?™*du + O(|k|log N) and
integrating the integral gives the desired conclusion.
(d) Any of (a), (b), (c) shows that a, is not uniformly distributed modulo one. It is only

e e1/2

necessary to observe that (a) <%~ # 1, (b) ¢ 1/2_1 # 2, 0r (c) N?™* £, 0 as N — oo.

3. Suppose that the sequence «, satisfies lim,, o (ap+1 — ) = B. Prove that if § € R\Q
then «,, is uniformly distributed modulo 1.

We have ay, 11 = @, +5+0, where d,, — 0asn — oo. Fixh € N. Then >." _ e(hayt1) =
S _je(h(am + B+ 6m)) and e(hdy,) = 14+ O(8,,). Hence Y. _ e(h(am + B+ 6p)) =
e(h) 0y e(ham)+O( ", [6ml). Also, X0, e(htma) = 3on_ e(hay)+O(L). Since
B € R\Q we have e(hB) # 1. Thus (1 —e(hB)) >om _; e(ham) < =+ L+ 5" |6, — 0 as

n — OoQ.



