MATH 504 SPRING TERM 2009, SOLUTIONS 5

1. Evaluate the series
n 1

g 2n—1

By Problems 3, when 0 <z <1, Bs(z) = —>_, 4 % Moreover 7, g e(%4) —

Soo2 l";g_” and i" — ™™ = 0 when n is even, is 2¢ when n = 1 (mod 4) and

n=1
is —2¢ when n = 3 (mod 4). Thus it is 2i) —((271) 7. On the other hand
Bs(z) = lx?’ — —:z: + —m and so Zn ) % = —1247T3B3(1/4) =

2. Find a Fourier series proof that if m and n are non—negative integers, then

(1)) = ()

We have (¥) = fo i 0( Je(ra)e(—ma)da = fol(l + e(a))*e(—ma)da. Hence
Ci o<( ))( w) = Jo Zizo ()1 + e(@)re(-ma)da = [5(2 + e(a))"e(~ma)da =
2n—m .

3. Supposethatg [0, 1]—>C g€L2[0 1],c€C, f(z) = [, g(y)dy+c (0 <z < 1),
fo x)dz, colg fo x)dz. Then prove that

/O|f(x)—(f(l)—f(O))(fE—%)—cO i< 1L [ o) - oty

with equality if and only if f is of the form ax 4+ b + ce®™** + de~ 27,
When k # 0 we have f(k fo —kx) fo y)dydr = fo fl e(—kz)dxdy =

fo )e( 2’;% Ldy = %. Moreover f(0 fo x)dx = co(f), f(1) — f(0) =
3 g(x)de = co(g) and §(0) = colg). Thus S flke(kz) = Y40 &8 e(kx) +

co(f) + 2 kzo _20722.(]?)6(]{51') and from homework 3 the last series is co(g)(z — 3) =
(f(1) = f(0)(x — l) when 0 < z < 1. Hence by Parseval’s indentity, fol {f
(FO-1O) =)o)l = o [ £ < s S laP = 22 fy o

§(0)]*dz. Finally we have equality only when g(k) = 0 When k| > 2. Thus
in the extremal case g has the fourier expansion c_je(—z) + ¢y + cie(x) and so
) =

fo (c_1e(—y) + co + cre(y))dy + c.



