MATH 465 NUMBER THEORY, SPRING 2009, PROBLEMS 14

Return by Monday 27th April

1. Suppose that p =1 or 3 (mod 8).

(i) Prove that there is a u € Z such that u? = —2 (mod p).

(ii) Deduce that there are x € Z, y € Z, not both 0, such that |z| < \/p, |y| < \/p
and 22 + 2y? =0 (mod p).

(iii) Deduce that there are x € Z and y € Z such that either 2 + 2y* = p or
% 4 2y% = 2p.

(iv) Prove that if 2% + 2y = 2p, then there are 21 € Z and y; € Z such that
227 +yi = p.

2. Find d(300) and o(300).
3. Prove that, for every n € N we have

Zu o(n/m) =n.

m|n

4. For each n € N, let f(n) =3%_,,, d(m)? and g(n) = > min d(m).
(i) Prove that f € M and g € M.
(ii) Prove that

k
d G+ = k+1)(k:+2).
7=0
(iii) Prove that
k
> G+ k: +1)%(k +2)%
7=0

(iv) Prove that, for every n € N, f(n) = g(n)2.



