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SPRING TERM 2009, PROBLEMS 1

Divisibility and Factorisation

Return by Wednesday 21st January

1. Let a, b, c ∈ Z. Prove each of the following.
(i) a|a.
(ii) If a|b and b|a, then a = ±b.
(iii) If a|b and b|c, then a|c.
(iv) If ac|bc and c 6= 0, then a|b.
(v) If a|b, then ac|bc.
(vi) If a|b and a|c, then a|bx + cy for all x, y ∈ Z.

2. The Fibonacci sequence is defined iteratively by F1 = F2 = 1, Fn+1 = Fn +Fn−1

(n = 2, 3, . . . ). Show that if m, n ∈ N satisfy m|Fn and m|Fn+1, then m = 1.

3. Prove that if n is odd, then 8|n2 − 1.

4. (i) Show that if m and n are integers of the form 4k + 1, then so is mn.
(ii) Show that if m, n ∈ N, and mn is of the form 4k− 1, then so is one of m and

n.
(iii) Show that every number of the form 4k− 1 has a prime factor of this form.
(iv) Show that there are infinitely many primes of the form 4k − 1.

5. The squarefree numbers are the natural numbers which have no repeated prime
factors, e.g 6, 105. Note that 1 is the only natural number which is both squarefree
and a perfect square. Prove that every n ∈ N can be written uniquely as the
product of a perfect square and a squarefree number.

6. Find all solutions x, y ∈ Z to the equation x2 − y2 = 105.


