
Math 529 Homework 2: Due October 3

Question1. Let X = CP∞ denote infinite dimensional complex projective
space (that is, the direct limit of

CP1 → CP2 → · · ·
equipped with the weak topology). Compute the homology ofX

• by equipping it with an explicit CW complex structure, and
• by considering the Serre spectral sequence of a suitable fibration

S1 → S∞ → X.
If you wish, repeat the procedure for quaternionic projective space.

Question2. Let F → E → B be a fibration. Show that if we make the
inclusionF → E into a fibration by Serre’s construction from the previous
question sheet, the fiber ofthisfibration is homotopy equivalent toΩB.

Question3. Let F → E → B be a fibration, withB simply connected and
F connected. Consider the Serre spectral sequence. There are surjections
Hq(F ) = E2

0q → E3
0q → · · · → E∞

0q and an injectionE∞
0q → Hq(E).

Show that the composite of these maps (called theedge homomorphismfor
the spectral sequence) is the map induced on homology by the inclusion
F → E. (Use the naturality of the spectral sequence.)

State and prove an analogous result for the groupsE•
p0.

Question4. Consider a mapSk → Sk of degreen (assume thatk > 2).
Make this map into a fibration by Serre’s construction. Compute the ho-
mology of the fiber.

Question5. A double complexis a list of abelian groupsCpq, , p, q ≥ 0,
equipped with two differentialsd : Cpq → Cp−1,q and δ : Cpq → Cp,q−1,
satisfyingd2 = 0, δ2 = 0, anddδ + δd = 0. Suppose thatHpq(C, d) = 0
for p > 0 andHpq(C, δ) = 0 for q > 0. Show that

H0n(C, d) ∼= Hn0(C, δ).

(Consider two spectral sequences associated to different filtrations of the
total complexwith groupsTn =

⊕
p+q=n Cpq and differentiald + δ.)
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