
Math 529 Homework 1: Due September 16

Question1. Let X, Y andZ be topological spaces, withY andZ locally
compact Hausdorff. Prove theexponential law for function spaces: the
natural map

(XY )Z → XY×Z

is a homeomorphism. (All function spaces have the compact-open topol-
ogy.)

Question2. Thesuspensionof a pointed spaceX is the quotient space

SX := S1 ×X/(S1 × {∗} ∪ {∗} ×X)

where we use the letter∗ to denote the base point in the two spaces. Show
that there is a natural identification of homotopy sets

[SX, Y ] = [X, ΩY ]

for any (locally compact)X andY .

Question3. Let f : X → Y be a map. LetE be the subset ofX × Y I

consisting of pairs(x, γ) such thatf(x) = γ(0). Show that there is a com-
mutative diagram
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wherei is a homotopy equivalence andp is a fibration. Thus “up to homo-
topy, every map is a fibration”. (This is a theorem of Serre.)

Question4. Let X be the one-point union ofS1 andS2 (usually denoted
S1∨S2). Show that the abelian groupπ2(X) is not finitely generated. (Hint:
Relateπ2(X) to π2(X̃), whereX̃ denotes the universal cover ofX.)

Question5. Let p : E → B be a fibration. Asectionfor p is a maps : B →
E such thatps = 1B. Show that if a fibration has a section then

πk(E) ∼= πk(B)× πk(F ), k ≥ 2

whereF is the fiber.
Extra credit Show that the closed 4-manifoldsS2 × S2 andCP 2#CP 2

have the same homotopy groups in every dimension, but are not homotopy
equivalent. (This is HARD.)
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