Lecture 1
The complex plane

Exercisel.1. Show that the modulus obeys ttr&angle inequality
|2+ w| < [z] + |w].

This allows us to make the complex plane into a metric space, and thus to introduce
topological notions such as open and closed sets, continuity. etc.

Solution. Writing z = a + bi, w = ¢ + di we need to prove

2
(a+ 0+ 0+ < (Var+p2+ Ve + @)
Square both sides and cancel terms; it's enough to show

ac+ bd < \/m\/m
Square and cancel again; enough to show
2abed < a’d? + b2,
But right minus left is(ad — bc)? > 0, so this is true. O

Exercisel.2. Show that the dot product of two complex humbeendw (considered
as vectors ifR?) is the real part ofw. Use this to give another proof that multiplication
by a fixed complex number is a conformal linear transformation.

Solution. If z = z 4+ yi andw = p + ¢i then
zw = (z +yi)(p — qi) = (zp + yq) + (yp — zq)i.

The real part of this is the dot product endw, thought of as vectors iR*. Now let
w andw’ be complex numbers. By what we just remarked, the angle between them is

. (Rew’w)
cos - .
|wlfw’|

The angle betweemw andzw’ is

_1 (Rew'zzw
cos™ | ——— .

|zw]||zw!|

Sincezz = |z|? the factors of: cancel and the angles are equal. O



Lecture 2
Elementary Topology and Analysis in the Complex Plane

Exercise2.1. If f is differentiable at every point of a connected open sufiset C,
andf’(z) = 0 for all z € Q, show thatf is constant of2.

Solution. Let v: [0,1] — € be a differentiable path. Thefio v: [0,1] — Cis
differentiable and has derivative zero, hence it is constant by the usual form of the
Mean Value Theorem (applied separately to the real and imaginary parts). It follows
that f is constant along every path fh Since? is connected, it is path connected, so

f is constant off2. O



Lecture 3
Holomorphic functions and power series

Exercise3.1. Prove Hadamard'’s formula for the radius of convergence, which is

1/r = limsup |a,|"/™.

Solution. Make use of the following property of the limit superior:bif= lim sup b,,,
then for anye > 0, only finitely manyb,, are greater thah+ ¢, and infinitely many,,
are greater thah— e.

Applied to Hadamard’s formula, this says that for aRy> r there are infinitely
manyn for which|a,,| > 1/R™; whereas for any < r, the inequalityla,,| < 1/p" is
satisfied for all but finitely many:.

Thus if |z| > R the seriesy a, 2™ has infinitely many terms of absolute value
greater than 1, so cannot converge. It follows that the radius of convergence is less than
or equal toR. If |z| < p then all but finitely many terms of_ a,,2™ are dominated by
the corresponding terms of the convergent geometric sgrieg™/p". It follows that
the radius of convergence is greater than or equal ®incep, R are arbitrary subject
to the conditiorp < r < R, we conclude that the radius of convergence is O



Lecture 4
Some examples of holomorphic functions

Exercise4.1. Show that the zeta function can also be definedRes > 1 by the
integral
1 ] tsfl
= —_— dt-
<(s) I'(s) /0 et —1
Solution. Fort > 0 we can write
1 e_t - —nt
et—lzl—e—tzze '
n=1

From the dominated convergence theorem, then,

e’} ts—l s [e'e)
dt = / 5 te .
/0 et —1 ; 0

But the substitution. = nt shows that

o0 oo
/ t5"le "t dt = nfs/ u* e du = n"5T'(s)
0 0

and so

/OOO Lt =3 nmT(s) = D)),

n=1

as required. O

Exercise4.2. Fill in the details of this proof.



Lecture 5
Plane topology and complex analysis

Exerciseb.1. Prove that there is no branch of the logarithm function defined'\pf0}.

Solution. If a holomorphic logarithm function existed on the whole®{{0}, it would

in particular give a continuous map frdito ;R (the imaginary axis) whose composite
with the exponential mafiR — T would be the identity. But sincaR is contractible,
the induced map on fundamental groups

m(T) — 71 (iR) = 0 — 71 (T)

would be the zero map, and this is impossible.
Alternatively, argue that a holomorphic logarithm functigmvould give rise to a
holomorphic square root functiarf/? and invoke the previous result. O



Lecture 6
Path integrals and Cauchy’s theorem

Exercise6.1. Show that Cauchy’s theorem for a triangle remains trifésfcontinuous
in Q2 and differentiable everywhere except at a single point. (Approximate a triangle
with the ‘bad’ point as vertex by nearby triangles that don’t contain the bad point.)

Solution. First of all, consider the case where the ‘bad’ point is the veresf a

triangle ABC. Sincef is continuous at, givene > 0 we can find points3’ (on AB)

andC’ (on AC) sufficiently close ta4 that

/ f(z)dz
DAB'C'

< €.

Now

/c?ABC f(Z)dZ B /E)AB’C’ f(Z)dZ * /E?BB’C f(Z)dZ * »/8C'B’C’ f(Z)dZ

and the last two integrals vanish by Cauchy’s theorem (original version). Thus

/('9ABC f(Z)dZ

and lettinge — 0 we get the result.
If the bad point is on an edge or inside the triangle, subdivide into two or three
smaller triangles with the bad point at the vertex and apply the previous result]

<€




Lecture 7
Consequences of Cauchy’s theorem

Exercise7.1. (The reflection principle) Lef be continuous on the closed upper half-
plane, holomorphic on the open upper half-plane, and real-valued on the real axis.
Show that, if we extend to the whole ofC by defining

F2)=1()

whenz is in the lower half-plane, then the extended function is holomorphic on the
entire complex plane.

Solution. We shall use Morera’s theorem. 1f is a triangle in the open upper half-
plane, thenfaT f(2)dz = 0 by cauchy’s theorem. This result extends to triangles in
the closed upper half-plane, singas continuous and any triangle in the closed upper
half-plane can be regarded as the limit of a sequence of triangles in the open upper
half-plane.

If T'is a triangle in the open lower half-plane then

(2)dz = f(Z)dz =

! (w)dw =0
oT oT

_f
T
using the substitutiomw = z.
closed lower half-plane.

Any triangle can be subdivided into a sum of triangles in the upper and lower half
planes. Thus the integral ¢f around any triangle is zero. Morera’s theorem now
implies thatf is holomorphic. O

Again, this extends by continuity to triangles in the



Lecture 8
The rigidity of holomorphic functions

Exercise8.1. Show that iff is an entire function and for eache C there isn such
that (™) (z) = 0, thenf is in fact a polynomial.

Solution. Suppose thaf is not a polynomial. Then each derivativg€™ is a non-
constant entire function, and hence its zeroes form a discrete sub8et dhe set

U, = {z: f™(2) # 0is therefore open and dense. By the Baire category theorem the
intersectionV = (" U,, is dense as well, which contradicts the hypothesis (each point
z € V hasf(™(z) # 0 for all n). O



Lecture 9
The Global Cauchy Theorem

Exercise9.1. Show that every 1-cycle is equivalent to a formal linear combination of
closed paths.

Solution. LetI" be a 1-cycle, and let it be representedbask; [v;]. We can replace it
by an equivalent cycle where all the numbéjsare positive; to do this, notice that if
7: [a,b] — Cis a path, then the cycle] is equivalent to-[¢], wherey® is defined by

Yt =(a+b—1).

Assume then that all the; are positive, and define the ‘heiglif’| to be the sum of the
k;. We’'ll prove by induction ofiT'| that every 1-cycle is equivalent to a combination
of closed paths. This is apparentliff = 1 since thed” = [y] and the cycle condition
implies that the beginning and ending pointsyadre the same.

Now given a general cyclE = ) k;[v;] (with all &’s positive), the cycle condition
implies that each end point of ong is the start point of anothey;,. Thus, starting
at~, we can find a chain of’s each of which begins where the previous one ends.
Because there are only finitely manig this chain must close at some point, so there
is a finite sequence of's — by renumbering we may assume that itis. .., v, —
such that the end of; is the start ofy; ., for 1 < j < p — 1, and the end of;, is the
start ofv;.

But thenI” = [y] + --- + [y,] is a cycle, and it is equivalent to the closed path

obtained by concatenating, ...,7,. Moreover,I' — I" is a cycle, and its height
I —TI'| = |T'| — p < «. By induction,I' — I"" is equivalent to a sum of closed paths;
sol' = (I' - I'') + IV is equivalent to a sum of closed paths as well. O

Exercise9.2. Give an example of a cycle (in fact a closed pathflin= C \ {0,1}
that is homologous to zero but is nebmotopicto zero (i.e., cannot be continuously
deformed to a constant path).



Lecture 10
Laurent series and the residue theorem

Exercise10.1. Derive the formula for the residue at a double poleg Has a double
zero ata, then the residue of /g ata is

5 (f’(a) f(a)g”’(a)> .

g//(a) 3g”(a)2
Verify that this is consistent with our solution to Example

Solution. Write
9(2) = (z — a)*h(2)

whereh is holomorphic andi(a) # 0. Then (either by direct calculation using the
product rule for differentiation, or more simply by comparing Taylor series on the left
and right hand sides of the above identity) we find

h(a) = 39"(a), 1'(a) = 59" (a).
Now write
fz) _ f2)/hz)
9(z)  (z2—a)?
The numerator is holomorphic nearso the residue is

{d f(Z)] B (@) fla)h'(a) _ 2f(a) B 2f(a)g" (a)

dzh(z)],_,  ha)  h(a)? 9" (a) 39" (a)?

as required. O

10



Lecture 11
Poles and Zeroes

Exercisell.1. Suppose thaf; and f, are as above, possibly having zeroes or poles at
a. What, if anything, can you say about the order of the zero or pofe ef f; ata, in
terms of the orders of; and f5?

Solution. Let f; and f; have poles of orderd/; and N, respectively. IfN; # Ny

then ‘the worst singularity wins’f; + f» has a pole of ordehax{ N, N»}. However,

if Ny = N,, then the sumf; + f» may have a pole of ordeWN; or of any lesser
order (including no pole at all). These statements are easily verified by adding Laurent
series. O

11



Lecture 12
Calculations with the residue theorem

Exercisel2.1. Prove the (Fourier integral) formula
ai+oo
/ e—wu22+27riwz dz = u—l/Ze—Ter/u
at—oo
for u real and positive, and € C.
Solution. Complete the square to write the given integral as

ai+oo ) R N R bi+oco N
/ efwu(zfzw/u) LW /u dz = u71/2677rw /u/ e~ ™ ds
a

1—00 bi—oo

wheres = u!'/?(z — iw/u) andb = a — Rew/u'/?. It suffices therefore to prove that

bi+o0o ) “+o0 )
/ e ™ ds:/ e ™ ds
bi—oo —00

since the latter integral is 1 from our discussion of fHeinction. To see this, integrate
the holomorphic function

_ 2
S e m™s

around a rectangular contour with verticestdt and+L + ¢b. The integrals along the
vertical sides tend to zero ds— oo, so the contour integral tends to

bi+oco 9 “+o0 )
/ e "¢ ds—/ e "% ds.
bi—oo —00

But the contour integral is zero by Cauchy’s theorem. O

12



Lecture 13
The Riemann zeta function

Exercise13.1. Using the functional equation and the Euler product formula, show that
the only zeroes of (s) outside thecritical strip 0 < Re s < 1 are at the negative even
integers. (These are the so-caltedial zeroesof ¢.)

Solution. First consider the casge s > 1. In this region we have the Euler product

formula )
C(S) = 1;[ 1 _pfs'

The infinite product convergeabsolutelyand the individual terms are all non-zero.
Thus the product is also non-zero,
Now consider the casRe s < 0. From the reflection formula

T 120((1— 8)/2)¢(1 - 5)
[(s/2) |

Recall also the infinite product for tHefunction

iy [0 2)e]

This shows thal' has no zeroes and has simple polds atl, —2,.... Substituting this
information into the reflection formula we see that the numerator of the fraction above
has no zeroes iRe s < 0 and the denominator has poles onlyat —2, —4, —6, .. ..

Thus these are exactly the zeroeg a@f this range. O

((s) =

13



Lecture 14
Multi-valued functions

Exercise14.1. Find a region on which a branch of the inverse cosine function is de-
fined. (Start by proving that

cos !(z) = ilog (z +vz22 - 1)

and then look for a branch of the function on the right.)

Solution. If z = cosw = £ (e™ 4 e~™), thene ™ is a root of the quadratic equation
t2 — 2zt + 1 = 0. The roots of this equation are

t=z++2%2 -1,

which gives the formula = ilog (z + v/22 — 1) from the question. There are branch
points ofv/22 — 1 at+1. Since(z + v22 — 1)(z — V2?2 — 1) = 1, the expression
under the logarithm sign is never zero, so no further branch points are introduced by
the logarithm term. The most natural way to cut the plane here is to cut-frento

—1 and1 to co. The complement of these two cuts is a simply connected region, on
which branches of/22 — 1 and thenilog (z + v/22 — 1) can be defined. Note that it
does not suffice to cut from 1 to 1; the square root is well-defined on this cut region,
but the logarithm is not. O

14



Lecture 15
More examples of contour integration

15



Lecture 16
The Riemann Sphere

Exercise16.1. Let S be a compact connected Riemann surface. Show that the only
holomorphic function$ — C are the constant functions.

Solution. Let f: S — C be holomorphic. Sincé is compact| f| attains a maximum

at some point € S. By the maximum principle (applied tho ¢!, whereg is a chart
neara), f must be constant (say equaldoon some neighborhood af Consider now

the set of all points: € S such thatf = ¢ on a neighborhood of. By definition this

set is open. By the principle of isolated zeroes, it is closed. It is nonempty as we have
seen, and thus (by connectedness) it is the whole of O

16



Lecture 17
Automorphisms

Exercise 17.1. The words “in general” in the argument above conceal an algebraic
discussion which is necessary. What about the possibilitypthat— wg(z) = 0 has

a repeated root (repeated as many times as the degree)? Show that this cannot happen
except for a finite set of values af.

Solution. Suppose that for some nonzero valuepthe equatiop(z)—wq(z) = 0 has
a repeated root (far). Then we have simultaneoushy(z) — wq¢’(z) = 0. Eliminating
w, we get

p(2)q'(2) — q(2)p'(z) = 0.

The polynomial appearing on the left of this equation cannot be identically zero, be-
cause this would imply that is a constant multiple of. Therefore there are only
finitely many values ot for which the displayed equation is satisfied, and each corre-
sponds to at most one possible valuewof O

Exercisel7.2. Show that the automorphism groupsSoandC are transitive.

Solution. Translations: — z + ¢ are automorphisms @E, and it is obvious that the
group of translations acts transitively @h Since translations also give automorphisms
of S, we see that any two finite points 8fare equivalent under the automorphism
group. The transformation — 1/z is also an automorphism &f and mapsx to a
finite point, so in fact all points @ are equivalent. O

17



Lecture 18
Hyperbolic Geometry

Exercise 18.1. Prove the hyperbolic sine law: in a hyperbolic triangle as discussed

above, one has
sinh BC'  sinh CA sinhAB

sina  sin@  siny
Solution. Consider first the special case of a triangle with a right angl@.awrite
d(A,B) =¢,d(B,C) =a,d(C,A) =b.
We have

cosh ¢ =cosh acosh b

cosh b = cosh a cosh ¢ — sinh a sinh ¢ cos 3

Rewrite the second equation to give

§in?f = 1— cos? §f = sinh? asinh? ¢ - (QCOS}% b ; cosh a cosh c)? .

sinh” a sinh” ¢
Substitutecosh a = cosh ¢/ cosh b from the first equation anginh? @ = cosh®a — 1
(standard identity). After canceling a common factor@fh? ¢ — cosh? b we get

cosh?b — cosh? ¢ +sinh?c  sinh?b

sinh? ¢ sinh? ¢

sosin 8 = sinh b/ sinh c. This is the sine rule for a right triangle. The general case
follows by dropping a perpendicular from a vertex of the triangle to the opposite side,
and thus dividing it into two right triangles (exactly as in Euclidean geometry).[]

18



Lecture 19
The Arzela-Ascoli theorem

Exercise19.1. Prove this.

Solution. Let{ be the given cover. It has a Lebesgue nuniber0. By compactness,
there is a finite cover o by balls of radiusi/2. Letzy,...,zy be the centers of
these balls. Let);,7 = 1,..., N be the function

() = 6/2 —d(z,z;) (d(z,;)
ot {0 (d(z, )

A\VARV/AN

5/2)
6/2)

For eachi there isU; € U such that); is supported irUiE] For eachlU € U define

w20/ (5]

The denominator is- 0 everywhere because of the covering property, and clearly the
¢y form a partition of unity. O

Litis possible thal/; = U, even ifi # j.

19



Lecture 20
The Riemann mapping theorem

20



Lecture 21
Constructing conformal maps

21



Lecture 22
Basics of Banach Spaces

Exercise22.1. Show that the norm of linear maps is submultiplicative under composi-
tion,i.e.||SoT| < [IS|IIT]-

Solution. We have
[STol| < [[SIITv|l < [ISIIT V],

which gives the result.

22



Lecture 23
The Hahn-Banach Theorem

Exercise23.1. For any Banach spadé construct an isometric injectio — FE**.

Solution. Any z € E defines a linear map,: £* — C via the equation

Sincele, (o) = ()| < ||o]lllz|l, we see that, is a bounded linear functional on
E*, with norm|le,|| < ||z||. Thuse, € E*x, andz — e, is a linear map fron¥ to
E*x.

Let us show that this linear map is an isometry (and so, in particular, that it is
injective.) Letx € E. By the Hahn-Banach theorem there is a linear functignal
E*, of norm 1, such thd(z)| = ||z|| (defineg first on the one dimensional subspace
spanned by, and extend by Hahn-Banach). Then(¢)| = ||z|| so|le.|| = |zl
We proved the opposite inequality above,|gg| = ||z|| andz — e, is an isometric
injection. O

23



Lecture 24
Applications of the Hahn-Banach Theorem

24



Lecture 25
Applications of Runge’s Theorem

Exercise25.1. Prove that the characteristic function of thedet {z : (Rez)(Imz) =
0} (thatis, the union of the andy axes) can be obtained as the pointwise limit of holo-
morphic functions oit.

Solution. Let A, = AN D(0;n) and letB,, = {z : |z| < n, |[Rez| > 1/n, [Imz| >
1/n}. Apply Runge’s theorem td,, U B, to find a polynomiap,, that hagp,, — 1| <
1/nonA,, |p,| <1/nonB,. O

25



Lecture 26
Convexity and the Hahn-Banach Theorem

Exercise26.1. Give an example of an absorbing subset in a normed vector space which
doesnot contain any neighborhood of the origin.

Solution. There are many possible solutions depending on how sophisticated you want
to get. Here are a couple.

e TakeC as a 2-dimensional vector space oRgiand letA be the set
{rew: 0<0<2m, 0<r <06}
This is easily seen to be absorbing, but it contains no disk around 0.

e Let E be the vector space of differentiable functigpsl, 1] — R, with the
supremum norm, and let = {f : |f/(0)] < 1}. ThenA is absorbing, but it
contains no neighborhood of 0 (because one can have very small functions with
very large derivatives).

Both of these examples feel a bit like cheating: in (a), the4sé&t not convex and in

(b), the spacé’ is not complete. Can one haveanvexabsorbing set in aomplete
space which is not a 0-neighborhood? The answer is yes. Indegd,Af — R is

a discontinuoudinear functional, thex € E : |¢(z)| < 1} is an absorbing set
that cannot contain a neighborhood of the origin. To produce such a linear functional
on a complete space needs some transfinite machinery again. For instande take
C[-1, 1], F the subspace of functions differentiable at 0, afl) = f'(0) for f € F.
Extend¢ to E using the technique of the Hahn-Banach theorem (but without bothering
about the norms at all). O

26



Lecture 27
Weak topologies

Exercise27.1. The argument above, as stated, workséal vector spaces only. Work
out how to generalize it to the complex case.

Solution. If E is a complex vector space, ardandb are as above, the argument will
produce a boundeeal-linear functionaky such thatp(z) < ¢ < ¢(b) for all z € A.
This ¢ is the real part of the boundedmplexlinear functional

P(x) = o(x) — id(ix)

(this is the same complexification trick that we used in the proof of the complex form
of the Hahn-Banach theorem). Now defifigto be the inverse image underof the
closed half-plandz € C : Re(z) < ¢} and complete the proof as before. O

27



Lecture 28
Applications of the Baire category theorem

Exercise 28.1. Give an example of a separately continuous map that is not jointly
continuous.

Solution. The function (fromR? to R)

S (5,9) £ (0,0
0 (I,y) = (an)

is separately continuous. Indeedyif£ 0, f(z,y) is clearly a continuous function
of z, and ify = 0, f(x,y) = 0 identically. Similarly forz fixed as a function ofj.
However f is not jointly continuous, because any neighborhood of 0 contains points
(e, €), for which f(z,y) = 3, whereasf(0,0) = 0. O

(w,y)Hf(:v,y)—{

28



Lecture 29
The open mapping and closed graph theorems

Exercise29.1. Prove the above statements.

Solution. If g € L2[0,1] is supported in the interva¢, 1] for somee > 0, then the
function f(x) = g(x)/z is well-defined and belongs t©* with || f|| < e~ !||g||. Thus
g belongs to the range @. But now for anyg € L? the functionsg,, = IX[1/n.1]
belong to the range df andg,, — g in L? by the dominated convergence theorem.
Thus the range df is dense.

However, the constant function 1 is not in the rang&ofkince if Tf = 1 then
f(x) = 1/x almost everywhere, and the functivfi is notin L2[0, 1]. Thus the range
of T, being dense, cannot be closed (otherwise it would be dlF{, 1]). O

29



Lecture 30
Operators on Hilbert Space

Exercise30.1. Show that in the above situation the normd@f is exactly equal to the
L*> norm of f.

Solution. We need to show that for ary> 0 there isg € L? such that

1Mygll2 = (C =€)l fllcllgll2-

(The subscripts denote the normslifhand L>°.) By definition of theL> norm, there
is a subseE’ C X of positive measure such thigt(z)| > C — eforall x € E. Since
we are working with ar-finite measure spacé; contains a subset of positifaite
measure; replack by this subset and we may assume thatself has finite measure.
Letg = xg. Theng belongs taL? with ||g||. = x(E)'/? and

1/2
Mgz = ( / |f|2du> > (C = u(E)"?

as required. O
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Lecture 31
More about operators

Exercise31.1. Use the closed graph theorem to show th&t i a linear map from a
Hilbert space to itself, satisfying

(Tu,v) = (u, Tv)
forall u,v € H, thenT is an operator (i.e., it is bounded).
Solution. Suppose that,, — v andTu,, — w. Then
(Tu,v) = (u, Tv) = lim(u,, Tv) = lim(Tu,,v) = (w,v)

for everyv € H. Thus(Tu — w,v) = 0 for everyv, whencel'v = w. This proves
that the graph of " is closed, sd" is continuous by the closed graph theorem. This is
a very early theorem (Hellinger-Toeplitz, around 1903). O
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Lecture 32
The spectral theorem for compact operators

Exercise 32.1. Extend the two lemmas tonormal operatorsT’ (those for whichT
commutes witi™).

Solution. Let T be a normal operator. Then
|Tz||* = (T*Tx,x) = (TT*z,z) = ||T*z||?

and thusker(T") = ker(7™). Applying this to the normal operat@ — A\ instead of
T givesker(T — A) = ker(T* — AI). In other words, every eigenvectt (with
eigenvalue)) is also an eigenvector far* (with eigenvalue)).

Now let £ be the eigenspader (T — \I). If z € E+ andy € E then

(Ta,y) = (x,T*y) = (z, \y) = 0.

ThusTz € E+ also.
Letx, zo be eigenvectors fdf’ with eigenvalues\;, \o. Then

Ao (w1, 22) = (21, Tae) = (T* w1, 22) = (A1, 2) = A1 (21, 72)

so either\; = Ay or (1, x2) = 0. O
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Lecture 33
More about spectral theory

Exercise33.1. Prove this resultvithoutusing the spectral theorem. In fact, prove that
any compact operatdr is the limit of the sequenck, T of finite rank operators, where
P, is the orthogonal projection onto the subspace spanned by the fisments of
some fixed orthonormal basis.

Solution. The key to the proof is that the projectiois andl — P,, areorthogonal

so have norm 1. Suppose thafT doesnottend toT in norm. Then there exist> 0

and a sequencgr,, } of unit vectors such thatP, T'z,, — z,,|| > ¢ for infinitely many

n. SinceT is compact, we may assume (by passing to a subsequence if necessary) that
Tz, is convergent, say tg and that| P, Tz, — x,,|| > € for all n. But now write

P Ty, —Tx, = (I_ Pn)(Txn _y) + (Pny _y>'

SinceT'z,, — yand||l — P,|| < 1, the first term here tends to 0. The second term also
tends to O by the properties of orthonormal bases. This is a contradiction. O
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Lecture 34
The Weierstrass Approximation Theorem

Exercise34.1. In the complex case the Stone-Weierstrass theorem takes the following
form: ax-subalgebra of”(X) which contains the constants and separates points is
dense, where the-condition means that the algebra is closed under (pointwise) com-
plex conjugation. Prove this.

Solution. Let A be ax-subalgebra o’ (X). If f = w + v with « andv real, then

u= 3(f+ f)andv = & (f — f). Thereforeu andv belong toA. It now follows

that the collectionB of all real and imaginary parts of members 4fis a subset of

A, closed under addition, and multiplication and containing the (real-valued) constant
functions; in other words it is a subalgebra@f (X). Moreover, sinced separates
points, so doe®B (if f(x) # f(y) then eitheru(z) # wu(y) or v(z) # v(y)). Thus

B is dense irCp (X) by the real form of the Stone-Weierstrass theorem, and it easily

follows thatA is dense irC'(X). O
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