Lecture 6 Simple Estimates; Cauchy for a Triangle

We will need some simple estimates for integrals. The basic one is

(6.1) PROPOSITION Let~ be a (piecewise differentiable) path (@) and letf be
a function defined and continuous on the image.ofhen

[ f(2)dz

whereM is an upper bound foff(z)| along~.
PROOF. Use the definition
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By real-variable theory
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as required. W

(6.2) CorOLLARY: If {f,} is a sequence of continuous functions that converges
uniformly to the functionf on the image of a path (of finite length!), then

fy fa(2)dz — f7 f(z)dz.

(6.3) THEOREM: (Cauchy for a triangle) Lef2 be an open subset @f, and let

T be a triangle that is contained (interior and boundary) witkinLetdT denote

the closed path obtained by traversing the three sidés obunterclockwise. For
any holomorphic functiorf on (2, one has

j(Ing(z)dz—O.

PROOFE Proof by contradiction, so suppose the result false. Define the
‘badness’B(T) of a triangleT" to be
/diam(T)Q.

B(T) =

f(z)dz
oT
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By hypothesis there is some triandlewith B(T") > 0, sayB(T') = 5e.

SubdivideT = T; into four sub-triangles by bisecting each side. Each
sub-triangle has half the diameter®f On the other hand, the integrafisf (z)dz
around the boundaries of the four sub-triangles total the integral around the
boundary off". Consequently, one such integral must have absolute value at least
% of the absolute value of the integral around the boundary.oiVe conclude
that one sub-triangle, call®;, hasB(T}) > B(T).

Repeat this process obtaining a nested sequence of triaihgles 77 D
T, D ---, each half the diameter of the preceding one, and all with badness
B(T,) = B(T) = 5e.

A compactness argument shows thgl;,, = {2} for some point;.

Now sincef is differentiable at, we have

f(2) = f(20) + (2 = 20) f"(20) + e(2),

with a ‘small’ error terme(z); in particular, there ig > 0 such thatiflz — zo| < ¢
then|e(z)| < |z — z|.
The function

2+ f(20) + (2 — 20) f'(20)

is linear and thus has an antiderivative; so its integral around any closed contour
is zero. Consequently

(2)dz = iTn e(z)dz

Ty

for each trianglél;,. Pickn large enough that the diametéof 7, is less thar.
Then by the estimate 6.1,

]g ez

s0B(T,,) < 3¢ and this is a contradiction. l

< ed - 3d = 3d%,




