
Lecture 2 Complex Differentiability

The matrix of multiplication byz = x + iy = reiθ, considered as a linear
transformation ofR2, is(

x −y
y x

)
or r

(
cos θ − sin θ
sin θ cos θ

)
.

Moreover we have

(0.1) LEMMA : Every conformal (angle-preserving) linear transformationR2 →
R

2, with positive determinant, is of this sort (i.e. is multiplication by a complex
number).

PROOF: Express the conformality condition in terms of dot products.�

Now we begin to do some analysis. Recall that the modulus|z| of a complex
numberz satisfies thetriangle inequalities

| |z| − |w| | 6 |z ± w| 6 |z|+ |w|.

These inequalities allow us to carry over all the elementary theory of limits to the
complex case, with the same proofs. (Formally,C becomes a metric space with
distanced(z, w) = |z − w|.)
(0.2) DEFINITION: Let Ω ⊆ C be open. A functionf : Ω → C is differentiable
at a ∈ Ω if there exists a complex number (denoted byf ′(a)) such that

f(a+ h) = f(a) + f ′(a)h+ o(|h|)

ash→ 0.

Hereo(|h|) denotes a term that tends to zero faster than|h| does, ash → 0.
SinceC is a field we may also divide and rewrite in the equivalent form

f ′(a) = lim
h→0

f(a+ h)− f(a)

h
.

We sayf is holomorphicin Ω if it is differentiable at all points ofΩ.
How does this differ fromreal-variabledifferentiability? Recall thatg : R2 →

R
2 is differentiable ata in the real-variable sense if there is a2× 2 matrixDg(a)

such that

g(a+ h) = g(a) + (Dg(a)) · h+ o(|h|).
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Comparing definitions we see that the ‘extra ingredient’ for complex differentia-
bility is thatDg(a) should be the matrix of multiplication by a complex number,
i.e. should be of the form given in the lemma above. Since the components of the
matrixDg are the partial derivatives of the components ofg, we see thatf = u+iv
is complex-differentiable ata iff it is real-differentiable and the partials ofu and
v ata satisfy theCauchy-Riemann equations

∂u

∂x
=
∂v

∂y
,

∂u

∂y
= −∂v

∂x
.
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