Lecture 12 Consequences of the Residue Theorem

We can use integration to count zeroes. lfdie holomorphic in2 and not
identically zero. Then for any compact subsebf €2, the set of zeroes gf in K
is finite (by the principle of isolated zeroes). Thember of zeroes ¢fin K is by
definition the sum of the orders of these zeroes. In other words we count zeroes
‘with multiplicity’: a double zero counts as two simple zeroes.

(12.1)PrROPOSITION (Zero counting) Lelf be holomorphic and not identically
zero in a connected open sef and lety be a Jordan curve witlint(~) C Q;
suppose thaf does not vanish oaD. Then the number of zeroes pinside D
(counted with multiplicity as above) equals

f'(z)dz
2mi [, f(z)
that is the winding numbet( f o +; 0) of the pathf o - about the origin.
Obvious corollaryn(f ov;a) counts the number of timeStakes the value.
PROOF The functionf’/ f is holomorphic except at the zeroesjof
Near a zero of order, putf(z) = (2 —a)"¢(z), whereg does not vanish at
a. Thenf'(z) =n(z —a)"'g(z) + (2 — a)"g(z) and so
S n g
fz)  z—a g(z)
The second term is holomorphicaso it has no residue. Thus the residugoff

ata is equal to the residue of the first term, thahighe order of the zero. Now
the result follows from the Residue Theoremll

Addendum: Iff is meromorphic, and we count a pole of ordeas z zero of
order—n, the result still holds to count the total of poles and zeroes; the proof is
the same.

(12.2) COROLLARY: A non-constant holomorphic map on a connected open set
(2 is anopen mapit takes open subsets (0f) to open subsets @.

PROOE It is enough to show that, given amaye (2, there is a neighborhood
W of a in 2 such thatf (W) is a neighborhood aof = f(a).

Since f is non-constant there is a digk(a; ) on which f(z) does not take
the valueb except atz = a. Let~ be a circular contour aroundof radiuse/2.
Thenn(f o~;b) > 0 and so (by continuityj(f o v;b") > 0 for ¥ close enough
to b, say|b’ — b| < ¢. Thusf takes the valu@’ within . But this is to say that
if W = D(a;¢/2), thenf(W) containsD(b; §), and so is a neighborhood &fas
required. W




(12.3) CorROLLARY: A holomorphic map is locally injective at each pointor
which f'(a) # 0; in other words, there is a neighborhood efthat is mapped
one-to-one intdC by f.

PROOF Argue as in the previous corollary. Now fov; b) = 1 (sincef(z)—b
has a simple zero at) and son(f o v;¥') = 1 also for all¥’ belonging to some
disk D(b;6). LetU = f~1(D(b;0)) N D(a;e/2); thenU is open and contains
a, and f takes each value i (b; 9) precisely once o/ — in other words,f is
injectiveonU. N

(12.4)CoROLLARY: (Roucles Theorem) Lef and g be holomorphic in an open
set(2 which contains a Jordan curveand its interior. Suppose that neithg¢mor
ghasazeroon. If |f(z) — g(2)| < |f(2)| forall z € Im(v), thenf andg have
the same number of zeroes instde

PROOF. We claim that the pathg o v andg o v are homotopic irC \ {0}.
Indeed, the ‘linear homotopy’

[(s,t) = (1 —s)fox(t)+sgor(t)

does the job. The only thing to check is that it never passes through zero. But
putting z = ~(¢),

ID(s, )] = 1f(2) + s(9(2) = f(2)] = [f(2)] = slf(2) —g(2)| > 0

sowe’re okay. W
We can use this to give another proof of the Fundamental Theorem of Algebra.

(12.5)CoROLLARY: A polynomial equation of degreemust have: roots.

PROOF. In Roucles theorem, leg(z) = ap + - - - + a,,2" be our polynomial
equation and lef (z) = a,2". Lety be a circle, center the origin. If the radius of
v is large thenjf — g| < |f| on~. Therefore,f andg have the same number of
roots insidey. But f obviously has: roots counted with multiplicity (namely, an
n-tuple root at the origin); sg does too. B



