
Lecture 10 The Residue Theorem

Topological preliminaries:For this discussion, recall the distinction between
a curveγ (a mapping from an interval intoC) and itsimageIm(γ) (a subset of
C.) A curveγ : [a, b]→ C is closedif γ(a) = γ(b).

(11.1)DEFINITION: We will say that a closed curveγ is aJordan curveif

(a) C \ Im(γ) has exactly two connected components, one unbounded and one
bounded; we denote the bounded one byInt(γ);

(b) For eacha ∈ Int(γ), the closed curveγ is homotopic, inInt(γ) \ {a}, to a
small positively oriented circle arounda.

Notice that (b) implies in particular thatn(γ, a) = 1 for eacha ∈ Int(γ).

This definition is modeled on the properties of the circle and the disk that we
used to prove the Cauchy integral formula. In fact, the Cauchy integral formula
now holds for any Jordan curve, with the same proof.

(11.2)REMARK : It is a deep topological fact that anysimpleclosed curve (that
is, one which is injective as a map from the circleS1 to C — it does not cross
itself) is a Jordan curve. But we won’t need this — every Jordan curve that we
will have occasion to use can be easily verified to satisfy all the conditions of
Definition 11.1.

Now discuss functions with singularities. Leta be a point ofC and letf be
a function holomorphic inD(a; ε) \ {a}, for someε > 0. f is said to have an
isolated singularityata. We classify these into three types:

(a) f has aremovable singularityat a if it extends to a function holomorphic
onD(a; ε) (unique! — by uniqueness of analytic continuation).

(b) f has apole if (z − a)Nf(z) extends to a function holomorphic onD(a; ε)
(for someN ; the leastN that will do is called theorder of the pole.)

(c) f has anessential singularityotherwise.

(11.3)DEFINITION: Theresidueof a functionf with an isolated singularity at
a, writtenRes(f ; a), is the value of the integral(2πi)−1

∮
f(z)dz, taken around a

small circle arounda.

Let Ω be an open set. Iff is holomorphic inΩ except for a set of isolated
singularities, all of which are poles, we say thatf is meromorphicin Ω.
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(11.4) THEOREM: Let f be meromorphic in an open setΩ. Let γ be a Jordan
curve such thatInt(γ) ⊆ Ω. Assume that there are no singularities off lying on
γ. Then ∮

γ

f(z)dz =
∑

a∈Int(γ)

Res(f ; a),

where the sum is taken over all polesa of f that lie insideγ.

PROOF: Induction on the total number,n, of poles off lying insideγ (the
number is finite because the set of poles consists entirely of isolated points and
Int(γ) is compact.)

For the base step of the induction (n = 1), supposef has a single pole ata.
By properties of Jordan curves,γ is homotopic inInt(γ) \ {a} to a small circle
arounda. So, by Cauchy’s theorem, the integral off(z)dz aboutγ is equal to the
integral about such a small circle; that is, to2πiRes(f ; a).

For the induction step, select a polea and suppose that neara,

f(z) = (z − a)−Ng(z) = (z − a)−N
∞∑
k=0

ck(z − a)k,

using Taylor’s theorem. Puth(z) = (z − a)−N
∑N

k=0 ck(z − a)k. Thenh(z) is
holomorphic everywhere except for a pole ata, andf(z) − h(z) has the same
singularities asf except that the pole ata has been removed; in particular it has
(n− 1) poles. Now write

f(z) = h(z) + (f(z)− h(z)),

and apply the inductive hypothesis to both summands; then add the results.�
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