Lecture1 Complex Is Simpler

Complex numbers + bi, a,b € R, are added and subtracted according to
obvious rules. Multiplied using the rulé = —1. We identifya € R with
a + 0i € C. ThenC is acommutative ring

In fact C is afield, ie we can divide by anything nonzero. Af= a + bi is
nonzero, then its multiplicative inverse is
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as direct computation confirms. We write thiszas = z/|z|?.

C can be thought of as a plane. The Cartesian representation of a point in this
plane is convenient for addition and substraction. For multiplication, the polar
representation = r(cos@ + isinf) = re? is preferable. We havg:| = r.
Notice thak??e’ = ¢/%+¢) (trig identities). Thus, to ultiply two complex numbers
in polar form, multiply their moduli and add thearguments(the numberd).
Multiplication by a fixedz acts on the plane by a stretch and a rotation, and it’s
thereforeconformal(angle-preserving).

We are going to be studyinfyinctions of a complex variahlehat is differ-
entiable functionsf: 2 — C, wheref) is an open subset of the complex plane
C.

Why?

e Many such functions: exponential, sine, cosine, plus the *higher transcen-
dental functions’ such as(z), ((s), g(z) and so on — functions which are
useful everywhere.

e Mystical connections: complex-differentiablleojomorphi¢ functions are
very rigid — every part of them is connected to every other part.

Example related to circle of convergencepdwer seriedike
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has aradius of convergence such that the series converges fof < r and
diverges foilz| > r. For the series shown the radii of convergence are respectively
1,1, 0.
When|z| is smaller than the radius of convergence the series defines a func-
tion. For the examples shown here the functions defined are
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We now ask: What goes wrong at the radius of convergence? Why can'’t
the series converge better? For example 1 the answer is clear; the function
f(z) = 1/(1 + x) explodes atr = —1, so we can’t hope to represent it by
anything well-behaved (such as a power series) in a domain that includes that
point. The biggest interval around 0 on which a power series for that function
could possibly converge at all therefore has radius one; and, by golly, the power
seriesdoesconverge on that interval!

This is very satisfactory as an explanation of the misbehavior of the power
series forf(z) = 1/(1 + z); but it fails to account for the misbehavior of the
power series fog(z) = 1/(1 + 2?). Considered as a function ofreal variable
this is nice and smooth fromoo to co. Only when we look at it as a function of a
complex variable do we see the singularities-atvhich prevent the power series
converging on a disc of radius larger than 1.



