Math 501 Homework 9 Due Monday, November 17th

(1) Let V andW be normed vector spaces. Show that a linear ap™ — W is
continuous if and only if it iboundedwhich means that there is a constamtith

1T (W)l < eflv]

for everyv € V.
Let 7" be continuous and léf = ker T'. Show that is a closed subspace of
V" and that the expression

I[olll = nf{llu + vl - w € U}

(where[v] denotes the coset+ U, considered as an element of the quotient space
V/U) defines a norm o /U .

Show further that the map]| — 7'(v) is a well-defined continuous linear map
fromV/UtoW.

(2) Let V be a (complex) normed vector space. A linear map/ — C is
called alinear functionalon V. Show that a linear functional is continuous if
and only ifker ¢ is closed. In fact, show that

1
()l < vl

wheres is the distance frorker ¢ to a vector; with ¢(v;) = 1.

Deduce, by induction on the dimensian that if V' is a finite-dimensional
subspace of a normed vector spaée thenV is closed inW and the linear
isomorphismV — C" given by choosing a basi,...,v,} of V is also a
homeomorphism.

(3) Let V be a normed vector space. Suppose that the closed unit béll of
can be covered by finitely many balt(xy; %), k=1,...,n,of radius%. Show
that the{x, } spanV. (First use question 2 to show that the span of{thg} is a
closed subspace, then show that it contains the unit b&l)of

Deduce that every locally compact normed vector space is finite-dimensional.



