
Math 501 Homework 12 Due Wednesday, December 10th

(1) State the spectral radius formula.
Let H = L2[0, 1], and letV be the operator onH defined by

(V f)(x) =

∫ x

0

f(t) dt.

Prove that

(V kf)(x) =
1

(k − 1)!

∫ x

0

(x− t)k−1f(t) dt

and hence calculate the spectrum ofV .

(2) Let T be aunitaryoperator on a Hilbert spaceH; that is,T ∗T = I = TT ∗.
Let K denote the kernel ofI − T , and letL denote the closure of the range of
I − T . Show thatK andL are orthogonal complements, so that there is a direct
sum decompositionH = K ⊕ L.

Now letP denote the orthogonal projection ontoK. Show that for each fixed
u ∈ H,

1

n + 1

n∑
j=0

T ju→ Pu

asn→∞. (This is themean ergodic theorem.)

(3) Let A be a compact self-adjoint operator on a Hilbert spaceH. Suppose
that for allx ∈ H, 〈Ax, x〉 > 0. Prove that there is a unique compact self-adjoint
operatorB such that〈Bx, x〉 > 0 for all x andB2 = A.

Now letA be the operator oǹ2 defined by

A(x1, x2, x3, · · · ) = (x2/2, x3/3, x4/4, · · · ).

Prove thatA is compact, but that there is no operatorB such thatB2 = A.
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