Math 501 Homework 9 Solutions

(1) LetV and W be normed vector spaces. Show that a linear thag” — W is
continuous if and only if it iboundedwhich means that there is a constamnwith

1T (W) < ellvll

for everyv € V.
If T"is bounded, then from linearity we find

1T (v) = T(w)]| < eflv —wl]

for all vectorsv andw, which certainly implies thal” is continuous.

Conversely, ifT" is continuous then (by continuity at 0) there is a constant 0
such that, if[jv| < 9, then|T(v)|| < 1. Putc = 1/§. Then for anyv # 0,
u = v/(c||v||) has normd, and so||7(u)|| < 1. By linearity of T it follows that
[T )] < cllv]].

Let T be continuous and Idl = ker 7. Show that’ is a closed subspace of
and that the expression

o]l = inf{lju + vl - w € U}

where[v] denotes the cosett U, considered as an element of the quotient sgade)
defines a norm o’/U.

U is the inverse image of the closed $64 under the continuous m&p, so it is
closed. Now we want to show that the expression above defines a norm. It is easy to
see that the expression is positive-linear and satisfies the triangle inequality. The only
thing that we need to check is thatlfifv]|| = 0, then the cosdp] is the zero element
of the quotient spack€/U, i.e.v € U.

SinceU is closed, its complement is open. Thusi# U, there is a balB(v;J),
for somed > 0, that does not meéf. That is to say||u + v|| > é forallu € U. It
follows that

|[v]|| = inf{||lu+v|]|:ueU} >=4d>0.

Contraposing, we find that jf[v]|| = 0, thenv € U.

Show further that the mapp] — T'(v) is a well-defined continuous linear map
fromV/U toW.



This is a ‘normed’ version of the homomorphism theorem of linear algebra. To
check that the map is well-defined one has to show that] i&nd [v'] are the same
coset, thel¥'(v) = T'(v'). This follows because ifv] = [v'] thenv — v € U = ker T'.
Itis linear becausé' is linear. Finally, since

Tw)=Tw+u) Yuel,
we have| T'(v)]| < ¢[|[v][]-

(2) LetV be a (complex) normed vector space. A linear mag” — C is called
a linear functionalon V. Show that a linear functionab is continuous if and only if
ker ¢ is closed. In fact, show that

1
(@) < <ol

wheres is the distance frorker ¢ to a vectorv; with p(v;) = 1.

The implicationy continuous=- ker ¢ closed follows from the previous question.

Conversely, suppose thét = ker ¢ is closed. Ifp # 0 then there exist vectors
such thatp(v) # 0; by rescaling such a vector we can find,asuch thatp(v,) = 1.
SinceU is closed there is a positive constarguch that|v, + u|| > ¢ forallu € U.
(See the second part of the solution to the question before.)

Suppose now that € 1V with p(v) # 0. Putu = v/¢(v)—v;. Then by calculation,
o(u) =0, sou € U. Sincev/p(v) = vy + u, we havel|v/¢(v)|| > e. Rewriting this
gives

1
()l < Zllvll,

and this trivially also holds fap(v) = 0. Thusy is bounded, and therefore continuous.

Deduce, by induction on the dimensierthat if V' is a finite-dimensional subspace
of a normed vector spacl’, thenV is closed inl¥ and the linear isomorphism
V — C" given by choosing a bas{s, ... ,v,} of V' is also a homeomorphism.

Letn be the dimension of'.

The casen = 1 is simple. The map. — Av, wherew is a fixed element o/
of norm 1, is a linear isometr — V. SinceC is complete, so id/. A subset

of a metric space that is complete (considered as a metric space in its own right) is

necessarily closed.
Now to the inductive step. SuppoBehas a basi$vy, . .. , v, }. For eachk between
1 andn, consider the linear functional, on V' defined by

gOk(Allh —+ . )\nvn) = )\k

2



The kernel ign — 1)-dimensional, hence closed (by induction),gois continuous.
Thus the linear isomorphism

@:@cpk:VHC"
k

is continuous. Its invers@\y, ... , \,) — >_ A\u; is continuous by construction. Thus
® is a homeomorphism.

Since continuous linear maps are bounded there is a corstant) such that if
v = A\v; + -\, then

CH ol < [l + -+ [Aal < Col.

This shows that Cauchy sequence¥imap unde to Cauchy sequences@f', and

since the latter space is complete, so is the former. Finally, complete subspaces are
closed (as we already remarked above)/si closed. This completes the inductive
step and therefore the proof.

(3) LetV be a normed vector space. Suppose that the closed unit bdlcah be
covered by finitely many balB(z; 5), k = 1,... ,n, of radius:. Show that th¢z, }
spanV.

The span of{z,--- ,z,} is a finite-dimensional subspac¢é of 1/, which is
therefore closed (by the result of question 2). Supposelthat V. Then for any
vectorv € V' \ U the quantityinf{||v + u|| : © € U} is positive (as we saw above). By
rescaling, we can find a vectorfor which this quantity is exactlg.

By definition of the infimum there is € U with |[v + u|| < 1. Letw = v + w.
Thenw belongs to the unit ball oV but its distance from any point &f — and in
particular from any one of théz,,... ,z,} —is at Ieast%. So the union of the balls
B(xy; 3) does not covew, a contradiction. It follows thal/ = V/, as required.

Deduce that every locally compact normed vector space is finite-dimensional.

If V' is locally compact then some closed balllihis compact. But all closed
balls in a normed vector space are homeomorphic (by translation and rescaling), so
the closed unit ball is compact. Thus it can be covered by finitely many open balls of
radius; and the previous argument applies.



