
Math 497C Homework 5 — Due October 10th

(1) Let bij andgij be real symmetric2×2 matrices, withgij positive definite.
Let µ andµ′ be the maximum and minimum values of the quadratic form

bijλ
iλj,

where theλi vary subject to the constraintgijλiλj = 1.
Prove thatµµ′ = (det b)/(det g).

(2) Let (x1(s), x2(s)) be a curve in a surfaceΣ, parameterized by arc length.
Thenormal curvatureto the curve at a given point is the component ofd2r/ds2 in
the direction of the unit normaln; in other words it is the dot product(d2r/ds2)·n.

Show that the normal curvature is equal to

bij
dxi

ds

dxj

ds
,

wherebij = rij · n.
The greatest and least values of the normal curvature at a point are called the

principal curvatures. Show that the product of the principal curvatures at a given
point is equal to the Gaussian curvature at that point. (Use the previous question.)

(3) Find the Gaussian curvature of the tractoid (see HW 3).
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