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Global Existence and Uniqueness of Solutions 
of The Time-Dependent Ginzburg-Landau 
Model for Superconductivity 

Communicated by R. Carroll 

QIANG DU 
Department of Mathematics, Michigan State University, East Lansing, MI 48824, U. S. A 

Abstract. We consider the initial-boundary value problems of the timc-dependmt n o d n e a r  Ginzburg- 
Landau equations in superconductivity. It is assumed that  the material sample occupies a bounded domain in two 
and three dimensional spaces. LVe illustrate that the original equations are not well-posed. In order to  fix the lack of 
uniqueness of the solutions, possible choices of the gauge are identified. Global existence and uniqueness of solutions 
are proved in a proper gauge. A by-product is the convergence of finite-dimensional Galerkin approximations which 
may be used in the numerical study of superconductivity phenomena. 

KEY 1i'ORDS: super conduct^\ it!'. t~rne-dependent G~n~hurg-Landau equat~ons. cho~ce of gauge. 
in~tial-boundarq \slue prohlema. slohal eulstence and uniqueness. finite 
d~rnenslonal approximations 

1. INTRODUCTION. 

The superconductivity of certain metals at  very low temperatures was discovered in 1911 by 11. 
Kamerlingh-Onnes. In the last few years, there has  been a rebirth of interest in superconductivity 
among the physics, engineering, and niatheniatics communities, following the discovery of materi- 
als that  ret,ain superconductive properties at  "high" temperatures. hlathernatical and numerical 
studies of models of superconductivity havc also received more and more attention. 

One of the very popular macroscopic model for superconductivity used by researchers in 
their studies is the Ginzburg-Landau model proposed in 1950. In 1959, Gor'kovl showed tha t ,  in 
the appropriate limit, the steady state macroscopic Ginzburg-Landau model may be derived from 
the BCS theory. Well-known results based on the Ginzburg-Landau model include the prediction 
made by Abrikosov2 on the existence of t y p e - I 1  superconductors ten years before it was observed 
experimentally. Earlier mathematical analyses of the steady state Ginzburg-Landau equations can 
be found, for example, in Carroll and C;lick3 and Odeh4. Recent studies can be found i d - ' 5  and 
the references sited therein. 

Based on an averaging of the BCS theory, a t,irne-dependent G-L model was derived by 
Gor'kov and EliasllberglVii 1968 (see also l 7 , l 8  for further discussions). T h e  equations are non- 
linear differential equations for the complex order pararn~ter ,  the real vect,or rr~agrictic potential 
and the real scalar electric potential. 

Studies of the tirnc-dependent Ginzburg-Landau model for superconifuc~ivity may give a 
better understanding of the dynaniics of tlir supcrcc?ndurtir~g transition, especially for the t y p e - I I  
supercondurtors. The  generatior1 and the intcractior~ of "flux vortices" are of great inttrest. T h e  
fully nonlinear time-dependent model h a  bcell uscd in the recent numerical sirnulationsl+-20 to 
study the growth of superconducting phase and various time-scales related to  the transition in two- 
dimensional thin films. Other studies may be found, for example, in21,2? Extensive numerical 
simulations of the time-dependent G-L models are presently under way. However, when one 
at tempts to  set up nunlerical algorithms and simulation procedures, there are several questions 
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remain to  be answered for the timedependent model. In particular, the question of global existence 
and uniqueness of the solutions has riot been discussed in the literature except for some much 
simplified models in one space dimension. In fact, the original Ginzburg-Landau time-dependent 
equations are not mathematically well-posed unless gauge fixrng has been done. 

In this paper, we present results concerning the global existence and uniqueness of solutions 
of t,he time-dependent nonlinrar Ginzburg-Landau equations for superconductivity in a two or 
three dimensional bourrrlcd domain. These results rely on the gauge fixing. The  approach we 
adopt is a combination of rstimates fur a sr t  of modified problems and their finite tlinlensional 
approximations and compactness arguments. The use of f in~te  dimensional approxin~ations is 
standard and is largely inflnenced by out interests in thc numerical solution of the Ginzburg- 
Landau equations. A by-produrt of the approach taken here is a convergence result concerning 
the finite din~ensional approximation which is helpful in further numerical studies of the tirne- 
dependent model. Wr are presently performing several numerical siniulations that  are based on 
the finite elernent approximations of the time-dependent G - L  models and their variants that  can 
take into account the ~nhornogenrity, anisotropy, thickness variation, normal inclusion, layered 
structures and other fraturcxs (.hat niay be applicable t,o high-T, superconduct.ors. More results on 
numerical simulations will he reported elsewhere. 

T h e  paper is organized as follows. In section 2 ,  we introduce the t,ime-dependent equation 
and its nondiml-nsiorlalixetI form. 'Chcn, we go t,hrough the steps of gauge f ixzng which are essential 
for the numerical sirtlulration as ~ r l l  as the discussion on the well-poscdness. In section 3 ,  we 
study a set of n~odifircl rquat,ions a r ~ d  their finite dirnensional Galerki~r approximations. Energy 
type estimates are derived and con~pactness arguments are used t o  show the existence and the 
uniqueness of the modified equations. Then,  we show the global existence and uniqueness of the 
sdnt ion  for the original equations based on additional estimates. Finally, we mention in section 4 
a convergence result for the finite d~mensional approxin~ations. 

2. THE TIME-DEPENDENT GINZBURG-LANDAU MODEL. 

There are many rxcellent references that  may be consulted for detailed descriptions of both the mi- 
croscopic and ~rracroscopic theories of supcrco~~ductivity, for c,xample, Tinkham'8 and AbrikosovZ3. 
For a rrrent survey on thr  steady state ~nodcl ,  we rcfer to I h ,  Gunzburgcr and Peterson". 

2.1. The Ginzburg-L~ndau frcr energy. 
111 the presence of an applied nlagnctic ficltl H ,  Girlzburg and Landau postulated tha t  the Gibbs 
free energy per unit. volurnr of a superconduct,ing makr ia l  is given by 

Herr, the constant f,, is the free energy of the normal (non-supt~rcor~ducting) s tate in the 
a h e n c e  of magnetic fields, 3 is the (complex-valued) order p;trarnet,er, A is the magnetic potential, 
11 = curl A is the magnrtic field, o and f i arr constants (wit,h rrspect tu  the spacr variable x) 
whosc. values depend 0x1 th(, te~rlpcrature, c is the spred of light., e ,  and T I L ,  are the charge and 
m;iss, respectively, of  the s ~ ~ ~ e r c o n t l u c t i n g  chargcl-carriers, and 2 x h  is Planck's const.ant.. The  
tcniperature is thken to be constar~t in our discussion. 

If  0 denotes th(: rcgion occupied by the superconducting sample with boundarty I?, the 
Gibbs free energy of the sample is then given t)y 
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G I N Z B b K G  - L A Y D A L  MODEL 

A nondimensionalized form of the free energy functional is given by 

Here, n, known as the Ginzburg-Landau parameter, is a very important material constant rep- 
resenting the ratio of penetration length t,o the coherence length. A critical value of ti is 
For the type-Isuperconductors, we have K < I/&, while for the type-IIsupcrconductors, we have 
K > l/d. 

T h e  square of the magnitude of the complex order parameter, 11+)/2, represents the density of 
the superconducting carriers. $ = 0 corresponds to normal s tate and in a perfect superconducting 
state I $ )  = 1. 

2.2. The evolution model. 
According t o  Gorkov and Eliashberg16, see also ls,Z3, the evolution Ginzburg-Landau model is 
given by: 

a$ h- + ieOlj, - D(hV - ieA)21i, + (4j?i,I2 + a)$  = 0 in R , 
at 

ih 
-Y curl curl A = E - 2 r [ / $ I 2 ~  - -($*V21, - yV$*)  - curl H] in R , 

2e  
where O is the scalar electric potential, T and D are microscopic parameters and v-1 measures 
the  conductivity of normal electrons and E is the electric field given by 

The  boundary conditions are 

and 
E . n = O  o n r .  

A boundary condition that  is more general than (2 4) is given by 

where y is small for insulators and large for magnetic materials, with normal metals lying between 
them's. Our discussion essentially extends to  this case with the modification that  a n  extra term 

should be added to  the free energy functional in the discussion. Such a term is known t,o describe 
the proximity effect. For convenience, we only state results associated with the condition (2 .4) .  
Numerical studies of proximity effect will be given in a future report. 

2.3. The nondimensionalized equations. 
After proper non-dimens~onalization. the time dependent equations may he given as 

(2.6) 
i 

curl curl A = -E - -($*V$ - $V$*) - I v ' / ~ A  + curl H in Q , 
2 K  

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
G
e
r
m
a
n
 
N
a
t
i
o
n
a
l
 
L
i
c
e
n
c
e
 
2
0
0
7
]
 
A
t
:
 
1
7
:
0
1
 
1
8
 
J
a
n
u
a
r
y
 
2
0
1
1



where curl H = 0 if wr consider just. constant extcrnal ficld and 

The  boundary conditions are 

and 

The  initial conditions are 
d(x, 0)  = $ 'o (x )  in S2 

and 
A(x, 0) = Aoix) in 0. 

We assume tha t  l&(x)l 5 l , a . e . ,  which means that  the magnitude of the init,ial order parameter 
docs not exceed the value a t  superconducting state. 

Throughout, for any non-negative integer s, H q D )  will denote the Sobolev space of real- 
valued functions having square integrable spatial derivatives of order up to s in the domain '2. 
The corresponding spaces of complex-valued functions will he denoted by 3tS (2)). Corresponding 
spaces of vector-valued functions, each of whose d components belong to  H q i n ) ,  will be denoted by 
H s ( V ) ,  z . e . ,  HJ(in)  = [Hs(V)]d. Norms of functions belonging to H q V ) ,  Hd(in), and X s ( V )  will 
all he denoted, without any possible ambiguity, by I (  . 11,. For det,ails concerning these spaces, one 
may consult Adanis'" A similar notatiorial convrntion will hold for the Lehesgue spaces IJ'(S2) 
and their corr~plcx and vector-valued rounterparts Cp(Q)  and Lp(Q), respcct,ively. We sometimes 
use 1 1  . ( ) B  to  denote the norm defined on the space B. 

We make a convention that  i.. .) denotes thr  standard L2 ir~nrr-uroduct in the real function 
\ ,  

spaces whdc for complex valued functions 

WP w ~ l l  also make use of thfl fol lou~ng suhspacrs of H1(12) 

and 
Hk(tliv ; R) = { Q E H1(L?) : d ~ v  Q = O in R and Q . n  = O on I') 

We note that  (Ildiv $11; + /Icurl Q1)i)1/2 and I/curl Qlia d h n r  norms on Hi(52) arid HA(div ; l l) ,  
respectively, t,hat are cquival~ni  to the standard Hl(S2)-norrn 11Q111; see, e.g., Adanm", Girault, 
and Raviart25. To take into account the t,irrre-dependence, we define the following spaccs: for ally 
given T > 0 and given Hilbert space B, 

Spaces like L m ( 0 , T ;  B) and H m ( 0 ,  T; B) are defined in similar mays. In  particular, we Irt S = 
L2(0, T; L2(R)) and 

V = LW(0, T; HA@)) n H1(O,T;  L2('2)) 
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GIYZBUKG - LANDAL' MODEL 

Also, we let S = C2(0, T; C2(R)) and 

We assume that  R is a bounded subdomain of Rd with smooth boundary, where d = 2 or 
3 .  Results remain valid if R is a convex polygon or convex polyhedron. Basically, we require these 
conditions on the domain and its boundary in order to get the standard Hz  regularity estimates 
for the solutions of the equation 

All = f E C2(R) 

with homogeneous Neumann boundary condition and the related H 1  regularity results for the 
solutions of the system 

d i v A =  f E L2(R) ,  

curl A = g E L2(R) 

with condition A . n  = 0 on the boundary. For the solution A of 

XVdiv A - ucurl (curl A - H) = g E L2(R) , ( A ,  u > 0 ) 

with boundary conditions (2.9) and A . n  = 0 ,  Hl regularity may be obtained for d i v A  and curl A 
using the results of Girault and Raviart25 on the decomposition of vector field in L2(R). For 
domains with s n ~ o o t h  boundary, related HZ regularity results are discussed in Georgescu26. 

2.4. Gauge invariance. 
T h e  Ginzburg-Landau equations have an important property, namely, that  of gauge invariance. 
In order to  prove the existence and uniqueness of the solutions, it is clear tha t  a suitable gauge 
choice must be made first. 

Formally, given a function 1, the linear transformation G, is defined by 

where 
ax <=@e'"x, Q = A + V x  and Q = @ - - .  
at 

Note that  if (C, Q, 0 )  = G,($, A , @ ) ,  then ( $ , A , @ )  = G-x(C, Q , @ ) ,  in this case, (C, Q, 0 )  and 
(4, A ,  @) are called gauge equzvnlent. 

T h e  time-dependent Ginzburg-Landau equations with the prescribed boundary conditions 
are gauge invariant in the  sense that  if ( $ 1 ,  A ,  @) is a solution to the equations, so is (C, Q, 0 )  = 
G,($, A , @ ) ,  Of course, the initial conditions may need to  be modified. Notice tha t  if a t  t = 0,  
x 0 ,  then even the initial conditions remain unchanged. This indicates tha t  the time-dependent 
Ginzburg-Landau equations given earlier lack uniqueness and thus are not well-posed. 

To  obtain mathematically well-posed equations, we go through a procedure commonly 
known as fixing the gauge, that  is, enforcing extra constraints on the solutions. There are many 
well-known gauge choices, for example, the Coulombgauge. Here, we briefly describe a few popular 
choices. 

2.4.1. T h e  Coulomb gauge. 
The Coulonh  gauge is a gauge in which A is taken to be divergence free. Given a solution 
( i ,  A ,  a), i t  cafi be obtained by a gauge transformation Gx where x satisfies 

and 
O y . n = - A , n  o n r  
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More precisely, one gets the following equations in the current gauge: 

a A i 
(2.12) - at +curl  curl A + V Q  = --(4'011) 2 K - GVl/i*) - ($(2A + curl H in R , 

and div A = 0 in R.  T h r  boundary conditions are 

arid 

We may also fix the average of @ in R to  be zero, i.e., 

Though the Coulomb gauge is very convenient in the studies of steady state solulions", it 
may be more difficult to  deal with the divergence free condition in numerical simulations in the 
unsteady case. 

2.4.2. The @ = +div A gauge. 
In most cases, one would Iikr to  eliminate the electric potential Q. Giveu a solution ( $ ) , A , @ )  , 
one choice to  to  use gauge transforrnat,ion G, where x satisfies 

with boundary condition: 
V X - n = f A , n  on r ,  

and at. 1 = 0,  x is determined, up to a constant,, by Ay = f d i v A  in R, VX . n  = iA .11 on T. 
We have the following cquations in thr  current gauge : 

a A 
(2.17) - - AA = -L($*v$ - $ V i e )  - /$/2A + cud  H in R ,  

at 2 K 

with the boundary conditions 

(2.18) c u r l A x n = H x n ,  A . n = O  and V @ . n = O  o n r  

At t = 0,  we have d i v A  = 0 in Q.  
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2.4.3. The zero electric potential gauge. 
Here, we give another gauge corresponding to @ = 0. l h i s  is one of most frequently used gauge 
choice in numerical simulations, see, for example, Frahm et.  al. l9  2QCC;iven a solution ( 5 .  A ,  a), 
we use the gauge transforn~ation G, where x satisfies 

and a t  t = 0, A \  = -d ivA in Q with OX . n  = -A . n on r 
In this gauge, the equations becornes: 

a A 
(2  2 0 )  - + curl curl A = - 1 - ( 5 ' ~ 5  - $Vd') - 1 J.I2A + curl H in 12, 

at 2 K 

T h e  boundary conditions are 

a n d a t  t = 0 ,  d i v A = O  i n R .  
Notice that  in the current gauge, the vector potential A need not be divergence free. In 

fact, taking the divergence of equation (2.20) and using equation (2.19), one may get 

Therefore, having the vector potential divergence free implies that  either the order parameter is 
zero or i ts  phase is independent of time. Neither is true in general. On thc other hand,  when we 
have an unsteady divergence of the vector potential A ,  the charge density, given in the current 
gauge by 

2 A 
div E = div - , 

at 

need not vanish. This is only corrnected to the supcrcoriductitrg current in the unst,eady 
In this paper, we concentrate on this particular gauge choice. One of the reason is tha t  the 

equations (2.19)-(2.20) may be viewed as a gradient flow with energy functional G($ ,  A ) .  We like 
to  point out  tha t  in the current gauge, the functional is not coercive. This  difficulty is resolved 
by introducing a set of modified problems and then deriving uniforin estimates based on (2.24) 
and passing to the linilt. 

2.5. Steady state equations. 
To make thr  discussion complete, we briefly mention the steady state equations. Here, discussions 
of the gauge choices may be done in a similar way. In fact, simple calculations show tha tH one 
can choose a gauge to have both @ = 0 and div A = 0 ,  which cannot be achieved in the unsteady 
case. Thus,  we have thr  following standard nondimensionalized steady state Ginzburg-Landau 
equations. 
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i 
(2.26) curl curl A = --(Q>*CU" - $ Y e * )  - /4'12A + curl H in 11. 

2ti 

and div A = O in Q. The Imundary conditions are 

Solutions to thc  above steady state equations, con~lnorrly referred as the G-1, ecluations in 
t.he Coulomb gauge, exist and arp not unique in genrral. 'The convergence of the solutions of the 
time-depender~t equations to t h t  steady stat,? equat,ion <as t - ce ren~ains to he studied. 

3. GLOBAL EXISTENCE AND UNIQUENESS O F  THE SOLUTION.  

In  this section, we study the strong solution of the weak fornls corresponcling t,o thc time-dependent 
Ginzburg-Landau equat,ions. We may choose t,o work In any one of the gauges mentioned earlier. 
However, for numerical simulation purposes, wc choose t.he zero clactric po t~nt , i a l  gauge. The  
global existence and uniqueness of strong solution in this gauge are givcn later in Thcoren~ 3.13 
and Tlworern 3.15. The rationale of such choice in actual irnplernentatiorl will he givcn in I>u2'. 
We merely point out  that there may be some difficultits associat,cd with the choice of Coulornb 
gauge in unsteady computations (there are related discussions in thp context of Kavier-Stokes 
cquations25)), though the  dificulty can he overcornr in the steady state case3 Results related 
to the existence anti uniqueuess of solutions in ot11r.r gauges may he obtained fronl the results 
presented her? t,hrougl~ gauge transformations 

3.1. Weak f o r m s  in the zero e l e c t r i c  gauge. 
We now concentrate on the zcro electric potential gauge, there, the st.rong solution (L,, A )  satisfies 
the following weak formulation of equations (2.19)-(2.20): 

Find ( $ . A )  E V x V such (ha t  

with t,he ir~itial condition J j o  E ? f ' ( Q )  and An E H!L(div;R). The  initial corlclitions r l~ake sense 
for functions in V x V t,hxt sat,isfy I he weak forms. For convenic.r~ce. we assume tha t  t,he applied 
field H E H' ('2). 

To study t.he c~xistr3nce and u ~ ~ i q u c n t ~ s s  of thc solutions of the ahove systeltr, wr first consider 
the following rr~odified problern: 
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and the initial conditions are the same a s  the original equations, i.e., they are independent of c .  

Here, c > 0 is an arbitrary parameter. Note that  the above modified system reduces to the 
original system (3.1)-(3.2) when c = 0. Our idea is to use the modified systems and their Galerkin 
approximations a s  intermediate steps. This set of modified problems also have quite interesting 
dynamics. It can be shown tha t  the w-limit set with c > 0 is the solution set of the steady state 
G-L equations in the  Coulomb gauge. 

3.2. E x i s t e n c e  and u n i q u e n e s s  o f  m o d i f i e d  p r o b l e m s .  
The existence and uniqueness of solutions are proved using Galerkin finite dimensional approxi- 
mations and conlpactness arguments, a standard technique for nonlinear evolution equations, see 
Temam" for a similar account for the Navier-Stokes equations. A unique feature in our discussion 
is that  we apply such a technique to the set of modified problems first. Then,  we pass to  the limit 
c --+ 0. 

Let An and 2, be n-dimensional subspaces of HA(R) and H 1 ( R )  respectively such that  

U A, is dense in HA(O), and U Z, is dense in H l ( Q )  

T h e  standard Galorkin finite dimensional approximation may be given by. 

d 
-(A;, A,) + (curl A;, curl A,) + ~ ( d l r  A : , , d l v ~ , , )  -t ( / ~ : , 1 ~ A k .  A,,) 
dl 

+ ~ { ( f  P ~ L ,   LA^)} = ( H  curl i n )  v A, E A,, 

Using local existence and uniqueness results on ODES, we first have that  

LEMMA 3 1 G l w n  c > 0 ,  f o r  a n y  n > 0. lherr er t s i s  a u n ~ q u e  solulron l o  t h e  a b o t e  ~ y s f e m  
in [O,T,] for  s o m e  T, > 0 

Next, we d e r ~ v e  some energj type estimates to show the solutmn to the ODES 1s global 
Let us define 

Let 6 denote the first varlat~ori of the funct~onal Then,  we get 
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LLMMA 3 2 For any  t > 0, zf the solutaon (uA,A:,) eatrts then 

Proof Let &, = and A, = I" the weal\ form, and add the resulting equations 
togethcr Then 

n 
Using thr  above es t imat r?~ ,  we get 

COROLLARY 3 . 3 .  Gzlien c > 0,  for any  gtven T > 0 ,  fhere ezzsts a unzque solutzon ( $ ; . A ; )  
for the O D E  sy.rtein (3.3)-(3.6). Moreover, ( $ A ,  A i )  zs unzformly bounded zn V x V .  

We now quote a special caw of the compactness lernrna of L i o ~ ~ s ~ ~ ,  

LEMMA 3 4 ( L ~ o n s )  Lct U be a Banarh $pace and B,, z = 0 ,  1 ,  Hzlbcrt vpaces Suppose 
f ha l  1'10 -4 fl, z P ih( tnlbeddzng 2s compact,  and snppose that t h t  zn~heddlng froln B to  B1 zs 
contznuous, then 

Consequently, we may prove that .  

COROLLAIW 3 3 G t w n  c > 0 ,  T > 0 ,  thrrr exzsfs a sub5equentc { (b /~ , .AA, )} ,  u lh~ch  
converges weakly ( o r  weably *) zn 

and strongly zn 
C p ( 0 ,  T ;  C q ( R ) )  x Lr(0, T ;  Lq(Q)) 

a5 71r, -+ +m Here, p E ( 1 , ~ )  a72d q E ( 1 ,  m) ~ O T  d = 2 and q E ( 1 , 6 )  for d = 3 Irt parlzcular, 
the  subsequence converges weakly (or uwokly *) In V x V and strongly 271 S x S 

Passing to the limit nk -+ nr; and using Corollary 3 .5 ,  we g d  

' I H E ~ R E M  3.6 .  Gzven r > 0 ,  T > 0,  there erzsts a solulzon ( $ I ,  A t )  zn V x V f o  t h e  s y s t em  
(3 .1 , )  - (3.2,) whzch ts thr weak ( o r  weak *) ltrnzt of the subsequerlce {($;,,A;,)}, n k  - +m. 
N o r ~ o v e r ,  any  solatzort (Qc, A [ )  of ( 3 . 1 , )  - (3 .2 , )  s a f z s f i ~ s  for f E [( I ,? ' ] ,  

We omit  the proof of the weak limit being the solution of (3.1,) - (3.2,) since the technique 
is s tandard.  Let us mention that  the estimate (3.9) is obtained like in Lemma 3.2. We now prove 
the upper bound on the rnagn~tude of the order paran~eter .  

I,F,MMA 3 .7 .  If It&(x)j < 1 ,a ,?.  zn R ,  lhcn ( $ i ~ ( x , l ) l  < 1 , a , ? .  zn 12 x [O,T]. 
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Proof. Set test function 4 = ( I $ ' /  - I)+ f where f = $ / I $ L (  and where q+ = q if q 2 0 and 
q+ = 0 i f q <  0.  Then,  when (4'1 > 1, 

we have tha t  

~ ( I * < I  - ~ ) + I + I  d~ 

- J M I ~ I  + NI$I - 1 1 ~ 1  5 0 
nn{1tLel>1) 

By the assumption on  the initial condition 

This gives the  lemma. 0 

Using the above bounds on the norms of the solution, one immediately get the uniqueness 
of the solution for (3.1,)  - (3.2,). Again, the technique is similar to that  used in Ternam's for the 
Navier-Stokes equations. 

THEOREM 3.8 .  Given 6 > 0 ,  T > 0 ,  the sohtzon ($', A f )  in  V x V to the system (3.1,) - 
(3.2,) zs unique. Moreover, there ertsis a constant C, > 0, such that the solulton ($15,  A') satisfies 

Estimates in the last theorem follow from the H z  regularity result for the Possion's equation 
with Neumann boundary condition and a partial regularity result for the system 

-cVdiv A + curl (curl A - H) = g E L2(R) 
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with boundary conditious ('2.22) and (2.23) which gives thv 11' Iiounds of div A and curl A ,  l ' h r  
latter can he obt,ainetl, for cxanrple. using the results o F  on the decomposition of vector field in 
t " ( l ) .  

With the uniqueness, we also see that  

('OROI,LARY 3 9 C z t e n  r > 0 ,  7' > 0 ,  the srquenre ( I & ,  A:,) conzwrgcs weakly ( or  weakly 
* )  t n  V x V ( and therefore, contcrgcc alrnosf eneryuhere In x [O,T] ) l o  thr unzquc solutzon of 
the s y s t em  ( 3  1,) - ( 3  2 , )  

Comparing thr  weak forms (3 .1 , )  - ( 3 . 2 , )  and (3.5)-(3.6) and using the weak corlvcrgence 
in V x V and the strong convergence in 

where 1 < q < (x for d = 2 and 1 < q < G for d = 3, one n ~ a y  also get thc convi3rgerlce of the 
approximate solrltior~s in t,he strong topology of L' x V .  This is a quite useful when r~umerical 
approximat,ions of (3 .1 ) - (3 .2 )  arc considerrd. 

P R O P O ~ I  I I O ~  3 10 Gzuen < > 0 ,  7 > 0 fh r  sequence ( y k .  A f )  conoeiges t lrongly zn 

t o  the  unzquc colullorr of the ,y,tem ( 3  1,) - ( 3  2,)  

Proof:. \Ye only nced the u~riforrll l~oundedness and thr  weak (or w e a k )  corlvergmce 111 

L' x V and the st,rong convcrgerlce in C 4 ( 0 ,  '1'; C4(12)) x L4(0 ,  T :  L ' ( ( n ) )  . Take Q = u:' I I I  cr4uatior1 
( 3 . 1 , )  and $, = $A in ( 3  5) respectively and ir~tegratc, bot.11 e < l ~ ~ a t i o n s  over the t i ~ r ~ t .  interval [O,T]. 
The proof of llle corollary rcstk on comparing ~ac l r  tcrm In the resultir~g rquatiorrs. Note that 

by weak ronvergencr By the un~fornr bound (In 71) and thc strong con\ergcuce, 

So, we grt  

Also, 

Si~riilarly, by the ur~iforr~r l~ound of (r':,. Ah) in C"0. 7': C f ' ( 0 ) )  x LZ(O. 7'; Lti(12))  and the strong 
convergence in S x S,  one rnay use triangle ~ n c y u a l i t ~ ~ s  to verify 
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Following from strong convtrgence in S ,  we also have 

Now. notice that  

we get 

Therefore, comparing the only terms left in the correspor~ding weak forms, we have 

This gives the desired strong convr:rgence of {i.:,} to $6 in C2(0,T;311(n)) .  Similarly, one can 
show the strong convergence of {A;} to A' in L2(O. T; Hl(R))  as 71 - +sx. 0 

3.3. Passing to the limit. 
We now look a t  the process of passing to limit c - 0 in order to obtain the existcnce and uniqueness 
of the strong solution for the original timc depentlrnt Ginzhurg-Landau equatio~is .  A t  the moment,  
the bounds given in theorern 3.6 are not enough. since thc bound on t.he div At term is not uniform 
in r .  To get a uniform hound, we corisidcr 

LEMMA 3.11 G z t e n  c > 0, 'I' > 0, Ihr su lu l ron  ( q  ' , A t )  zn V x V  to  t h e  system (3 1,)-(3 2 , )  
satzsfies fort E (0 .  T) ,  

1 1' 2~~~ 
( 3  10) -(divAC(2),  div A f ( t ) )  + [r('Vdiv A'. Vdiv A')  + q 'K{( - ,  iti$'div A')]] dt = 0 

2 at 

Proof:. By the estimates in theorem 3.8 and the point wise bound of (I ' ,  we may take 
i = itcylcdiv A f  in (3.1,) and integrate ovrr [O, t ] ,  not? that  

and 
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LVe get 

mhere the c o n d ~ t ~ o n  that  at f = 0,  A t  = A O  E H!,(div . Q )  has been used On the other hand,  we 
may rnult~ply the d~ffcrent~al  equation for A' by - T d ~ r  A '  and Integrate over Q  x [0, t ]  Smce for 
div A i  E L2(0,t .  I l ' (R))  n ffl(0,T'. LZ(R)), 

(s te  lemma 1 2 In Chap I I I  of Temam2"), we get that 

1 
-(div A f  ( l ) ,  div A f ( t ) )  + c(Vdiv A< , Odiv A ' )  dt 

(3.12) 
2 

i 
Lt 

+ 1' %[(;nuf + A f * , f ,  ~ ' t ~ d i r * . ) ]  dl = 0 . 

Equation (3.10) thcn follows when we add the equations (3.1 I) ,  (3.12) together. 

COROLT.ARY 3.12 .  There  exzsts a constant r > 0,  zndrpendent of c and T > 0. .such that 

(3.13) / /d ivAc( t ) l l i  + e J IVdivAf( r ) ( / :  d r  5 c , for t E (0 ,  '1') I' 
Hrnce,  ($', A L )  zs u n ~ f o r m l y  bounded t n  V x V ( tndrpcndrnl of c ) 

Proof By le rnn~a  3 7 and the equa t~on  (3 10) III I rmma 3 11, we get 

Let u ( t )  = / Id ivAr( t ) / ) ; ,  t h w  

Solving t,he different,ial inequalit,y, we have 

Vsing t h e  uniform bound on 1 ~ % : l j ~  and (3.14), we see that  thrre exists a constant c > 0,  
indrpendrnt of r and T ,  such that  (3.13) holds. Combining wit,h t,he estimates in Theorem 3.6, 
wv get the nniform bonndedncss of ( $ 1 ,  A[) in V x V. 0 

Now$ Lions' con~p;rctncw Icrr~rna nlay he uscd again, only this timr,, we It.1 c - 0. 
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GlNZBL'RCl - L A N D A U  M O D E L  1 5  

THEOREM 3 13 Gzven T > 0, there exzstc a solutzon ( ~ 1 ,  A )  zn V x V  t o  the  systerrl 
(3  1) - (3  2) whzch zs the ueak (o r  weak *) lzrntt o f  a subsequence { (kc* ,  Ack)}, FIG - 0 .%foreoter, 
any  s o h t z o n  (g, A )  of (3  1) - (3 2) satzsfies 

and there exzsts a constant c > 0, only  depend on the znzlzal condztzon, such that  

T h e  last estimate follows from the weak * convergence while equations (3.15) may be proved 
as in Lemma 3.2.  Also, we have the following estimates on the solution. Again, we assume that  
l+o(x)i 5 1 , a.e. in '2 

LEMMA 3 14 Gztjen T > 0 ,  u e  have 
1) l$~(x, t)l 5 1 . a  e zn n x [0 TI 
2) There  exzsts a constant C > 0 only depcndzng on f he  znzizal data and T ,  such that  

the solutzon ( $ , A )  of ( 3  1 )  - (3  2) aatzsfiee 

and 

T h e  bounds obtamed for the solutions agaln ~ m p l ~ e s  the uniqueness as ire11 as a result on 
the c o ~ ~ t l n u o u s  dependence of the solution on the i n ~ t ~ a l  da ta  

THEOREM 3 l t5  Gzven 7' > 0 ,  let (q1 ,Ai )  and (&, A2) be any  patr of soluizone of (3  1) - 
(3  2) t n  V x V wzlh znztzal data (401, Aoi) and (do?,Aoz), respecttrely There  exzste a constant ,  
zndependent o f t ,  such that 

Consequent ly ,  for  a gzven znzizal condztzon. the solutzon o f ( 3  1) - (3.2) 111 V x V zs unzque 

Therefore, we have obtained the existence and uniqueness of the strong solution of the origi- 
rml time-dependent Ginzburg-Landau equations in the zero-electric potential gauge. The  exist,encr 
and uniqueness of solutions in othpr gauges may be obtained through gauge transformations. For 
example, if (4 ,  A) is a solution of ( 3  1) - (3 .2 ) ,  we may use the  transforn~at,ton C ,  to ohtain a 
sol~ztion of (2.5) - (2.10) in t h r  Coulomb gauge where 1 satisfies 

and 
Y'k n = -A 11 un 

with the average of x being zero. From the uniqueness of the strong solution, we also see that 

COROLLARY 3 16 Gzven T > 0. the sequence ( $ < , A f ) ,  uhzch conszsis of solutzons of the 
inodzjed problems (3  1,)-(3 I , ) ,  converges uleakly ( o r  weakly *) zn V x V  ( and therefore, conterges  
a lmost  everywhere zn Q x [O,T] ) to  the untque solulzon of thc sys fenl  (3  1 )  - (3  2) 
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I t  15 also pos51ble to get o the r  lllgher order estlnlate? a n d  e s t ~ n l a t e s  t ha t  a r e  unlforrn In T ,  
which may be uspd to  s l u d j  t hc  asjrrlptotlc brhavior  of t h e  solrrtlon For exa rnp l t ,  wc h a t e  

C'OROLLARY ?I 17 The u-lznrzt gct of lire soh~lzon of the ~ r o b l e m r  ( 3  1,) - (3  1,) fo r  c > 0 
zs thr  solutton sc l  of the gteady d a l r  solultons of ( 2  25 - 2 26) zn the Coulomb gauyc  

4. A P P R O X I M A T I O N S .  

( ; a l ~ r k i n  like approx~rnnt,iorr has  been consitlercd for I ~ P  nlodifird problelns earlier.  Approxi lna-  
t i o r ~ s  a r c  sought  ill A,, a n d  Z,,, t he  1 1 - d ~ m r n s i o ~ ~ a l  sut,spaces of HA(Q)  and 'H ' (Q)  rcspectivrly, 
which art7 used in t,hc last section. These  spaces n ~ a y  be  constructed easily. for example ,  using 
p i r c ~ w i s e  con~, inuous  finite e l e n ~ e n i s  LVe will r rpo r t  on  t h r  construction a r ~ d  t,he i rnplernenta t ior~ 
a long with numerical  s tud i r s  of the  time-dependent Ginzburg-Landau ~ q u a t i o n s  in Dn'O. Here, 
we merely s t a t e  a consequence of t,he results obiairred in the  previom sections. In  fact ,  using t h e  
convrrgerrce of ( v k ,  AF1) t o  ( 3 ' ,  A ( )  a s  n -+ x' a n d  t h e  convergence of  (Qi, A ' )  t o  ( 1  , A ) ,  o n e  can 
e a s ~ l y  get  t h r  following. 

'I'HLOHFAI 4 . 1 .  Cnveil '1' > 0 .  zf q.0 E 'H1(R) ,  Ilr'o(x)l 5 1 , u . r .  a n d  A. E H A ( d i v ; Q ) ,  then 
f o r  t 2 0.. {(IN,, A:&)} conwrgc,y ~ r n k l y  zn 

to / / I<  unique solui roi~ ( , , ' , A r )  o f ( 3  1 , )  - ( 3  2,)  au 11 - x 111 addzlzon, f o r  c > 0 ( L ~ , A : , )  
~ o i t t e i q ( 9  ~ l r o n q l q  I I ~  CL(O I ,  H 1 ( Q ) )  x LZ(0, I '  H l ( R ) )  to fhe solufzon (1, f A')  of ( 3  1,) - ( 3  2,)  
nE 11 - S 
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