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In this paper, we review various methods for the numerical approximations of the
Ginzburg-Landau models of superconductivity. Particular attention is given to the
different treatment of gauge invariance in both the finite element, finite difference,
and finite volume settings. Representative theoretical results, typical numerical
simulations, and computational challenges are presented. Generalizations to other
relevant models are also discussed. © 2005 American Institute of Physics.

[DOLI: 10.1063/1.2012127]

I. INTRODUCTION

The macroscopic model of Ginzburg and Landau®**! has been widely used to study both
low-temperature and high-temperature superconductors. Due to its highly nonlinear nature, the
complex energy landscape and the exotic dynamic responses of its solution to external conditions,
its numerical simulations have become valuable tools in order to better understand the properties
of the Ginzburg-Landau (GL) models and to provide further theoretical insight into the intriguing
superconductivity phenomena.

The development of approximation methods of the Ginzburg—Landau model goes back to the
1950s shortly after the inception of the model.”® Particularly notable works include the seminal
paper by Abrikosov” on the vortex state in type-II superconductors based on the linearization of
GL equations near the upper critical field. The systematic studies of the GL models from the
numerical analysis point of view, to our knowledge, have not been seriously developed until the
publication of Ref. 43. In Ref. 43, both rigorous mathematical theory on the well-posedness of the
equilibrium GL models and their physical background were presented, along with the systematic
development of finite element approximation methods. The work in Ref. 43 was partly motivated
by Refs. 3 and 29 of casting the equilibrium models into a variational framework. Extensions to
the dynamic models, i.e., the time-dependent Ginzburg-Landau (TDGL) equations were subse-
quently made.”*! Since then, many other works have appeared in the literature, including the
development of different types of numerical approximations of Ginzburg—Landau-type models,
their rigorous theoretical analysis as well as extensive simulations. By now, almost all aspects of
modern numerical analysis have been utilized by people working on the numerical solutions of the
GL models, ranging from the design and applications of various discretization methods and fast
algorithms, domain decomposition and parallelization techniques, and adaptive computation strat-
egies. In this paper, we briefly review some of the works concerning the numerical approximations
of the Ginzburg-Landau models. In terms of spatial discretization methods, we consider, in par-
ticular, the finite difference methods, finite element methods and finite volume methods. We also
discuss various time-stepping schemes for time dependent models. As there have been a large
amount of works on the numerical simulations of the GL models in the last few decades, we make
no attempt to provide a comprehensive survey on all existing works on the subject due to limited
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space. In particular, our review of the vast physics literature is very much limited to those that
have also received much attention in the numerical analysis community or have been examined
more rigorously in the mathematics literature.

The rest of the paper is organized as follows: in Sec. II, we briefly recall the GL models and
their basic features. In Sec. III, various numerical schemes are discussed, and in Sec. IV, some
sample simulation results are presented and some concluding remarks are given in Sec. V.

We end the introduction by stating that much of the research works discussed in the paper are
aimed at the development and refinement of mezoscale and macroscale models for superconduc-
tivity so to enlarge the range of physical problems for which such models are valid; the analysis
of these models in order to gain further understanding of their properties and of their solutions,
and for the most part of the paper, the development, analysis, and the implementation of algo-
rithms for the numerical simulation of the superconductivity models.

Il. GINZBURG-LANDAU MODELS

Let QCRY (d=2, 3) be the region occupied by the superconducting sample. The primary
variables used in the GL models are the complex scalar-valued order parameter i, the real

vector-valued magnetic potential A, and the real scalar-valued electric potential ®. In a nondi-
mensional form, these variables are related to the physical variables by

2
bl

density of superconducting charge carriers, |1
induced magnetic field, curl A,

current, J=curlcurl A,

0 _
electric field, EA +Vo.

A. Ginzburg-Landau free energy

Given a constant applied magnetic field H, the conventional Ginzburg—Landau free energy,
below the critical transition temperature, is

oo 2t 1)
QO K

where «, the Ginzburg-Landau parameter, is a material constant representing the ratio of the
penetration depth and the coherence length.

Note that for the general three-dimensional (3D) problems, the interactions between the fields
inside the superconducting sample and the external field are important. Various measurement of
critical fields are also affected by the geometrical shape of the 521r11ple.72’69’78’85 To apply the
Ginzburg-Landau theory in such situations, a coupled system of equations must be solved in both
the sample and its exterior. Energetically speaking, in the case where () is a bounded domain in
3D, it may be necessary to reformulate the free energy as follows:

o= (3] (17 )
Q K

The minimizers of the GL energy functional satisfy the Euler-Lagrange equations, also called
the GL equations, of the form

LI |
e
4

1
(1= + 5|curlA —H|2>dQ,

2
-
4

1
A= |dQ+ = | |curl A - H> dR®.
2 )3
R
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. 2
(iv +A> Y-+ |Pe=0, 2.1)

curl curl A + i(lp* V-V )+ |yPA=0. (2.2)

¢1=1 and [y]

Here, ¢ is the complex conjugate of . With the present nondimensionalization,
=0 correspond to the perfectly superconducting state and the normal state.
This set of nonlinear Ginzburg-Landau equations in the (bounded) interior of €} is coupled

with the linear Maxwell equations in the (unbounded) exterior Q°=R>\Q) with far field conditions
at infinity and interface conditions on I'=¢€). If we only consider the interior problem (typically
valid for a two-dimensional cross section of a long 3D cylinder with the applied magnetic field
perpendicular to the cross section), then on I, it is customary to use the natural boundary condi-
tions

<1V¢+A¢>-n=o, (2.3)
K

curlA=H. (2.4)

More general boundary conditions have also been studied. For instance, to study the proximity
effect, one may use

<£V¢+Az,/;)-n=—iy¢//.
K

We refer to Refs. 14, 43, and 91 for more discussions.

B. Time-dependent Ginzburg-Landau equations

Let 7, and 7, be given relaxation parameters, the conventional time-dependent Ginzburg—
Landau (TDGL) model is given by

- i 2
”I(E +mc1>¢)+<—v +A> Y-+ |YPy=0, (2.5)
K

A - i -
7, E+V(I) +curlcurlA+2—(1,b Vi—yVi)+|y*A=0, (2.6)
K

with boundary conditions

i
(;V¢+A¢//> -n=0, 2.7)
curl A=H, (2.8)
(ﬁ VCI_D) = 2.9
7 ot + 'n_Ja'n’ ( . )

where J, is an applied current. The initial conditions are
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#(x,0) = ¢p(x) and A(x,0)=Ay(x) in Q.

Note that we only focus on the interior problem for now and we assume that 7, and 7, are both
positive real numbers (dynamics with complex valued 7, have been studied™).
First, it is convenient to introduce an auxiliary variable ®,(x,#)=(J,-x)/7, and define ®

=®-d,. The triple (i, A,®) is often used as the primary variables for the TDGL equations which
are related to the energy functional by

W)Y

771( o +lK<I></f) =- az/;('/”A)’ (2.10)
IA 3G

772<5+V<I>)=—0—A(¢,A). (2.11)

C. Gauge invariance

Both the GL and the TDGL equations enjoy the gauge invariance property, see Refs. 32 and
72 for more detailed discussions.

Numerical minimization of the free energy functional is made difficult due to the gauge
invariance. However, a nice remedy has been developed to avoid such pitfalls.43 Define

F(p,A) =G(h,A) +f |div A|* dx. (2.12)
Q

By choosing proper gauge transformation, the following can be shown.
Theorem 2.1: The following minimization problems are equivalent:

Min G(i4,A) Min G(4,A) Min F(,A)
sit. peHY(Q), o st peH(Q), o st e HY(Q),
A e H(Q) A e H)(div,Q) A e H(Q).

where H\(Q) is a subspace of H'(Q)) with vanishing normal component on the boundary while
H!(div,Q) is a subspace of divergence free vector valued functions in H\(Q).

With the equivalent formulation, one can simply enforce the Coulomb gauge implicitly by
solving for the variational problems with respect to F in H'(Q) X H\(Q2). The penalty term
[div A|]* serves as a null Lagrangian which vanishes at the energy minimizer.

The TDGL equations (2.10) and (2.11) may be viewed as the gauge invariant gradient flow of
the free energy. By examining the various choices of the gauge, the well posedness of the system
was first reported in 1992 at the first world congress of nonlinear amalysts.33 2 Sharper results
based on some better energy estimates and the long time solution behavior have later been studied,
for instance, in Refs. 72, 90, and 56.

lll. NUMERICAL APPROXIMATIONS

Due to the complexity stemming from the full nonlinearity of the GL models, analytical
studies have been limited to special cases. Numerical approximations, on the other hand, have
provided researchers useful tools to understand the models and to simulate the physical properties
of the superconductors. The systematic study of the GL models from the numerical analysis point
of view was first made in Ref. 43. Later, many works on the numerical approximations of
Ginzburg-Landau type models and their rigorous theoretical analysis have appeared. Here, we
briefly discuss the finite difference,‘z’zl’26‘29’35’55’57’5 %61 finite element,‘"17’20’18"‘0’43"45’62’93‘95 and fi-
nite volume methods*®™* for spatial discretizations. We also discuss various time-stepping
schemes for time-dependent models’""** and some parallel and adaptive algorithms.
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A. Finite element approximations

The basic theory of conforming finite element approximations for the steady state GL equa-
tions in a bounded domain has been presented in Ref. 43. Let us choose a pair of conforming finite
element spaces th X VZCHI(Q) X H,'l(Q) where h being a mesh parameter, and assume that they
satisfy the approximation properties

inf [ly=g"lly < ch'lll 41
8§ EVE

inf [|A ~B"|; < ch'l|Al.q
BhEV}l:

for functions ¢ and A of sufficient regularity.
Then, the discrete Galerkin finite element approximation can be formulated as follows:*

Min F(/',A"),

s.t. (YL A" e VX VI

It has been shown that the above problems generate a sequence of convergent approximate
solutions as 7#— 0 under the minimal regularity condition. Moreover, optimal order of error esti-
mates of the following type have been derived for nonsingular solution branches:

=l + 1A = A" < ch Il + A}

It is worthwhile to note that no inf-sup condition is required for the finite element spaces. The
gauge condition is not strictly imposed for finite mesh parameter 4, but it is shown to be valid in
the limit as 72— 0.

The finite element methods have later been generalized to other related models, such as the
d-wave GL f:quations,93 optimal control of GL models® and the Lawrence-Doniach models for
layered super<:0nduct0rs.41’62 In Refs. 44 and 45, various numerical simulations have been con-
ducted based on the finite element approximations.

The application of finite element method to TDGL has been considered in Ref. 31. Besides the
basic convergence results for semidiscrete scheme, both first order and second in time discretiza-
tion schemes have also been presented. Let Az, be the step size and (%,AZ) the numerical solution
at time #,,. When the applied current is absent, the first order backward Euler scheme can be given

a variational form, find (¢/,,A”,,) such that it solves the problem

1
Min Gy, (1:A) = G A) + f [mlg = df + mlA - A1dQ.
nJQ

It turns out that a second order in time scheme can also be similarly formulated, first find (n//*’,Ai’)
that minimizes

G+ | Dl g+ mia - Al N0,
2At,Jq

then we let (¢, , A", )=2(¢/,A") - (4] ,A"). We note that the derivation of error estimates of the
fully discrete scheme was, however, not rigorously provided there. By using a mixed formulation,
Ref. 17 has presented a more complete theory for the approximation of the TDGL along with
optimal order error estimates in two space dimension. Later, Ref. 20 considered approximations to
a related optimal control problem. Generalizations to the time-dependent Lawrence-Doniach
model have been presented in Ref. 62.
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B. Finite difference approximations

Same as in the approximations of many other physical problems, the finite difference approxi-
mations of the GL models have been the most widely used approach. Though conventional dif-
ference schemes have been studied in Refs. 55 and 67, much of the focus has been on the gauge
invariant difference approximation. The motivation has come from the fact that the underlying
physical model enjoys the gauge invariance property. In Ref. 3, a gauge invariant finite difference
scheme was proposed for the steady-state GL equations on a uniform rectangular grid, in the spirit
of discrete gauge field theory. Many subsequent works have followed up on such an approach via
an introduction of the so-called link and bond variables, and various extensions have also been
made, ! #235:759.61.6668 B4 he approximation of the magnetic vector potential, such an approach
is naturally related to the idea of staggered grid (marker-and-cell) used in computational electro-
magnetics and fluid dynamics.

For simplicity, let us consider the two-dimensional setting with a uniform rectangular mesh of
grid size h. Following the notation in Ref. 35, the discrete gauge invariant energy functional is
given by

-1
G'(iha) =52~ 5l exp(- i) ~ w,|2+2—(1—|¢f,|2)2 E(a,k+ak,+a,m+am, Hh)?,

Jk ]klm
(3.1)

where the first sum is over all neighboring edges, the second over all vertices and the third over all

square cells. 1Z={¢j} are the approximations of the order parameter at the cell vertices and A
={a jk} are the approximations of the signed tangential component of the magnetic vector potential
at the midpoint of the cell edges.

The gauge invariant backward Euler scheme is given by35

Y= expl(= ik®jAn) l A
7 A7 = W,(WA )

and

n n—1 n n h
al,—d P} - D" 190G
’72< T ]>‘ 1 da "(WAH)

for n=1,2,...,N=T/At. Here, {fl)"} are the approximations of the scalar electric potential. Note
that the equatlons at the nodes on the boundary may require slight modifications. A complete and
rigorous analysis for such a discretization has been provided in Ref. 35, including the proof of the
discrete maximum principle, discrete energy law, and optimal order error estimates.

It remains to be seen if a higher order in time fully discrete gauge invariant scheme can be
developed for the TDGL equations.

We note here also that, in practical numerical simulations, explicit or semi-implicit in time
difference schemes have been mostly employed. In general, these schemes are only conditionally
stable at best.

C. Finite volume approximations

As more and more attention is being paid to the study of the effect of the sample geometry and
topology on the superconductivity phenomena, methods based on unstructured grids become more
competitive in such cases. Besides the finite element methods we have discussed, finite volume
methods have also been developed which have the combined advantage of being able to work with
an unstructured grid while preserving the discrete gauge invariance. 3447
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A standard extension to the staggered grid used in the gauge invariant difference approxima-
tion is the Voronoi-Delaunay pair. Given a set of distinct points {x }7=1 C R?, we can define for each
point X, j=1,....n, the corresponding Voronoi region Vi,j=1,....n, by

ij{yeR2||xj—y|<|xk—y| forl<k<n and k#j}.

We refer to {Vj};’zl as the Voronoi tessellation corresponding to the generators {xj};’zl. The dual
tessellation to a Voronoi tessellation consisting of triangles is referred to as a Delaunay triangu-

lation. Given a discrete vector field A tangentially defined at the midpoints of the triangle edges of
a Delaunay triangulation, it is easily seen that such vectors are normal to the edges of the Voronoi
regions. Thus, discrete calculus can be defined for the curl operator on the Delaunay triangles and
for the div operator on the Voronoi cells.

Then, the central idea for finding a suitable discretization of the GL energy functional is to
construct a gauge invariant approximation to |Vi/—ixA]. It was noticed in Ref. 48 that one may
first project the vector v=Vi—ikA into the tangential components along the triangle edges and
obtain the following simple identity

| 2 _

|7l v

where the sum is over all three edges and 6, is the opposite angle. Notice that if we let ;; and 6,
be the two opposing angles corresponding to the same edge x;x;, then

[T

cot 6;; + cot 6, =

where 'y is the common edge between the two adjacent Voronoi regions V;; and V;,. Now,
[v- (x;—xp)| can be approximated by [ exp(—ika|x;—x|)— ;. N
Thus, the Ginzburg—Landau functional is discretized as follows:

Py A" = E

—(1 - W)2+E 2 2| ?

||¢kexp( ikay|x;—x) =

4|V| j=1 ke)( J
+ E (a]kh i+ aghy + aghy — Hrjg)?, (3.2)
Tkl ]kl

where for any j, the index set x; denotes the indices of all vertices which are adjacent to the vertex
x;. The discrete gauge invariance is understood in the sense that

Gy A" = GHT!(y),A"))

where the transformation 7" is defined by the map

wj N (p,jein?j’ ajk*} ajk+ M,

corresponding to any scale field (Zh.

The gauge invariant difference approximation on a rectangular grid discussed earlier is in fact
a special case of the above finite volume scheme. This can be seen by making the equivalence of
the rectangular cells with the Voronoi cells and the equivalence of the dual cells with pairs of right
Delaunay triangles sharing a common edge opposing the right angles.

Similar to the technique introduced in Ref. 43 and in the finite difference setting, a modified
functional can be defined to enforce the gauge choice implicitly. Let us define

PHAN =G AN + 2 |(Eak,~|rk,-l)2.

kEX
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FIG. 1. (Color online) A planar Voronoi-Delaunay pair, a CVT in a square and two SCVTs of different resolution.

Then, it is easy to show that the minimizer of F" is also a minimizer of G" and it is also
divergence free in the discrete sense:

2 qlhl=0. V.

kEX,-

Moreover, it has been shown that the minimizer of F” satisfies the discrete maximum prin-
ciple, |¢//J| =< for all j. This, coupled with suitable energy estimates, leads to the convergence of
the discrete approximations as the mesh size goes to zero.

In Refs. 46 and 47, such finite volume scheme was extended to solve a reduced set of TDGL
models defined on a thin spherical shell. In addition to the basic convergence properties, a feature
of the discussions in Refs. 46 and 47 is the consideration of a special Voronoi-Delaunay pair,
namely, the spherical centroidal Voronoi tessellations and the corresponding Delaunay
triangulations,42 see Fig 1. The SCVTs are natural extensions of the centroidal Voronoi tessella-
tions in Euclidean spaces.39 It has been shown that by using the SCVTs, the discrete approxima-
tions exhibit a higher order convergence comparing with the conventional Voronoi-Delaunay pair.

Detailed numerical simulations have also been performed in Refs. 46 and 47 using the SCVT
based gauge invariant finite volume scheme. Both static vortex configurations and vortex dynam-
ics under applied current have been studied.

D. Artificial boundary conditions

For a full three-dimensional simulation of the GL model, taking into account the effect of the
induced magnetic field of the superconducting sample on the field exterior to the sample, the
numerical solution of the Ginzburg—Landau equations in the superconducting sample needs to be
solved in conjunction with the solution of the Maxwell equations in the exterior.
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To overcome the unboundedness of the exterior domain, approximations must be introduced
or alternative formulations must be considered. The crudest but often very effective approximation
is simply to ignore the effect in the exterior completely. Such approximations are particularly valid
for high-kappa materials (in such cases, some reduced GL models have been proposed and used in
numerical simulations of vortex lines.'>*>%

As an alternative, a rigorous theory based on artificial boundary conditions has been presented
in Ref. 51 to transform the computation domain to a finite ball enclosing the superconducting
sample.

The key step is to note that the magnetic energy |curl A’ coupled with the null-

L2(R3)
Lagrangian term ||div A”LZ(R* used to enforce the Coulomb gauge, is equivalent to ||VA||L2(Rz
which can be decomposed as VA 25 )+||VA||L2(Be). Here B, denotes a ball of radius r and B¢
=R*\B, denotes its exterior.

For A’s that are harmonic in BY, we have

2 JA
[VA|..= | A—dS=| AJ(A)dS,
B
r s, on s,

where S, denotes the sphere of radius r,J is the Stekelov-Poincaré operator (or the Dirichlet to
Neumann map). Since J can be explicitly expressed with the help of Legendre functions, various
orders of approximations can be constructed.

Briefly, let the Legendre polynomial and Legendre function be given by

0 1 dn(t _ 1) m _ _ L2 m/2£
P,(t)=P,(t) = ldp P(t)=(1-1°) dlmPn(t),
and let
Gly)=- 3 DD, sy,

47R3 B 47R3

n=1

for 7y defined by cos y=cos 6 cos 6’ +sin O sin 6’ cos(p—¢’) for a pair of points x=(r, 6, ¢) and
=(r,0',¢"). Then, with A satisfying curl Ay=H, we have the following equivalent form of the
energy functional®®

2

J-‘(:p,A):j 1(1—|¢|2)2d9+lj (iv +A+A0)¢
04 2 K

1 2
dO+= | |VA]dx
o 2J,

+ f J A(x) - G(pI-A(y)dxdy.
s, Js,

In a nut-shell, the exterior energy is now effectively transformed into an energy defined on the
boundary of the ball.

Various approximations of the boundary energy can be made, for instance, using a finite
element discretization in the interior of B,, the following discrete problem has been considered in
Ref. 51:

f(tﬂﬂAh):%f (iKV +Ah+A0>¢ﬁ

2 1 1

dQ+f —(1—|<ﬂ‘|2)2dQ+—f [VA")? dx
Q o4 2 B,
+E (n+l)(2n+l)

4 J j AM(x)P,(cos Y)A"(y)dx dy.

n=1
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Let r;=diam({)), under the approximation assumptions on the finite element spaces made
earlier, the following has been proved.

Theorem 3.1: For a smooth exact solution on a nonsingular solution branch, the approximate
solutions satisfy the following error estimates: for h small and r>ry,

o~ '/'h”l,n +]A - Ah“l,B, = C1hk(||¢1|k+1,0 + ||A||k+1,3,) + Cz(Q,r)(V1/r)N||A||1,B,’

for some constants ¢, and c,=c,({),r) independent of h and N.

It has been seen in numerical computation that in practice with N=6, it is sufficient to choose
the computational domain with r no more than twice the diameter of () in order to obtain good
accuracy of the approximation in the exterior domain.”!

E. More on time discretization

For TDGL models, while most of the rigorous mathematical analysis have been focused on
the fully implicit in time discretizations, explicit marching schemes and semi-implicit marching
schemes”™ have also been frequently used in numerical simulations due to their simplicity in
implementation.

Theoretically, to make the time-marching more efficient, other useful ideas have also been
considered in the literature. For example, a linearized crank-Nicolson scheme has been considered
in Ref. 79, similar to the semi-implicit approach. Analytical studies of an alternating marching
scheme have also been made in Ref. 80 where for the order parameter and magnetic potential are
solved in alternating steps and thus reducing the size of the implicit nonlinear system by half.

To effectively solve the nonlinear and linear systems employed in the implicit schemes,
constructions of suitable preconditioners can be very helpful. In this regard, the Sobolev gradient
methods studied in Refs. 82 and 83 fit into such a framework. Essentially, the gradient flows in the
H~! space considered there are equivalent to employing the inverse of Laplace operator A~! as the
preconditioner for the standard gradient flow in the L? space.

For high values of «, the Ginzburg-Landau parameter, the original GL models can often be
simplified. A particular simplification corresponding to high applied magnetic field has been con-
sidered in Refs. 15 and 40. The reduced equations are very much similar to the so-called Gross-
Pitaevskii equations used to model the BEC superﬂuid.5 In Ref. 9, a class of efficient splitting
schemes for computing the ground state solutions of the BEC condensate based on the normalized
gradient flow has been studied which may be readily applied to the solution of the reduced GL
models.

F. Multilevel, adaptive and parallel algorithms

The numerical simulations of the vortex state in type-II superconductors based on the GL
models become computationally challenging when there is a need to resolve a large number of
vortices. More efficient implementations of the numerical schemes thus become necessary. There
have been a lot of interesting attempts made along this direction. For example, multilevel finite
element methods have been analyzed in Ref. 63 for a d-wave GL model, following earlier works
of Refs. 36 and 93. Posterior error estimates and adaptive finite element methods have been
studied in Refs. 18 and 64 with both rigorous analysis and numerical examples.

Parallelization is naturally another important avenue for greater computational efficiency. In
Ref. 59, parallelized MPI-based implementation of the explicit finite difference discretization
schemes has been presented along with many large scale simulations. Using a natural domain
decomposition strategy, a number of parallel algorithms for the simulation of layered supercon-
ductors based on the Lawrence Doniach model have been studied in Ref. 41. The implementation
has been made first using PVM, with an MPI version developed subsequently. Numerical results
indicated significant speed-ups and good scalability. Moreover, interesting numerical simulations
of three-dimensional vortex tubes, their dynamics and pinning effect have been made there as
well.
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FIG. 2. (Color online) Magnitude of the order parameter, induced field and supercurrent in a 2D rectangular domain.

IV. NUMERICAL SIMULATIONS AND OTHER COMPUTATIONAL ISSUES

We now briefly describe some results of numerical simulations conducted throughout the last
decade. These are based on either the finite element codes or the finite volume codes discussed
earlier. We refer to Refs. 4, 23-25, 38, 46, and 47 for additional simulations.

A. Vortex solutions

A well-known feature of superconductivity is the phenomena of quantized vortices. For
type-1II superconductors, the study of Abrikosov on the vortex lattices based on the GL models has
become a seminal work that exhibits the great predictive power of the GL theory.

In Fig. 2, we present a few typical plots for the numerical solutions of the steady state GL
equations which include a surface plot of the magnitude of the order parameter, a surface plot of
the induced magnetic field given by curl A and a vector plot of the superconducting current. The
solution corresponds to one with a single vortex at the center of a rectangular superconducting
samplf:.4

More systematic analysis and simulations of the phase transitions, vortex nucleation, and
critical fields can be found in, for instance, Refs. 4, 7, 8, 11, 12, 65, 72, 85, 89, and 88, and the

references cited therein.

B. Pinning of vortices in superconducting sample

One of the more intriguing features of superconductivity is the effect of vortex pinning which
preserves the superconducting properties in a superconductor despite the penetration of the applied

magnetic field.
The GL models have been used to study the pinning effect from many different angles, for
instance, pinning due to variable thickness in thin films,'**"2%72 spatial inhomogeneities and
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FIG. 3. (Color online) Isosurface plot of vortex tubes pinned in a 3D sample.

normal inclusions and anisotropy.l4’25’49’50 In Fig. 3, three-dimensional vortex tubes pinned by

normal inclusions are shown which were computed via the Lawrence-Doniach variant of the GL
model in Ref. 41. Due to the collective pinning force, the vortex tubes are no longer strictly
aligned in the direction of the applied magnetic field.

C. Vortex state in a thin superconducting spherical shell

The geometry of spherical shell is not only used in superconductivity applications, but also
provides an ideal setting for one to examine the vortex state.

With increasing values of the applied magnetic field, some of the energy minimizing super-
conducting and vortex solutions are given in Fig. 4. We refer to Ref. 46 for more detailed
descriptions of the corresponding parameter values.

In Fig. 5, minimum energy values G(H) corresponding to different external magnetic field
strengths H are plotted, along with the magnetization curve given by the derivatives of minimum
energy G(H).

The spatially homogeneous applied magnetic field naturally produces vortices of opposite
signs on the two hemispherical shells, thus providing a window for us to see the details of vortex
nucleation and vortex annihilation (see Ref. 10 for some analysis in a simpler setting). In Fig. 6,
with the applied magnetic field aligned along the poles, the density plots of order parameter show
that a pair of vortices of opposite signs first nucleate near the equator, then later split and move
into the interior of the hemispheres.46

Other simulations on vortex annihilation can be found in Ref. 40 in the planar domain, aided
by an applied current.

D. Vortex motion driven by an applied current

An applied current J generally exerts a Lorentz force F'=J X B on each vortex core such that
the motion of vortices would induce an electric field, and thus produces electrical resistance. Thus,
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FIG. 4. (Color online) Energy minimizing vortex configurations on the upper hemisphere.

in superconductivity, it is important to understand the interaction of the vortices with the applied
current and study the critical values of the applied current which will dislodge the vortices from
their equilibrium positions.

In Fig. 7, contour plots of the order parameter are given, corresponding to solution of the
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FIG. 5. (Color online) Minimum energy values with its polynomial fitting and the magnetization curve.

TDGL in a two-dimensional square with a constant applied current imposed along the vertical
direction. A single vortex starts to move from the left to the right due to the Lorentz force.

E. Effect of thermal fluctuation

The effect of thermal fluctuations play a central role on the pinning of vortices in type-II
superconductors. In Refs. 23 and 24, such effects have been examined through stochastic variants
of a time-dependent Ginzburg—Landau model valid for high values of the Ginzburg—Landau pa-
rameter. Both additive and multiplicative noise variants have been considered. Many numerical
computations have been presented that illustrate the effects that noise has on the dynamics of
vortex nucleation and vortex motion. In Fig. 8, isosurface plots of vortex tubes are presented
corresponding to different values of variance of the additive noise term using for the simulation of
Langevin dynamics. The snapshots are taken at the same time instant and the vortex lattice melting
effect can be observed in the process.
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FIG. 6. (Color online) The nucleation and the splitting of vortex pairs near the equator.

F. Variants of Ginzburg—Landau models

The great success of the Ginzburg—Landau models for low T, superconductivity generated
tremendous interests in extending them to other settings including layered materials and high 7',
superconductors. For example, in Ref. 36, simulations of a d-wave GL model have been carried
out, the vortex solutions there typically display a fourfold symmetry. In certain parameter regimes,
the basic stability properties of single and multiple vortices deviated significantly from the single
component counterpart, see Fig. 9 for an illustration of a stable double vortex profile.

More analytical and numerical studies of d-wave GL models can be found in Refs. 73, 86, and
93. Numerical studies of other extensions of the GL models have also been performed, for in-
stance, see Ref. 6 for simulations based on the SO(5) model.

Related to the vortex state in superconductors, the 1995 experimental confirmation of Bose-
Einstein condensation (BEC) in alkali-metal gases provides another avenue to study the phenom-
ena of quantized vortices. In recent BEC experiments, vortices have been nucleated with the help
of laser stirring and rotating magnetic traps. Remarkably, many of the phenomenological proper-
ties of quantized vortices have been well captured by mathematical models such as the Gross-
Pitaevskii (GP) equations. In the case of rotating magnetic traps, the mathematical form of the GP

) @ || @

(

) @) ®)

N

Pt

FIG. 7. Motion of vortices in the presence of an applied current.
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(a) (©)
(b) (d)

(e)

FIG. 8. (Color online) Snapshots of the vortex tubes in a cubic sample with increasing additive noises.

equations have close resemblance with the high-kappa Ginzburg-Landau (GL) model.* Utilizing
the mathematical theory and the numerical codes developed for the GL,] presented a similar
mathematical framework for rigorously characterizing the critical velocities for the vortex nucle-
ation in a BEC cloud subject to a rotating magnetic trap. A class of splitting schemes for com-

FIG. 9. (Color online) Surface plots of the s and d wave density for a double vortex profile in a GL s+d model.
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(b)

FIG. 10. Vortices in BEC: our numerical simulation (left) vs the MIT experiment (right ) (Ref. 1).

puting the ground state solutions of the BEC condensate based on the normalized gradient flow
has also been presented.9 In Fig. 10, we provide a particular comparison of experimental pictures
and the result of numerical simulations of the vortex solution with parameters taken from the
experimental values based on the code developed in Ref. 5.

G. Computational challenges

The interests of the vortex state not only lie in the study of the vortex structures for a few
isolated vortices, but also in the study of the collective effect of a large number of vortices and
vortex lattices and their interactions with material structure and defects as well as the impact of
sample topology and geometry. Simulations of GL models have been performed recently on
structures like buckyballs and for MgB2 thin films. (See Fig. 11.)

In practice, numerical simulations of exceedingly large numbers of vortices based on the GL
models remain computationally challenging, partly due to the intriguing properties associated with
the vortex quantization effect. More specifically, for a square sample with n vortices in the interior,
the phase angle of the complex order parameter will endure a change of 2n around the boundary
of the sample. If m points are needed to resolve a single period of phase winding, then mn/4
points will roughly be needed on each edge of the square. Thus, a uniform mesh will require up to
m?n?/16 grid points. For large n and even moderate values of m, this can become very demanding
computationally even for two-dimensional problems, not to mention the more challenging three-
dimensional cases.

Naturally, adaptive schemes may save the computational cost significant, but with densely
packed vortices, refinement may be required almost everywhere, and their efficiency are thus
reduced. In particular, we note that it is not sufficient to only refine near the vortex cores as the
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FIG. 11. (Color online) A buckyball and the atomic structure of MgB2.

correct resolution of the highly oscillatory phase change is also very important, see Fig. 12 for an
interesting illustration on how the real and imaginary parts of the order parameter behave in
comparison with the magnitude for a solution with 22 pairs of vortices in a spherical shell
simulation.”’ Resolving the highly oscillatory phase for the Ginzburg-Landau simulation is a
challenge that can be compared with resolving the solution of the Hemholtz equation with high
frequency. In addition, it is easy to see that the variation in the phase variable starts to become
increasingly dramatic when getting closer to the boundary (equator). How to effectively tackle
such solution behavior remains to be investigated.

On the other hand, for high-7, superconductors, codes for mezoscale GL models cannot hope
to be of direct use in the design of devices due to the presence of a large number of vortices.
Whenever computational or analytical results are used in such an environment, they are based on
simple homogenized or macroscopic models.

FIG. 12. (Color online) The absolute value of the real (left) and imaginary (center) parts of ¢ and the magnitude |¢].
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Recently, mean field models have been derived to describe the vortex state using a vortex
density w. These models are closely related to the GL models as one normally first derives a
discrete set of motion laws for individual vortices based on the GL dynamics and a vortex density
model is then derived when the number of vortices becomes 1arge.16’53’71’81’87 Let u denote the
averaged magnetic field, a simplest two-dimensional version of such a model is given by

u-NAu=w inQx(0,7),

0,-V-(wVu)=0 in Q X (0,7),

with suitable initial and boundary conditions. There have been a lot of studies made both from
analytical and computational aspects19’37’38’52’54’74 in recent years. It is perceivable that more effi-
cient simulation schemes on the vortex state can be developed with a multiscale approach that
combines GL model or vortex dynamic laws and the mean field models together. (Also see Refs.
34, 70, 75-77, 84, and 92.)

V. CONCLUSION

Superconductivity is one of the grand challenges identified as being crucial to future economic
prosperity and scientific leadership. In this paper, various methods for the numerical approxima-
tions of the Ginzburg—Landau models of superconductivity are discussed, with an emphasis on the
application to the study of vortex dynamics.

From a practical point of view, large-scale numerical simulations of the magnetic vortices
complement physical experiments due to the complex three-dimensional, time-dependent, stochas-
tic and multiscale nature of the phenomena. Thus, the development and analysis of efficient and
reliable numerical algorithms remain important tasks. These algorithms and codes may ultimately
prove to be useful to physicists and engineers in their study of superconducting phenomena and
other related problems such as the BEC superfluidity.
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