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DECOMPOSITION ALGORITHMS AND THEIR CONVERGENCE*
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Abstract. We present some optimization based domain decomposition algorithms with nonover-
lapping subdomains. A number of existing algorithms, as well as new algorithms, may be derived
using this approach. Both continuous problems and their finite element discretizations are considered.
Convergence properties are examined.
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1. Introduction. Domain decomposition methods for the numerical solution
of partial differential equations have been extensively studied [8, 9, 10, 18, 19, 24].
They have been applied to problems ranging from linear elliptic equations, parabolic
equations [7, 13], to systems of nonlinear equations [21]. Domain decomposition or
substructuring is also an effective approach for the construction of preconditioners
[1, 3,4, 5, 6, 11, 14, 30, 32]. A domain may be partitioned into overlapping subdo-
mains or nonoverlapping subdomains. The selection of subdomains may be based on
considerations of available computing resources and/or the geometry of the under-
lying physical problems. The latter is, in particular, applicable to complex systems
which consist of possibly different governing equations in different physical subdo-
mains. Overlapping domain decompositions become harder to implement in such a
setting and the nonoverlapping domain decompositions may be more directly applica-
ble. The algorithms we discuss in this paper are most relevant for the latter cases. We
refer to these algorithms as optimization based nonoverlapping domain decomposition
algorithms [16]. The main motivation is to devise feasible algorithms for solving large
scale problems in multidisciplinary simulations, where the decomposition algorithms
are merely ways to incorporate existing numerical softwares already developed for
individual subdomain problems into a viable code for the coupled systems.

For a simple illustration, we consider the following model problem:

(1.1) —Au=f inQ, u=0 onl,

where € is a bounded, simply connected domain in R"™ with Lipschitz boundary T'.
Assume that  is partitioned into two simply connected nonoverlapping subdomains
Q; and Q9 so that Q = Q;UQs. The interface between the two subdomains is denoted
by T'g so that Tg = Q1 N Qy. Let I'y = Q; NT and T'y = QN T. (See Figure 1 for
a two dimensional view.) Regularity conditions on the interface I'g will be assumed
later.

Let a pair of functions uq, us satisfy the given equations in the subdomains

(1.2) —Au;=f inQy, w3 =0 onl}y,
—Aug=f inQs, wus=0 onls.

*Received by the editors November 1, 2000; accepted for publication (in revised form) April 7,
2001; published electronically August 15, 2001.
http://www.siam.org/journals/sinum/39-3/38027.html
TDepartment of Mathematics, Iowa State University, Ames, IA 50011 (qdu@Qiastate.edu).

1056



OPTIMIZATION BASED DOMAIN DECOMPOSITION 1057

I—l
P

Fic. 1.1. The domain Q2 and two nonoverlapping subdomains.

To piece uq,us together as the solution of (1.1), we impose the interface conditions

) 0
Lo 2 o,

1.4 = il S
(1.4) u; =us and ot Oy

Here, n;’s are the unit outward normals of Q;’s on T'y (hence, ny = —ng). Various
energy (cost, objective) functionals (of uj,us and other auxiliary variables) are de-
fined so that their minimizers correspond to those subdomain solutions that satisfy
(1.4). With different functionals and solution strategies, various domain decomposi-
tion algorithms are obtained: some have been studied in the literature but are now
viewed from a different perspective while others are completely new. For example, in
[16], new algorithms based on the gradient descent methods for solving the resulting
optimization problems were considered. In this paper, we illustrate that the optimiza-
tion based framework is intimately related to many existing studies of nonoverlapping
domain decomposition [32]. In fact, with special choices of the functionals and the
solution strategies for the optimization (such as the approach of alternating vari-
ables or alternating directions), various well-known nonoverlapping algorithms can
be derived from this framework. The framework can also be extended naturally to
nonlinear problems. Related works including recent numerical experiments have been
done in [17, 23] for the nonlinear Navier—Stokes equations and for problems related
to fluid-elastic structure interaction.

The paper is organized as follows. We briefly formulate an optimization problem
in section 2. The domain decomposition algorithms for the continuous problem are
studied in section 3. The discrete algorithms and their convergence properties are
presented in section 4. Parallel algorithms are considered in section 5. Some final
comments are given in section 6.

2. Formulation of the optimization problem. For completeness, let us in-
troduce a few auxiliary variables and some technical results. Let H™(Q2), HJ"(£2), and
H*(T") denote the standard Sobolev spaces and the trace spaces. For ¢ = 1,2, also let
H () = {ve H'() : v =0onT;} and Hy,*(To) = {v|r, : v € H3(Q)}. With
reasonable assumptions on the boundary, it is known by the interpolation theory that
Hyy (Vo) = [H3 (To), L2(To)]1 2

Given (1}, g) in function spaces to be specified later, let us assume that the follow-
ing equations are well-posed, i.e., under proper compatibility conditions: for i = 1,2,

—Aui = f in Qi7
(2.1) upg = 0 only; and wu; =X only,
fu = (-1)*'g onTy,

For the solutions of (1.4), an energy (cost, objective) functional J may be defined for
variables (u1,ug, A, g) subject to (1.2)—(1.3) [16]. In light of the interface conditions
(1.4), it is natural to have J satisfy the following assumption.
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ASSUMPTION 1. u solves (1.1) if and only if {u|q,, u|a,, u|r,, %‘lhﬂo} minimizes
the functional J(u1,ug, A, g) subject to (1.2)—(1.3).
The functional J and the function spaces may take various forms [16] such as

(22> jé(ulau%)‘?g) = jfs(ulv)‘ag)+j2(5(u27)\ag)7
where ¢ is some positive constant and
6 1 2 du, i ’ :
2 ¢ on; Y;
with appropriate Hilbert spaces equipped, respectively, with norms || - || x, and || - ||v;

(i = 1,2). Possible examples for the pair of function spaces are
(BE1): X = Hy*(To), Y = HY/2(Ty);
e (E2): X =L*(Iy), Y = H Y2(Iy);
(E3): X = HY/*(Ty), Y = L2(Ty);

e (E4): X =Y = L?(Iy).
Due to the compatibility of norms and the regularities of traces, it might falsely appear
that only E1 (which stands for the Ezample 1) is the most appropriate choice. Using a
simple relaxation strategy for solving the optimization problem, we later show that E1
is related to the well-known D-N alternating methods given in [28], and the approach
proposed in [27], as well as the Richardson relaxation of the operator equation (2.7).
With the same strategy, E2 and E3 also lead to a well-known method analyzed in [26]
that uses a Robin-type boundary condition for subdomain problems (see also [1, 15]).
The last example, E4, however, leads to a new algorithm. For more discussion on the
use of optimization techniques in domain decompositions, we refer to [16, 20, 22]. It
is expected that more new algorithms can be produced with other combinations of
norms in the functional.

More generally, the functional J°(uy, us, A, g) may use different weights for differ-
ent norms, and its arguments need not be independently chosen [16]. The convergence
of the resulting algorithm is evidently affected by the chosen weights and the choice
of independent variables.

Before proceeding further, we let {@; € Hg(£;)} denote the solution of the sub-
domain problem

(2.4) —Ad;=f inQ, i=1,2.

For 6 € H&éQ (T'o), let the harmonic extensions {w; = R;(#)}2_; be defined by

(2.5) { —Aw; =0 in €,

w; =0 only;, w;=60 only.
We also define the Steklov—Poincaré operators S; : H(%Q (To) — H~'/2(Ty) by

o 6’&1

(26) 81(9) on FQ,
where w;s are the solutions of (2.5) for i = 1,2, respectively. The interface conditions
(1.4) are equivalent to

Br=p2=0F only,
27 { S1(B) + S(B) = —231 — %% .— _¢  onT,.

ons
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3. Domain decomposition algorithms for the continuous problem. We
now study various iterative schemes for the solution of the optimization problem.
Generally speaking, we may use any possible numerical algorithms for constrained
global/local optimization problems, including gradient-type or conjugate gradient-
type methods [17, 22, 29]. Here, we limit ourselves to consideration of an alternating
domain approach and later a parallel implementation which reveals the connection
of the current investigation with studies of many well-known nonoverlapping domain
decomposition methods.

3.1. Alternating domain iteration. The idea of an alternating domain is that
we obtain the new iterate by searching for the minimum with respect to variables
defined in subdomains alternatively. More precisely, we have the following algorithm.

Alternating domain iteration—sequential version.
Forn=0,1,2,....
Step 1. Forn even, given u} satisfying (1.2) with

8 n
(3.1 AV =ul and g¢" = 8Lnll on Lo,
we update uSH by
(32) T3 (uztt, A", g") = min J3 (ug, A", g")

over some function spaces for ug subject to (1.3).
Step 2. Given uSH as found in the Step 1 with

(3.3) XL =2 gnd gttt = _8u§“ r
we update u? by
(34)  F @A g = min I (u, AT g )

over some function spaces for uy subject to (1.2).

The above procedure is referred as the sequential version, simply because the
update of the new iterate on one subdomain relies on the new update obtained on
the other subdomain, reminiscent of the alternating variable method for solving min-
imization problems or the Gauss—Seidel approach for the solution of linear systems.
A parallel version is given in a later section.

If existing numerical softwares are available for the solution of subdomain prob-
lems, they can then be used to find the subdomain solutions in Steps 1 and 2.

3.2. Orthogonality property. At a typical iteration step, the optimality of the
iteration provides some useful orthogonality properties. In turn, these orthogonality
properties imply orthogonality of the errors with proper subspaces.

For example, for any v € Hj ,(€2) with

(3.5) —Av =0 in
the optimality condition at Step 1 of a typical iteration gives

Ous™’ | v
0712 6‘n2

<6||u§+1 +ev — )\"H_sz + H
e=0

a
de
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for any v satisfying (3.5). Therefore,

aun-i-l

ov
n+l _ yn 2 n —
(3.6) 6 (uf A ,v)X2 + < s +g ’8n2)Y2 0,

where A" and g™ are determined from earlier iterations.
Equation (3.6) is regarded as an orthogonality property of the iterative solutions.
A similar property holds for the second step of a typical iteration as well.

3.3. Convergence property. First, from the orthogonality property (3.6), we
easily see that as n — oo, if the sequence of solutions is convergent, then the interface
conditions are satisfied for the limits, so we have the following theorem.

THEOREM 3.1. Given § > 0 and the initial iteration, if the sequence {u}'} defined
by the alternating domain algorithm is convergent and v = lim,, _, u?”‘”, respectively,
in Q; fori=1,2, then u is the solution of (2.4) on the whole domain (.

If we denote the error by e = u™ — u, where u is the solution of (2.4) on the

whole domain, then the orthogonality condition gives
(3.7) ) (eg+1 - e7f,1J)X2 + (Spebtt + Sle?,é’gv)y2 =0.
To discuss conditions on the convergence, let us define some operators P; by

(3.8) (Pz'U,Sz"U)yi = (u,v)y., YweX; SveYy,.

i

For the four examples we had earlier, we have P; = &;,1,1, and S; 1 respectively.
Obviously, P; is self-adjoint and positive definite. Then, we obtain

(39) 6;L+1 = (6P2 —+ 82)71(5P2 — Sl)e?, 6? = (6P1 + 81)71(5P1 — 82)6121_1.

Let P = (6P +83) (6P —&1)(6P1+81) "1 (6 P1 —8Ss); we have the following theorem.
THEOREM 3.2. The alternating domain algorithm is convergent if and only if

(3.10) |P™e%| — 0, as n— oo,

in some appropriately chosen norm for any e°. 0

For a recent general discussion about estimating the product of nonexpansive
maps, we refer to [31]. In the current context, we next check the condition (3.10) for
each example considered earlier. We omit the superscripts for the iteration indices
occasionally in cases where no confusion is caused.

3.4. Example one. This corresponds to X = H&éz(I‘o), Y = H-'/2(I'y). To
define the relevant norms in these spaces, let us first define ¢ € H'(Q3) by

7A(725:0 iIlQQ7
¢=0 on Ty, @—M—i—g on Ip;

6712 - Ong

(3.11)

then, on Y = H~/2(Iy), we use the norm

2
:/ |Vo|? df.
Yz Q2

In terms of the Steklov—Poincaré operator, this is equivalent to

ou
[+

Ony

1018, = [ 657" @)ir vo e T,
0
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Next, we define ¢ € H*(23) by

—A’(/):O iDQQ,
(3.12) { =0 only, Y=us—A only.

Then, on X = H&éQ(FO), we use the norm
Juz = M, = [ V6P de.
Qs
In terms of the Steklov—Poincaré operator, this is equivalent to
181, = [ 5Sa(8)T ¥ 5 € H{2(To)
To

Comparing with (3.8), we see that P, = Sa; then, at the first step of a typical iteration
(with A = A™, g = ¢™), we update the solution in Q5 by

8u2
6S2(uz = A) + 7— +9=0.
2(’(1,2 )+ 8712 +g
Thus,
—AUQ = f in QQ;
(3.13) { up=0 onTly, 52 =—g—§2% onT,.

Using the solutions @; (¢ = 1,2) for the inhomogeneous equations (2.4) and the
variable £ given in (2.7), we have on the interface 'y

0 0 0
%(Uz —lp) = —87“()\ — i) —5—571/}

8n2’
1/}:11,271227()\7@1).

Putting back the iteration indices, defining f"+! = ugﬂ — g and B" = ul — 4y, the
above equations may then be expressed in terms of the Steklov—Poincaré operators

(3.14) (14 6)S(B" — ") = —¢ = S(B™) on Ty.

This is equivalent to a symmetric (with respect to ; and Q) version of the
so-called Richardson relaxation of the operator equation S(3) = —&:
(3.15) S(B" —B") = —a(¢+8(8") a€(0,1),

where ¢ = 1,2, depending on n being odd or even. The Richardson iteration is also
equivalent to the so-called Dirichlet-Neumann alternating method. The iteration
given in [27] is also along the same line. In those contexts, « is viewed as a suitable
relaxation parameter which may change from iteration to iteration.

We now consider the convergence using the criterion given earlier. Notice that
the operator defined in (3.8) is given by P; = S; in this case. Since the operator S is

self-adjoint and positive definite, we may define the operator 811 /% in an appropriate
subspace D = D(S1/?) of L2(T'y). Then,
62 +1 b

 o—1/2 B -1 1/2 _ o=1/2pc1/2
P=S BT 17 (6+1)2(T+T )| S =8, '°PS;
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for some positive definite self-adjoint operator T" = 811/282_1811/2. By the properties
of the Steklov—Poincaré operators, both T and T~ ! are bounded, self-adjoint, positive
definite operators from D to D. Thus, if we have

(3.16) §+1/6>p/2—1

with p being the spectral radius of T+ T1, then the self-adjoint operator P has
spectral radius strictly less than one. Since P" = 51_1/2]5”811/2, we thus get the
geometric convergence of the algorithm corresponding to E1.

COROLLARY 3.3. For any positive constant 6 satisfying (3.16), the alternating
domain algorithm (3.1-3.4) is geometrically convergent for any choice of norms in the
functional that leads to P, = S; (i =1,2). 0

In terms of the parameter «, our convergence result given in Corollary 3.3 is valid
for avin (0,60;) U (1 —64,1) for some constant 0 < §; < 1. For the constant parameter
case, the existing convergence analysis in the literature for the nonsymmetric imple-
mentation of (3.15), that is, ¢ = 1 or 2 for all n in (3.15), requires « to be in (0, ) for
some 6 < 1.

Let us comment here that if the choices of the norms in the energy functional are
slightly changed to yield P, = P, = Q, Q is equivalent to S in the sense that there
are generic positive constants m > 0, M > 0 such that

(3.17) m(g,89)oro < (9, 99)ory < M(g,89)or, Vg€ Hyl (To).

Here, (-, )o,r, denotes the standard L? inner product on 'y and we also use || -||o,r, to
denote the standard L? norm. Then, the resulting algorithm is essentially equivalent
to the algorithm studied in [28]. Moreover, by the properties of the operators S;
(i = 1,2), there are generic positive constants m; > 0, M; > 0 satisfying

mi(g, Q9)o,r, < (9:Sig)o,r, < Mi(g,29)or, Vg€ H(%Q(Fo)

for ¢ = 1,2. Therefore, we get for any positive §

§—M; _ (g, (6Q*Si)g)o7ro < o —m;

—-1<
6+M2 - (ga (6Q+Sz)g)07po o 5+m2

<1 Vge Hy*(Ty).

That is, the operators (6Q — &;)(6Q + S;)~! (i = 1,2) are contractions. Since
P" = (6Q+82)  [(6Q — S1)(6Q + S1)7H(8Q — S2)(6Q + S2) " (5Q + Sa),

we hence have the following convergence result.

COROLLARY 3.4. For any positive constant §, the alternating domain algorithm
(3.1-3.4) is geometrically convergent for any choice of norms in the functional that
leads to Py = Po = Q, where Q satisfies (3.17) for some positive constants m,
M. |

This conclusion and similar analysis have been given in [28].

3.5. Example two. In this case, X = L?*(Ty), Y = H Y/2(Ty). Again, we
define ¢ as in (3.11); the functional we consider here takes the form

(3.18) T3 (ug) = 1 (5 lug — A2 dT +/ |Vo|? dQ) .
Qo

2 To
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In this case, P; = I, we get from the orthogonality that

8UQ
5(“2_)‘>+87n2+g—0-

Putting back the iteration indices, we get the alternating Schwarz algorithm with
nonoverlapping subdomains, i.e.,

—Aub™t = f in Qy,
(3.19) uh™ = 0 on Ty,
i syt = 2 L syn on T
BOng Uy = on. Uy (@) 0-

The convergence of the above iteration has been well-documented by Lions [26],
mostly based on energy-type estimates and compactness arguments. Related discus-
sions can also be found in [1] and [15].

To use our convergence criterion, we notice that

P = (81 +85) 7! [(8T — S1) (81 + S1) M (81 — S2) (81 + S2) ™" (8 + Sa).
Let f, be a sequence defined by fo = (61 + S3)e®, and
(3.20) (I+655") fons1 = (I — 685 fan,
(3.21) (14687 fonys = (I — 687) fan.

Then, P"1e® = (61 + S3)~ ! fonio. Moreover, by making proper regularity assump-
tions (fx € L?(T) for all k) and taking the L? inner product of the above equations
with fon4+1 + fon, and fon42 + font1, respectively, and summing over n, we get

N
||f2N+2||(2),1“0 +6 Z [(Sfl(f2n+2 + fant1)s font2 + fant1)org

n=0

+ (85 (fant1 + f2n), font1 + fon)oro] = I follér,

for any N. Since both &1 and S; and their inverses are positive definite, we thus
conclude that as n — oo,

| fons2 + fongill—1/200 = 0 and || fons1 + fonll—1/2,0, — 0.
By definition (3.20), we get
I fn = fa—1llij2,0o — 0,
as n — 0o, which implies that as n — oo,
| frll=1/2,00 — 0.
In turn, we get
llenll1/2,ro — O,

that is, we have shown the following convergence result.
COROLLARY 3.5. For any 6§ > 0, the alternating domain algorithm (3.1-3.4) is
convergent for any choice of norms in the functional that leads to Py = Py = 1. ]
The result obtained here and the analysis are similar to that in [26].
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3.6. Example three. We now consider the case X = Héég(Fo), Y = L3(Ty).
Higher regularity on the solutions is needed to ensure the traces are well-defined. We
again define ¢ € H'({)3) as in (3.12) and use the norm

luz — M, = / Vo2 d.
Q2

Then, the functional takes on the form

2
(3.22) T (ug) = % (5/9 V|2 dQ+/F dl“) :

With v given by (3.5), the orthogonality property (3.6) takes on the form

0=26 Vz/J-Vde—i—/ (8“2+g> v
Qo

Gua |
8’1’1,2 g

Oong Oong
Ous ov
= ZLar L.
=0 wanzd +/ (52+)5‘2d

Therefore

Dus
8(us A)+a—2+ =0.

This is again equivalent to the alternating Schwarz algorithm given in the earlier
discussion. Its convergence analysis is the same as that in Corollary 3.5.

3.7. Example four. As the last example, we consider the choice X =Y =
L?(Ty). Solutions are assumed to be regular enough to have the traces properly
defined in the corresponding spaces. We let the norms be the same as the standard
L? norm on X =Y. In this case, at a typical step, we need to minimize

2
dF).

Then, for any v € H{j 5(€2) satisfying (3.5), the orthogonality property (3.6) implies

Ous ov
6 - A dF—!—/ ( + ) —dI'=0.
FO(UQ v Ona ony

Ouy
877/2 g

(3.23) T (up) = % (5 lus — A2 dT +/
To To

Define § € H'(Q2) by

—Af =0 in Qo,
=0 on FQ,
00
a—m:ug—)\ on I'y.

By Green’s theorem, we get

~ A\wdD = P ar = .
6/FO(uQ Avd 6 U@ngd 6/ 98712
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Therefore, we get that

69—}—%4-9:0 on [y.
8712

Thus, we have the following optimality systems:

—AUQ = f in Qg, —-Af = 0 in QQ,
(324) ug = O on FQ, and (9 = 0 on FQ,
2%2 = —g—460 only, % = uz— A onlT.

Using (2.4) and the Steklov—Poincaré operator, we get
(6851 + 8)(B" ! — ") = £ = 8(8") on Ty

for g7+t = wh Tt — Gy, " = u} — 4y, with 4,7, given by (2.4) and ¢ given by
(2.7). Such an iteration may be viewed as a nonstandard relaxation scheme for the
equation §(3) = —¢£. There seems to be no existing works related to this iteration in
the literature. Though a comparable energy functional is used in [22], the algorithms
given there are of gradient type (steepest descent or conjugate gradient).

Using previous notation, to check our convergence criterion, we notice that

(3.25) (6851 + Sa)eant1 = (6851 — Si)ean,
(3.26) (687 + S1)eanta = (687 — Sa2)eanti-

Again, we make the regularity assumption that Siez,i14; € L?(Tg) for all n and
i =1,2. Let the operators B; (i = 1,2) be defined by

B = (I+8'82) "%
One may easily verify that B; are self-adjoint linear operators from H~'/2(Ty) to
HééQ (Ty). We may similarly define B; " for i = 1,2. Moreover, we have the following

lemma.
LEMMA 3.6. There is some constant ¢ > 0 such that

1Bigll1/2,00 < cllgll-1/2.10

for any g € H=Y/2(Ty).
Proof. Let f = B;g. By norm equivalence, we have

_ o _ 1
1912 250 2 0.7 oy = (4,58 2wy = (£.(87 4 550) 1)
0,I'g
> 2 Che2 s Sp2
Z CHf||—1/2,F0 + 5||f||1/2,1‘0 = 6Hf||1/2,ro

for some generic constant ¢ > 0. Since || f|i/2r, = [1Bigll1/2,r,, we thus get the
lemma. |

Now, with the operators By, Ba, we get from (3.25) and (3.26) that
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1
S;18;262n+2 = Sfl (I — 68182) €241

1 1
= Sl_l (I — 681S2> Bg <I — 68281) €on

1 1
St <B§ — 5(515285 + SoB3S) + 523152653231) €on

1 1 1 1
Sfl (Bg + 5826%82 + 6?8182658281 + 5816581 — 68835) €on
—1 1 2 1 2 -1 -2 1 2

=S " (I+ 581 — SSBQS eon =87 By " — SSBQS €an-
That is, equivalently,
1 1
(3.27) St <2B;2 — 6658) (€2nt2 — €2n) + 55f186§8(62n+2 + e2,) = 0.

Taking the L?(T) inner product of (3.27) with Si(e2,42 + €2n), we have

_ 1 1
<<2Bl 2 6‘86%8) 62n+2, 62n+2> + 5||BQS(e2n+2 + e2n)||(%,F0
0,y

= 28;2 — 18838 €2n 4y €E2n .
6 0,I'g

Summing over n, we get

N
((2B1% — 67'SB35S)ean 2, eant2)or, + 6" Z 1B28 (€2n+2 + €2n) 5.1,
n=0
(328) = ((28;2 — 6718838)60, 60)07F0

for any N > 0. Now, from the earlier derivation,
B2 —61SBS = (I -6 '8182) B3 (I —618:81)
is positive semidefinite; it follows from the regularity assumptions that

N
Z |‘BQS(62n+2 + e2n)||%,ro

n=0

is uniformly bounded as N — oco. Therefore, we get BaS(e2,42 + €2,) — 0 in L?(Tg).
Back to (3.27), this in turn implies

By Yeanio —€an) — 0, and BayS(egpio —e2n) — 0 in L*(Ty).
Consequently,
(3.29) BySeg, — 0 in L*(Tp).
On the other hand, (3.28) also gives a uniform bound of

185 Y eanllt r, = lle2nllf r, + 6 IS1e2n gy -
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Therefore, from properties of §; and compactness results on the Sobolev spaces, we
may get a subsequence {ny} such that

€an,, — U, in Héf(l“o), as ny — 00.
Then using properties of S and the property of By given in Lemma 3.6, we have
BySesn, — BaSv,  in HééQ(Po), as nj — 00.

Therefore, by (3.29), we have BoSv = 0 which implies that v = 0. Since the limit of
the subsequence is independent of the choice of the subsequence, we thus get

. 1/2
e, — 0, in HO({ (Ty), as n — oo.

Similar discussion gives es,+1 — 0 in Héf(I‘o). We thus have the following conver-
gence result.
COROLLARY 3.7. For any 6§ > 0, the alternating domain algorithm (3.1-3.4) is
convergent for any choice of norms in the functional that leads to {P; = Si_l}f. ]
The iteration is new and it corresponds to choice P; = ;" (i = 1,2).

4. Domain decomposition algorithms for the discrete problem. Let V"
be a finite element subspace of H{ (2) with respect to a regular triangulation 7 of the
domain € [12], and T consists of edges of the triangles in 7. Let V;* = VN H}(Q;)
(i=1,2) and V* =V + V) + V. Let A" = {v"|r, | v € VJ*} be a discretization
of HégQ(FO) with the property that the restriction map from V' to A" defined by
v — v" |p, is one to one.

We now define the following discrete harmonic function spaces: for i = 1,2,

Z{L:{whmi | wh e VIV, / Vu"VodQ =0 vvhevf}.
Q;

For any A" € A", since the restriction map is one to one, the discrete harmonic
extension R (A\") is an element in Z! that satisfies RP(A") |p,= M. The discrete
Steklov—Poincaré operators S : A* — A" (or VJ* — V{* via the restriction map) are
defined by

St (wh)vhdr = / VRMwM)VohdQ v o e VI
o Q;
or, equivalently,
Sh(wyw"dr = / VRE(wh)VodQ Vot € V.
To Q;

It is easy to check that both S} and S¥ are well-defined symmetric positive definite
operators. We let S" = S + 8%, which is also symmetric and positive definite. Then,
we may define various inner products on A": for k = 0,1 and —1,

(4.1) AN 0™ x, = [ A(SH*(OM)ar v A" 6" € AP,
o

and the induced norm is denoted by || - ||x,n. Notice that for k& = 0, we have the
standard L? inner product and norm.
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Next, the discretization of the problems in the subdomains leads to equations for
the discrete solutions u? € V" + Vi (i = 1,2) which satisfy

/ Vul Volds :/ foldQ v e VI

For such solutions, we define the operators { g—; , 1=1,2} by

ah
/ 8n‘(u?)vhdF:/ Vusvthf/ fodQ Vot e Vi
To 4 Q; Q;

4.1. Discrete algorithms and orthogonality property. With the above def-
initions, the discrete analogue of the iterations (3.1-3.4) we have studied before can
be defined. At a typical step, such as Step 1 in the algorithm in section 3.1, they may
come as the solution of the following discrete minimization problem.

Discrete sequential alternating domain algorithms.
Forn=20,1,2,....
Step 1. Find ug,nﬂ €V + V' as the minimizer of

2

h_ ko2 o 9"
Min §6|jug — — —
in élluy —ui,lx,, + Hanz Uy + o, Uy -
subject to uly € VJ + V' with
(4.2) / VubVuhdQ = [ fuhdQ Vuw" e VI
QZ Q2

Step 2. Find u’f’n_ﬂ € VI + V' as the minimizer of

Min 6||luy —u 1%, + || m—ul + ——ub
H 1 2,n+11X1 5 8”1 1 anQ 2,n+1

Yin

subject to uf € VI + V' with

(4.3) VulVu'dQ = [ fudQ V" e Vi
Ql Ql
Here, the discrete domain decomposition algorithms again depend on the choices
of norms || - || x,,» and || - ||y; ,n, both of which may be given by (4.1). One may also
get the following corresponding discrete orthogonality property: for any v* € Zk,

h h h o h o h "
(44) 6 (ugppr —uln "), <8n2 R e L = >Y =0.
2.h

Of course, the discrete inner products and norms one can choose are not limited
to those defined by (4.1). They can be chosen from other discrete mesh dependent
inner products, and mesh dependent weights may also be used; see the recent work [2]
for an application of discrete mesh dependent norms in solving the first order elliptic
systems by the optimization approach.
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4.2. Examples of the discrete domain decomposition algorithms. The
energy functional for the continuous problem may contain the norms in fractional
Sobolev spaces. However, by the orthogonality property (4.4), we may implement the
discrete domain decomposition algorithms without computing any fractional deriva-
tives. Naturally, there is more freedom in constructing the discrete norms as the
mesh dependent norms and weights may also be utilized. Instead of making a general
discussion here, we examine a few specific cases.

As an example, the alternating Schwarz iteration given by E2 may be implemented
by letting || - || x, , be the standard L? norm and || - ||y, , be defined by

||gh||%/2h = (gh7 (Szh)_lgh)ogFO v gh 6 Ah?

where (-, ) is the standard L? inner product on I'y.
It follows that the discrete analogue of E2 is given by the following algorithm.

Discrete sequential decomposition algorithms—Example 1.
Forn=20,1,2,....
Step 1. Given u{‘,gn € V' + V' satisfying

(4.5) /Q Vul,, Vu'dQ = i fw"dQ ¥V w" e VI,

find ul o, 1 € VI + V' such that for any v" € V' + V',
(4.6) / YVl gy VO"dQ + 6 / Ul 5y v"dl = / fodQ
Qo T'o Q

— [ Vb, Va6 [ b, o"dT.
o ’ To
Step 2. For the U}f,zm-l found in Step 1, find u’f72n+2 e Vi + V]
such that for any v" € VP + V{,

(4.7) / Vub 5o VO"dQ + 6 /
Q

Ul 5 o0"dl = / foldQ
F() Q

- / VUl 5,01 VO"dQ + 6 / uf 5 q0"dl.

2 To

In the above implementation, we note that the computation of terms like
/ foa— [ vl ,, VodQ
Q o '

is required for elements v” that are in V{'. Similar to the idea in [27], this serves to
communicate the Neumann data on the interface even though the normal derivatives
(or flux variables) are not explicitly formed. A more efficient implementation of a
similar parallel algorithm is presented in a later section.

If the above iteration is convergent, and we denote

(4.8) Uf lo,= lim uzh,2n+1—i
n—oo
for i = 1,2, then by the continuity on the interface, we have u? € V. Moreover,

(4.9) VulVudQ 4 [ Vu'vw'dQ = / fwhdQ ¥ wh e Vi
(92 Qq Q
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Thus, we see that the limit is the standard Galerkin finite element approximation of
the equation in the whole domain.
Similarly, the discretization of the algorithm in section 3.4 (symmetric version of
the alternating D-N iteration or the Richardson relaxation) can be derived as follows.
Discrete sequential decomposition algorithms—Example 2.
Forn=20,1,2,....
Step 0. Fori =1, given

(4.10) Vul g V'dQ = [ fu"dQ vV uw" e VY,
Qo Q2

h h ko 1k ook oh h h
find gy, q.;,0" € VI+VE with 0" |, = (ua, 14— Usn_a91in) |0
such that

/ YVl 1. VO + / Vo' vodr
Q; ' Q;
(4.11) = / foldQ — YVl on_0pVO"dQ Y 0" € VI + VI,
Q Q3
(4.12) / VO'Vuwhdl =0 vV w" e V]
Q;
Step 1. Given uf% obtained in Step 0, repeat the procedure in Step
0 with i = 2.

If in Step 0 we define g" = uf% + 66", then the above iteration is equivalent to
the following: find 5" € V" + V| such that for uf ,, , satisfying (4.10), we have

(4.13) Va'Vohdl = / fdQ - [ Vb, Vo"dQ Vo' e VIV,
Q1 Q Q2
(414) u?@n |F0 = ug,2n71 |Fo +(1 - a) 5h |F07
(4.15) Vub o, VuldQ = [ fw"dQ Vuw" e VI,
Q1 Q1

where a = 6/(6 + 1) € (0,1). This is equivalent to the symmetric implementation
(through an alternating choice of subdomains) of an iteration studied in [27].

Again, the limits of the iteration given in (4.13)—(4.15) is the standard Galerkin
finite element approximation in the whole domain; that is, we have the following
theorem.

THEOREM 4.1. Given 6 > 0 and the initial iteration, if the sequences {ul'y, | ;}
(i = 1,2) defined by discrete domain decomposition algorithm examples 1 or 2 are
convergent and u® is defined by (4.8), then u” is the standard Galerkin finite element
approzimation in V" of (2.4) in the whole domain ).

The convergence of the standard Galerkin finite element approximation as h — 0
has been well-documented in the literature; see for instance [12]. Observing that
the discrete operators and the discrete algorithms depend almost exclusively on the
properties of the finite element spaces in the respective subdomains, we may thus
generalize them to the case where different meshes and finite element spaces are used
in the different subdomains (see [22]) as long as the restriction map can be well-
defined. The only complication is that, without assuming V" C HZ(Q), the limit
of the iteration may not be the standard Galerkin finite element approximation as
claimed in the above theorem.
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Notice also that in some of the discrete algorithms, the subdomain solution re-
quires the computation of additional variables (say, 3" for E1). For the discrete
implementation of E4, the extra variables are also coupled with the subdomain solu-
tions. On one hand, the extra work may be more easily offset for situations where
more than two subdomains are used in the decomposition. On the other hand, there
are also variants of the decomposition algorithms based on gradient-type minimization
strategies which avoid the solution of coupled systems [22].

4.3. Convergence of the discrete algorithms. Similar to the continuous
analogue, we let e = ! —ul in Q; and el | =ub, | —ul in Qs for even integer

n. Then, from the discrete orthogonality property, we can get

or or ol
4.16 6 (el —el, = el h —0
( ) (e""'l En U)th + <8n2 Cnt1 ¥ onq “n ons Ya.n

for any v € Z%.
We may define some discrete operators P/, as in the continuous case, by

(4.17) (Pihuh,SZLUh)Y:’ = (uh,vh)X_ . ol e Xin ,Sihvh €Yin.

Then, as in the continuous case, the orthogonality condition implies

(418)  enpy = (8P +85) 71 (6P = SP)(6P! + S1) T (6P — 83 )ep_y = Prey_y.
Thus, we get the following theorem.
THEOREM 4.2. The iteration defined by (4.5, 4.6, 4.7) is convergent if and only if

(4.19) | (P)" el =0, as n— oco. O

By the equivalence of norms in the finite dimensional setting, the norm used in
the above theorem may take any norm.

Again, the limit u” of the iteration given in the theorem is the standard Galerkin
finite element approximation of the solution of (1.1). One may verify, for example,
under proper assumptions on the mesh, that the condition (4.19) is satisfied for any
positive ¢ for E2, E3, and E4, while some limitation on 6 may be required for E1.
In the cases of E2 and E3, the discrete analogue of (3.17) may be verified with the
help of inverse inequalities that are valid for any quasi-uniform mesh (so the constants
are mesh dependent). Then, similar to the results in [1, 27], one may show that the
convergence is geometric. For E1, the geometric rate can be chosen to be independent
of the mesh parameter h.

For the discrete framework presented in this section, the convergence of the dis-
crete algorithms clearly relies on the properties of the operators Pih defined in (4.17)
and its relation with the parameter 6 and the discrete mesh parameter h. It is thus
of great interest to explore further the use of mesh dependent discrete norms and
mesh dependent weights in the discrete formulation in order to get the best possible
convergence rate in the actual implementation.

5. Parallel algorithms. One of the distinct features of the modern high per-
formance computer is its parallel architecture. We now consider how the sequential
version may be modified to allow parallel implementation.
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5.1. The algorithms. Again, we may consider functionals such as those given
by (2.2), or more generally,

ja,ﬁ(uhu% )\’g) = jahﬁl (Ul, )\79) + jahﬁl (u27 )\,g)
B || Ous

PRI

2y B2
2
y + 7”“2 = AMlx, + 5
1

ou
—2—&-9

(651 2
5.1) = — —A
(5.1) = Gl =A%, + o

Y2

Keeping in mind that we wish to update the subdomain solutions simultaneously
at each iteration, the solution algorithms for minimizing the above functional may be
constructed accordingly. For instance, a possible algorithm is given as follows.

Parallel nonoverlapping domain decomposition algorithms.
Forn=20,1,2,....
Step 0. Given ul (i =1,2), let

« (6]
(5.2) /\”“:( o — US) Iro,

ai + aeo Qai + ag

I
Bi+P20n1 b B+ B2dng 2

Step 1. We update u?“ by

(5.3) g™t

(54) jal,ﬂl (u'iz-&-l’ )\n+1,gn+1) — min jal,ﬁl (U1> /\n+17gn+1)

over suitable function spaces for uy subject to (1.2).
Step 2. We update uy ™t by

(55) jaQ,ﬂz (US’H, /\n+1’gn+1) — min ja2,52 (u27 )\n+17gn+1)

over suitable function spaces for ug subject to (1.3).
Obviously, if | - [|x; = || - llxss || - llvs = Il - |ly», then Step 0 can also be viewed as
solving a minimization problem: given u?' (i = 1,2), find (A"*!, g"*1) such that

T (uf ug, M g = min TP (uf, uf, A, g)

over proper function spaces for A and g.

For Steps 1 and 2, simultaneous computations are allowed. Since Step 0 is carried
out only on the boundary, the computation is minimal compared with the update of
u? in the subdomains Q;, ¢ =1, 2.

5.2. Orthogonality property. Similar to the earlier discussion, we have the
orthogonality property for Steps 1 and 2.
durtt

1
ani

; 0
(56) a; (u?“ _ )\n—i-l,,U)Xi +ﬁi ( + (_1)1gn+1 v ) —0
Y;

’ 8%1

for any v € Hy ;(€) satisfying (3.5). Let e}’ = uj’ —u, where  is the solution of (1.1);
using the operators P; (i = 1,2) defined in (3.8), we get

(i P; + 3;S;)el P + (=1) G5 )

(e71e%)) , qye @52 n
(5.7) " (0414—042]31 ) B +5282> “
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for ¢« = 1,2. We may again find convergence criterion from the above equation. One
also easily sees that if the iterations are convergent and

w; = lim u in €
n—oo

for i = 1,2, then uy, us are the restrictions in the respective subdomains of the solution
u of (2.4) in the whole domain.

5.3. An example. We use the example X = L?(T), Y = H~'/2(Iy) as an
illustration. Again, we use norms as in E2. Then the orthogonality gives for i = 1, 2,

oun Tt ,
ai(u?+1 . >\n+1) +ﬂi ( 81 + (l)zgn+1> —0.
n;
Taking a combination of these equations, we get
8un+1 8un+1
aruf ™t — aguh ™ — (a1 — ap) AT 4 B — B2 — — (B + fa)g" T = 0.
8n1 877,2
Now, we may use conditions on A", g"*1 to get
a1 — Qg 1 Qi n+1 a2 n+1
58 gn+2 _ gn+1 L= = n+l U 4 U
(5:8) B1+ B2 B+ B2 ! B+ B2 2

The significance of the above equation lies in the fact that, to form ¢g"*?2 in Step
0, there is no need to calculate the normal derivatives of the updated solutions u}**
for i = 1,2; hence, there is less requirement on the regularities of the solutions in
the subdomains. Similar adaptation of Lions’s nonoverlapping algorithm has been
studied in [15], where the evaluation of normal derivatives on the interface may also
be eliminated.
For the sake of simplicity, we consider only the special case a; = as = « and
B1 = B2 = ba here. The iteration defined by (5.2-5.5) with the above choice of norms
is then simplified to the following algorithm.
New formulation of a parallel decomposition algorithm.
Forn=0,1,2,..., let u} € Hy (%) be given.

Step 0. Let
1 1
(59) )\n+1 = 5’11/? + §’U/g on FQ,
(5.10) gt =g — 25U + gl on Tp.

Step 1. Fori=1,2, find u}*" € Hg () such that

(5.11) —AuMT=f inQi=1,2,
) n+1 )
(5.12) gln- +outtt = AT — (—1)ig"t o T,i=1,2.

5.4. The convergence. For the above algorithm, we let e} = (u — u?) |p,,
where u is the solution of (2.4) on the whole domain, and we define @w" = (e}, e3)T.
Notice that we have P; = I for i = 1,2; by (5.7), we get the following relation:

oI+ & 0 i1 LI+ S 8-S o
(5:13) ( 0 51+52)“’ “o\esr-s or+s )V
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In matrix terms, we may write the above as Aw" ! = Bw™, or, equivalently,
(5.14) (A+B)(@" ! — ™) + (A - B)(@" ! + @) = 0.

Now, with proper regularity assumptions that (61 £S;)e} € L?(T'y), we may take the

—

inner product of the above equation with (A + B) ("t + ") to get
(A+ By@", ﬁ"*l)o)ro — ((A+ B)a", (A+ B)d"),
(5.15) + (A4 B)(@™ ! 4+ @), (A = B) (@™ + ")), . = 0.

Notice that (A — B)T(A+ B) + (A + B)T(A — B) = 24T A — 2BT3, and by simple
calculation,

ATA—BTB:26(81 0) 1(5”31 51—5I>(6I+81 52—51>.

0 & 4\ Sy =61 61+ S, S1—6I 61+ 8o
Summing over n in (5.15), we get
I(A+B)y@*E p, = (A + B)d°lIg r,

N
+26 ) [(ef + e, Silef + e ))or, + (€5 + €57, Salel + 5o ]

n=0

N
1
+ 72 T +S)(el + ™) + (82 = o1)(ef + 5 [,

n=0

+ (St = 8I)(ef + et ™) + (8 + S2) (e + e )5, ] = 0.
Thus, as n — oo, we have for i =1, 2,

er 4 50 in Hy*(To),
Si(ef +er™) + Sa(en +ey™) =0 in L*(Ty).

It follows from (5.14) that
(et p ety —(ef +e5) — 0 in L*(Ty),
Si(emTh — M) + Soef Tt —el) -0 in L*(Ty).
They in turn imply
et —eft™ -0 and Si(ef™') +Sa(efT) -0 in L*(Ty).
From (5.13), we can also get

AT o, = |1BE" |o.r, < || AG"]

0,To-

Thus, we get a uniform bound for S;e? (i = 1,2) in L?(I'g). Compared to the above
convergence result, we actually have, as n — oo,

St — 0 weakly in L*(Ty) (i =1,2).
Therefore, using the compact imbedding theorem and properties of S;, we have

Pt S0 in HY*(To) (i = 1,2).
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That is, we have shown the following result.

THEOREM 5.1. The iteration given by (5.9)—(5.12) is convergent for any 6 >
0. d

This conclusion and the algorithm itself appear to be new, though the latter is
similar to that discussed in [15]. Similar discussion may be given for other choices of
norms in the energy functional used in the algorithm.

5.5. Discrete parallel algorithm. A discrete finite element analogue of (5.9)—
(5.12) can also be implemented easily as the following algorithm.
Discrete parallel algorithms (nonoverlapping domain).
Forn=0,1,..., given ul!, € V' + Vi and g} € A".
Step 0. Find A, |, g | € A" such that

1
(516) )\24—1 = 5(“111,n + u}QL,n)ﬂ

1

3

Step 1. Fori=1,2, find ul, ., € V' + V" such that

(5.18) / Vuﬁn+1Vvth+6/

i Lo

u?n+1vhdrz/ foldQ
+ [ @N = Dkt ¥ ot e VR,
T'o

With additional assumptions on the mesh, the convergence property of the dis-
crete algorithm follows along its continuous analogue; we omit the details. Notice that
the limit of the iteration is again the standard Galerkin finite element approximation
as defined by (4.9). Moreover, there is no need to compute the normal derivatives
explicitly in the iteration which allows an efficient implementation.

6. Generalizations and conclusions. From the previous sections, we see that
some existing as well as new nonoverlapping domain decomposition algorithms can
be derived and analyzed using the optimization based framework. As for their gen-
eralizations, the two-subdomain decomposition may be extended to the multisubdo-
main cases with the formulation of a more general optimization problem. It is also
interesting to explore the relation between the current optimization based frame-
work with other interpretations of the domain decomposition methods such as sub-
structure preconditioner, subspace corrections, and multilevel, multigrid methods
[3, 4, 5, 6, 11, 14, 30]. When the number of subdomains becomes very large, en-
forcing only continuity-type conditions on the interfaces is not enough to accurately
represent the physical problem; one may consider how ideas like coarse space (grid)
solvers [11] may be incorporated into the optimization based framework. More study
will be pursued along these lines.

In addition, the optimization approach may be applied to other second order ellip-
tic problems (both self-adjoint or non-self-adjoint) as well as other interface conditions
[21] or more general conditions of the type

811,1
F <u1 Iros U2 |1, o,

Generalizations for nonlinear equations have also been considered [17].

)
To 8%1
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Meanwhile, there are also many other approaches to solving the optimization
problems, such as the gradient-type algorithms. Methods proposed in [16, 17, 22, 29]
can be grouped into this category. There is also a great amount of freedom in the
discrete implementation with respect to the choices of the mesh (and subdomain)
dependent norms or functionals as well as the dynamic selection of the free parameters
to accelerate the convergence.

To conclude, in this paper we have illustrated how the ideas of optimization can
be applied to a simple model problem with only two nonoverlapping subdomains.
This new perspective may shed light on the study of more general nonoverlapping
domain decomposition schemes and lead to more complete analysis for the various
generalizations mentioned here.
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