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ANALYSIS AND CONVERGENCE OF A COVOLUME
APPROXIMATION OF THE GINZBURG-LANDAU MODEL
OF SUPERCONDUCTIVITY*

QIANG DUT, R. A. NICOLAIDES, AND XIAONAN WU$

Abstract. In this paper, we present the mathematical analysis of a covolume method for the
approximations of the Ginzburg—Landau (GL) model for superconductivity. A nice feature of this
approach is that the gauge invariance properties are retained in discrete approximations based on
triangular grids. We also use properties of discrete vector fields to study issues such as the gauge
choices and their enforcement.
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1. Introduction. The macroscopic model of Ginzburg and Landau [12, 17] has
been well accepted as a valid model for low-temperature superconductors. Even
though for high-T, superconductors, satisfactory microscopic models still await dis-
covery, it is a reasonably simple matter to generalize the low-T, GL model to account
for high-T, phenomena. Numerical simulations based on the GL models have been
conducted extensively by physicists. The mathematical theories of numerical methods
for the approximation of GL-type models have also been given by various authors. For
example, finite element approximations were studied in [3, 4, 5, 6, 7, 8], which contain
additional references on this subject. Here, we present a mathematical framework of a
new approximation of the GL model on triangular grids based on the covolume tech-
niques. This should be very useful for simulations of high-temperature superconduc-
tors for which triangular grids may be more convenient for modeling inhomogeneities
in the spatial structure.

Covolume methods have been around for a long time [14]. Additional references
are given in [15, 16] in which the covolume technique was developed to solve the
div-curl systems and the Navier—Stokes equations. Covolume methods often preserve
discrete versions of physical and mathematical laws, such as the divergence theorem,
the Green’s formula, and many forms of conservation laws. An application to the GL
models of superconductivity which preserves the gauge invariance at the discrete level
was presented in [9]. Similar ideas were used later in numerical simulations [10]. On
a structured rectangular grid, the covolume method is also related to a nonstandard
difference approximation given in [2] and also in [11, 13]. In this paper, we expand
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on the ideas of [9] and analyze the convergence of covolume methods for the steady
state GL model.

The paper is organized as follows. In section 2, we describe the basic GL theory
and the steady-state model in a bounded domain. In section 3, covolume approx-
imations of div-curl systems and the Laplacian operator are given first along with
some technical results. These are followed by the covolume approximation to the
GL model. In section 4, we study properties concerning these approximations. The
discrete gauge invariance of the approximation is established. In addition, we present
the existence of the finite volume approximations as well as the pointwise bound for
the magnitude of the discrete order parameter which mimics its continuous version.
Then, we provide the convergence analysis of the covolume approximation. Some final
comments are given in section 5.

2. The GL model for superconductivity. This section is concerned with
some basic questions related to the steady-state GL model on a bounded domain and
its approximations. Detailed discussion can be found in, for example, [5]. For an
introduction to the theory of superconductivity, see [17].

2.1. The GL free energy. Let H be a constant applied magnetic field and
Q C R? be the region occupied by the superconducting sample. For simplicity, we will
assume that  is a bounded, connected polygonal domain. The basic thermodynamic
postulate of the GL model is that the superconducting sample is in a state such that
its Gibbs free energy is a minimum. Ginzburg and Landau postulated that the Gibbs
free energy, in a nondimensionalized form, is given by

2

e gw.a) = | (ia— | (Lv+a)

+ |cur1A—H|2> dQ,

where the first term is the potential energy, the second term is the kinetic energy, and
the last term describes the magnetic energy and the work done by the applied field.
The GL parameter « is a material constant which, together with 2 and H, completely
determines minimizers of the Gibbs free energy, or the solutions of the GL equations
on a given domain §2. The variables employed in GL models for superconductivity are
the real, vector-valued magnetic potential A and the complex, scalar-valued order pa-
rameter . They are related to (appropriately nondimensionalized) physical variables
by

magnetic field: h = curl A,
(2.2) current: j=curlh,
density of superconducting charge carriers: Ny = [1]?.

The minimization of G with respect to variations in ¥ and A yields the GL
equations

. 2
(2.3) (;VJFA) G-+ PP =0 inQ,

(2.4) curl curl A = —i(w*wj —pVY*) — [¢Y]?A in Q,

where (-)* denotes the complex conjugate, along with natural boundary conditions on
the boundary T:

(2.5) (IivarAzb) n=0 onl,
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(2.6) curlA=H onl.

Here, n is the unit outer normal vector to I'. More general boundary conditions may
also be considered; see [5].

2.2. Some properties of GL models. We use H™ () to denote the standard
Sobolev space of real-valued functions, and H!(€2) and H!(2) to denote similar func-
tion spaces of complex-valued functions and vector-valued functions respectively. The
norm in H™(D) is denoted by || - ||m,p, while || - ||, p,p denotes the norm in W™P(Q).
We also let

H(Q)={QcH'(Q) : Q- n=0onT},

H.(div;Q)={QecH'(Q) : divQ=0inQand Q- n=00onT}.

The GL functional has an important property, namely, gauge invariance. To be
specific, for any ¢ € H?(12), let the linear transformation T} be defined by

Ts(, A) = (e, A+ V).V (¥, A) € H'(Q) x H'(Q),

where k is the GL parameter. Then, we have the following definition (see [5]).

DEFINITION 2.1. (¢, A) and (¢, Q) are said to be gauge equivalent if and only if
there ezists a smooth function ¢ € H*(Q) such that (1, A) = Ty((, Q).

PROPOSITION 2.2. For all ¢ € H*(Q) and (¢, A) € H}(Q) x HY(Q), G(¢,A) =
G(Ty(y,A)); i.e., G is invariant under the gauge transformation Ty. |

LEMMA 2.3. Any element (1, A) € HY(Q) x HY(Q) is gauge equivalent to an
element (¢, Q) of H*(Q) x HL (div; Q). O

Consequently, one can prove the following theorem [5].

THEOREM 2.4. G has at least one minimizer in H'(2) x HL(div; Q). Moreover,

H(Q)xH} (div;0) H(Q)xH(Q)
Thus, G has a least one minimizer belonging to H*(2) x H(£). 0

2.3. Finite element approximations. Finite element approximations of the
above models have been studied in detail in [3, 4, 5, 6, 7, 8]. They are based on the
standard Ritz—Galerkin approach. The discrete approximation results in problems
like

: h h
(23) i G(u", A",

where V" and V" are finite element subspaces of H!(Q) and H'(Q).

3. Covolume approximations. In general, discrete approximations given by
(2.8) no longer enforce the gauge invariant property precisely. For problems on a
rectangular region, the nonstandard difference-like approximation given in [2] and
later in [11, 13] does preserve certain discrete gauge invariant properties. Covolume
approximations have been constructed in [9] which serves as the generalization of
the nonstandard difference methods to more complicated geometry partitioned by
a triangular grid. (A brief summary was given in [4].) This new method is useful
for high-temperature superconductors for which spatial inhomogeneities play a large
role. In this section, we describe the construction previously given in the unpublished
manuscript [9].
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F1G. 1. A triangular grid and its dual.

3.1. Planar triangulation and covolume methods. We first define the fol-
lowing terminology for the given domain 2 with boundary I'. Let ¥ denote a regular
triangulation of §2 with Ny vertices x;, j = 1,2,..., Ny, N1 edges that are denoted
by s;;, and N triangles that are denoted by 7. A dual tessellation is formed by
joining the circumcenters of adjacent triangles. Simple geometry implies that the line
joining the circumcenters is normal to and bisects the common edge. The dual figures
are polygons and are named as covolumes Y/. The interior of the polygon associated
with all the edges connecting the vertex x; is denoted by §; (see Figure 1).

To avoid the complexity associated with the self-intersecting covolumes, we re-
quire that 7 is locally equiangular [15], i.e., for every pair of adjacent triangles that
form a convex quadrilateral, the sum of the angles opposite the common side is at
most 180 degrees. This ensures that

(1) each Q; is convex,

(2) QN =0ifj#k.

Let hj; = |s;;| denote the length of the edge s;; and h;; = [s};| denote the length of
the corresponding edge 527 of the covolume which bisects and is normal to s;;. We
use 7, € X to denote the triangle with adjacent vertices x;,x;, and x; with area
denoted by |7;;,|. Note that for these adjacent vertices x;,x;, and xj, at most one
of hi;, W}y, and hy, is zero. If a vertex x; is on the boundary of €2, the region €2; is
modified to include only the portion which is inside 2. Similarly, h}; = |s;| includes
only the segment contained inside §2 for two adjacent vertices on the boundary T.
The area of ; is denoted by [€2;].

3.2. Covolume method for the div-curl operators. In the GL model, the
magnetic field is computed from the curl of the magnetic potential A. So, we will
discuss first how this is done in the covolume setting. Meanwhile, the magnetic
potential can often be taken in the so-called Coulomb gauge div A = 0. To discuss
the discrete gauge choices, we also describe here how to approximate the div operator.
Covolume methods for the div-curl operators have been discussed in [15]. Here, we
present a discretization scheme which may be considered as the dual formulation of
that in [15].

Our discrete representation of a given two-dimensional vector field A will proceed
as follows. At the midpoint x;; of each edge s;;, we specify the tangential component
of A, a;;t;;. Here,

Xj — X

(3.1) t;; =

|Xj — X;
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Comparing with [15], where the component normal to the edge s;; is specified, we can
view the representation here as a dual formulation.

To approximate the curl operator, we simply apply Green’s theorem to the triangle
Tijk-

(3.2) / curl Adxdy = / A -tds + / A - tjpds + / A - tds.
Tijk Sij Sjk Ski

Letting g;;, denote the approximation of curl A in 7;;;, we obtain the following
approximation:

(3.3) — (@ijhij + ajphjr + agibii) = giji -

|75

For the div operator, we apply the divergence theorem in a covolume €2;.

/ divAdrdy =Y [ A-tyds,

J k S;Cj
where the sum is taken for all x;’s that are connected to the vertex x; through an
edge of a triangle in 7 with h; « 7 0. If the vector potential A has normal component
zero on the boundary I', then the above definition is extended to vertex x; € I' and
with €2; modified as we described earlier.
Denoting the approximation to div A in Q; by f;, we have

1
(3.4) o zk:akj ki =1i-

We use the convention that ai; = —ajp.
Let us state a property for a gradient field here.
LEMMA 3.1. If § =0 € R™2 in (3.3), then there exists a discrete potential ¢, such
that
Pk — @5

3.5 RALE R
( ) h]k a]k

for all adjacent edges.

Proof. Take any vertex x;, set ¢; = 0, then define ¢; = a;;hy; for any vertices x;
that are adjacent to x;. Similarly, defining ¢, at all other vertices using (3.5), it is
easy to see that the definition is consistent due to equation (3.4) and the condition
g=0. O

Remark. The above property is a discrete version of the fact that if curl A =0 in
a simply-connected domain, then A = grad ¢ for some function ¢. Discrete versions
of other identities may also be derived, e.g., if we let C, G be the coefficient matrices
of the linear systems given by (3.3) and (3.5) respectively. Then, for any ¢ € R0,

(3.6) CGh=0.

This corresponds to the identity curl grad ¢ = 0 for any function ¢.
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\Xi

FiG. 2. Two adjacent triangles (which form a kite area) with their common edge and the
connection of their circumcenters.

3.3. Covolume method for the Laplacian operator. The covolume formu-
lation of the Laplacian operators has been studied by many. We may obtain it by
integrating Au in €2; to get

/

Approximating the boundary integral by Vu - t;,h), ;» and replacing the derivatives by
differences, we get the approximation

i ko Ok

Uk — Uj

3.7 d;|Q;| = _—
( ) J| J| hkj

b, -
k

The coefficient matrix of the covolume approximation is the same as the stiffness
matrix resulting from the standard piecewise linear finite element approximations with

the so-called hat-functions as basis. Using barycentric coordinates A;, j = 1,2,3, in
a particular triangle 7123, it is well known that

Vg -VAidr = —cotf,
T123

where 6 is the angle at the vertex xs.
Then, the ij entry of the stiffness matrix for piecewise linear elements is (see
Figure 2)

(3.8) M;j = —cot 6 — cot 0" = —hy; /hij.

One can also use the variational formulation
min / |Vul?dQ = min E /|Vuh\2,
uh,esh, Q uh,esh TEE r

where S” is the space of continuous piecewise linear elements. Similar to (3.8), the
following elementary result can be easily established.

LEMMA 3.2. Let tj,,,t,45,t555, be three unit vectors for the edges of the triangle
Tivjajs, then for any vector x (real or complex), we have

|7—.7'1.7'2.7'3 ‘ |X|2 = cot 8]6 h’?le |X ’ tjl]'z |2 + cot 9j2 h?g,jl ‘X ! tjsjl |2 + cot 9.71 h?zjg |X ’ tjzja ‘27

where the 0;’s are the corresponding angles of the triangle. 1]
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For a triangle 7, 5,5, with vertices x;,, x;,, and x;,, let us define

uh(sz)) - uh(le)
h, . ’

J1J2

— h _
Qg gy = gradu . tj]jz =

and define oy, in a similar way for any pair I,k € {j1, j2,j3}. The previous lemma
implies

+ cot 0 a?

+ cot 0 J1 ]2]3 Qo gz

lgrad u”[? |Tj142ds| = cot b

J3 J1J2 J1J2 J2 j3j1 J3]1

Therefore, the covolume approximation is equivalent to

2
(3'9) mln Z {COt 933 J1Jj2 Jljz + cot 0; 2h]3]1 VEVE + cot 931 J2J3aJ2J3} .

T;ET
This formulation is more natural for the steady-state GL model where the problem
also comes from a variational formulation.
Similarly to Lemma 3.2, we can prove a solvability condition regarding (3.7).
LEMMA 3.3. For any cz there exists U satisfying (3.7) if and only if

S0,
J

The solution is unique up to a constant multiple of €= (1,1,...,1).

In fact, Lemma 3.3 is a consequence of the following discrete maximum principle
which can be easily verified.

LEMMA 3.4. For any cz if dj > 0 for all j, then @ is a constant multiple of
g=(1,1,..,1).

3.4. Covolume method for the GL model. First of all, we use the above dis-
cussion to give the covolume approximation of the GL functional. The GL functional
(2.1) is discretized as follows:

(3.10)
- o Q.
gt A = > {'51'0 - |wj12)2}
0, ex

+ Z {COt J3 31g2|O‘J1J2| + cot 9]2 jg]l‘aj3j1‘2 + cot 6]1h1213|aj2j3|2}

Tj142d3 €%
1 2
+ Z { |7-, . | (ajlthjlj2 + a’ijshjzjs + ajs5 hj3j1 - H|Tj1j2j3 |) } :
Tj1d2iz €F J1Jz2J3

Here, 1/1h is a vector whose components correspond to values of the discrete order
parameter at the vertices of all the triangles, AM is a vector whose components cor-
respond to values of the tangential components of the discrete magnetic potential at
the midpoint of the edges of all the triangles, while the term ayy, is a gauge invariant
approximation to (i/k)V1 + A1) at the midpoint of the edge x;x;, and is defined by

i Y exp(—irkajihjr) — b;
3.11 Qi = — .
( ) ik hjk

The covolume approximation of the steady-state GL model is given by the fol-
lowing minimization problem:

(3.12) __min Gh g, AM).
(¢h,Ah)ERNo xU
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To obtain the discrete functional, the potential energy is discretized using the
quadrature rule shown, the kinetic energy is discretized by generalizing (3.9) to the
complex case, and in the magnetic energy, curl A is discretized using (3.3).

Examining the approximation of the kinetic energy term, we see that for edges
whose corresponding angles in neighboring triangles sum up to m, the gauge invariant
derivatives will disappear. For instance, consider the triangular grids obtained by
dividing each square in a uniform square mesh into two triangles along the diagonal.
If all diagonals are chosen in the same direction, one may not need to define the vector
potential on the diagonal edges. As shown in [9], this leads to the widely used 5-point
difference approximation (see, e.g., [2]).

4. Analysis of the covolume methods. To analyze the covolume approxima-
tion of the steady-state GL model, we first establish some theory for the approxima-
tion of the div-curl system which provides important estimates for discrete covolume
solutions of the GL equations. Next, we study various properties of the covolume ap-
proximations of the GL model, such as the discrete gauge invariance and the implicit
enforcement of the gauge choice. The convergence of the covolume methods is then
obtained through the construction and comparison of minimizing sequences for both
discrete and continuous functionals.

4.1. Some useful results for the div-curl problems. In order to analyze
the errors, we first present the analysis of the related approximations of the div-curl
systems given in section 3.2. The analysis of (3.3-3.4) is similar to that in [15] but
simplifications are made whenever possible.

Let @ be a vector whose components {u;} are specified at the midpoint of the
corresponding edge x;x;, in the triangulation with the convention that w;, = —ug;.
Let U be the set of all such vectors. Note that U is isomorphic to a subspace of RV!.

First, we define the inner product:

- / -
[@, V] = g ujrvjkhkhyy, , V4,7 €U,
I

where the sum is over all possible edges x;x}, of the given triangulation . Define the
discrete LP norm (2 < p < 00):

1/p

(4.1) 1@l = | D luglPhjnhly, , Vuel
ik

Strictly speaking, (4.1) does not define a norm on U since it is possible that h;-k =0
even for a locally equiangular grid. For convenience, we now make the following
assumptions on the triangulation: we assume that the triangulation is regular and
quasi uniform. In addition, it is strictly locally equiangular in the sense that there
exist positive constants ¢y, ¢y such that

(4.2) Clh2 S hjkh;k S 62h2 V], k,

where h is the diameter of the triangulation. For a regular quasi-uniform triangulation,
(4.2) is equivalent to the assumption that for every pair of adjacent triangles that form
a convex quadrilateral, the sum of the angles opposite the common side is no bigger
than a constant angle that is strictly less than 180 degrees. Possible generalization can
be made to include the case where the sum of the angles opposite the common side
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is exactly 180 degrees. In this case, one may drop the unknown magnetic potential
at the midpoint of the common side and also combine the approximations of the
magnetic field on the two adjacent triangles into one equation specified on the convex
quadrilateral. (See [9] for discussions on rectangular grids.) The discussion in such
cases is similar but the notation is somewhat different and we do not intend to include
it here.

With the above assumptions, we have the following inverse inequality.

LEMMA 4.1. For 2 < p < oo, there exists some generic constant ¢ independent of
h such that
la

u

[ n}%x lujr| < Ch_lHGHW,z

and

Ny, , < ch®P=1all,,

forany i eU. d

Again, let C and D be the coefficient matrices of the linear systems given by (3.3)
and (3.4) respectively.

LEMMA 4.2. Assume that @ and U satisfy the conditions

Dii =0,
Cv=0.
Then [u,v] = 0.

Proof. By Lemma 3.1, since Cv = 6, there exists a vector ¢ which is defined on
the vertices of the triangles, subject to

¢j2 — ¢j1

Vjjo = ———
J1J2
hj1j2

Then
—;—»_2: ¢j2_¢j1 N
[u,v] - u]l]Z h‘ i th]zhj1j2
J1J2 J1d2

’ ’
= Z(U’jljz ¢j2 hj1j2 — Ujijo ¢j1 hjljg)'

Jij2
Rearranging the summation according to the nodes we get
(6, 5] = ¢k (Ukykhiy i + Ukakhlyr + - + U, khh 1)
k
= Z ¢k(Du)k =0.
k
This proves the lemma. 0

Consider the following problem.

divu=f in$,
(4.3) curlu=g¢g inQ,

u-n=0 onl,



1058 Q. DU, R. NICOLAIDES, AND X. WU

with the corresponding covolume discretization

I

(4.4) pa=7,
Ci =g,

where the component of f corresponding to each €; is defined as the average of the
function f over that region, while the component of § corresponding to each triangle
is defined as the average of the function g over that triangle. First, let us study the
system (4.4).

THEOREM 4.3. Given fe RY2 and g € RY°, the system

D
C

g
I
QL

i
I

has a unique solution in U if and only if

> hl=0.

Q,ex

Proof. We prove the uniqueness which, under the compatibility condition, implies
the existence.
From Lemma 4.2, for any solution @ € U of

Di=0,
Ci=0,
we have
@, » = @, = 0,
which implies @ = 0. ]

Remark. One can see that the solvability condition is a discrete analogue of the
solvability condition
/ fd2=0
Q
for the system (3.3). ad
Assuming the compatibility condition holds, we now present an error estimate

that is analogous to the one in [15].
THEOREM 4.4. The following error estimate holds:

(4.5)

a0 <onr), g
w,p ”

where ¢ is a generic constant, p > 2, and @Y is given by

(1) 1
Uji o = h l u- tj1j2 ds,

J1J2 172

and t;, 4, is the unit vector in the direction x; X, .
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Proof. Define @®) as

ufzz = h,'l' Cou t ds’
J1i2 /854,
and let eV =y —u®, &2 =42 — 4. Then
D& =0,
ce) =0,
which implies
60,67 =0

It follows that

I, + =
w,2

el = e -l
w,2 w,2

w,2

So we have

7], <
w,2

@@ — a0 <chllulyg
w,2 ’

where the last inequality follows from approximation theory by mapping into reference

regions (see [15] and also similar arguments given later in the proof of Theorem 4.5).

The estimate (4.5) then follows from the inverse inequality given in Lemma 4.1. |
THEOREM 4.5. Let 2 < p < 0o, assume that @ € U satisfies

D
C

9

S
Q ~hy

Then there exists a constant ¢ independent of h such that

(16) I, < (Dl + |Cil,)
where
L2 .
|6 = S elionl vier®.
§ Qrex’
2 .
TiEX

Proof. Extend f to be a function f which has constant value over each ; € ¥’
and extend ¢ to be a piecewise constant function g with respect to the triangulation
3. Consider

diva = f,
curlu =g,
u-n|p=0.

Define @* by

- 1
(4.7) U, = hi/ u-t;,j,ds,

J1J2 j1d2
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where t is the unit vector in the direction x;,x;,. Then by Theorem 4.4,

(4.8) i@ — ", , < ch®?||ul

1,9,
where c is a generic constant. Define 4, by

1

(49) ﬁ*jljfz : u- tj1j2 dl‘dy,

8l ey,

where k;, ;, is the convex quadrilateral formed by two triangles with s; ;, as the
common edge (see Figure 2). By mapping x;, ;, to a standard reference quadrilateral
&, letting @ be the image of u on the standard quadrilateral &, and letting § be the
corresponding common edge, it follows that

1 1

T/ﬁ.fdfcdg
&) Ja

<cl[ally,, ;. < ch™?/7||ul

u- tj1j2 d:cdy

Kjugal Sy,

0,p,K51 4o

and then

1/p

" 2
o 0 = 00 1
’ J1Jz2

<dullg 0 < clullq -

Similarly, using the same mapping techniques, the Bramble-Hilbert lemma, and the
trace theorem, we have

s

|uj1j2 - ﬁ*j1j2| =

1 1
/ u-t; ;,ds u-t; ;, dedy

Rjrge Jsjy s, [

1 « .
A/ﬁ'td§ |A/ﬁ-td£dg}‘
S| Js Kl J&

<c¢ inf |lG—v|ia
veR?

—_

<

< cfValo.s

< cflu

W
So
i@ —a*[l, 5 < chllull; o
and therefore, by Lemma 4.1,
(4.11) i — @, , < ch®P|ull g
Combining (4.8), (4.10), and (4.11) we get

—

@l p <N =Ty p + 1T = Tl + ]y,

SCHUHLQ'
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Since u-n vanishes on the boundary, ||curlul|o.o 4+ ||divul|o,q is a norm for H!(Q)
and is equivalent to norm |lul|1,q. Therefore,

Iy, <e (lleurTully g + lidivullyo )

<c(||Cdl, +[[Dilly)

where c¢ is some generic constant independent of h. 0

4.2. The discrete gauge invariance of the GL functional. We now focus
on the covolume approximation (3.10). First, let us define the discrete gauge trans-
formation.

For d_; € R0 let the linear transformation T;l be defined by

(4.12) TH A = (3, AY),
where
(4.13) ﬁj — ¢jeiﬁ¢j

at all vertices and

(4.14) ajk = ajk + w vk

jk

for all edges. Then, we ‘have the followin_g definition.
DEFINITION 4.6. (¢, A") and (C_h, Q") are said to be discrete gauge equivalent if

and only if there exists a ¢ such that (z/jh, ffh) = Tg(fh, C_)"L).
PROPOSITION 4.7. For all ¢ € RY° and (", A",

Gh ", A" = GM(TEW", AM):;

i.e., G is invariant under the discrete gauge transformation Tg.
Proof. Let (4", AM) = Tg(ﬁh7,{h)_ Obviously, [¢;| = || for any j. On any
triangle 7}, j,;, € 3, using (3.3), we have
Qjy jo h.hjz + a’jzja hjzjs + a5, h.i3j1 = g4, hjl.iz + ¢jz - ¢.71
T Qjajs hj2j3 + ¢j3 - (bjz + 35 h‘jsjl + (bjl - ¢j3
= 5y, N js T QjajsPjags + gy Py -
Using (3.11), we have

i g exp(—ikd hix) — ¥

ik = K hjk
_ itk exp(ikdy) exp(—ika,phjk — ikd + ikg;) — P, exp(ikd;)
K hjk
1 Y exp(—ikajphig) — 1, ,
_ ( - ikhix) — exp(ike,;)
K ik

= a;j exp(ikeg;).
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So
cot 0]3h]1]2|a]1]2| + cot 9]2 ]3]1|a3331| + cot 9]1h]2J3|aj2j3|2
= cot 9]3hj1]2 |a]1J2| + cot 0]2 j341 |a]3]1| + cot 9]1 j2]3|aj2j3|2‘
ThuS7 gh(,t/_;h’gh) — gh(Tq}:h (,L/_}'h’gh))_ 0

The above proposition provides a discrete gauge invariant property of the covol-
ume approximations of the GL model of superconductivity. It gives the freedom of
choosing a different gauge for convenience in a particular numerical simulation.

4.3. Fixing the gauge. When doing a particular numerical simulation, a gauge
should be specified to avoid the nonuniqueness produced by the gauge transformations
and to make the computation efficient. In this section, we discuss how to fix the
discrete gauge. A popular choice is the Coulomb gauge. In the continuous case, this
simply requires that div A = 0. For the discrete case, using (3.4), we shall require

(4.15) > aihi; =0 Vj
k

or equivalently

—

DA =

Then we have the following lemma. .
LEMMA 4.8. Any pair (", A") is discrete gauge equivalent to a pair (", Q")
which satisfies

> il =0 V3,
k

where qy; are the components of @h.
Proof. Let us define ¢ by the following

bk — ¢;
(4.16) DTy = = Y anghly,
Kk J k

where ¢y, are the values of d_; at the vertices x;. From an earlier result, 5 is determined
uniquely up to a constant multiple of e. Now, if we define (@7 Q") = Tg(wh, Al

then
bk — ; )
Dk =D arih + Y = Y,
& % Pal

and the lemma follows from (3.16). 0

COROLLARY 4.9. Every minimizer of G" is gauge equivalent to a minimizer
(1/1h Ah) which has a discrete divergence-free vector component Al

This result implies that it is only necessary to minimize G* over a discrete
divergence-free vector field in order to find approximate solutions to the GL equa-
tions.
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4.4. The implicit enforcement of the Coulomb gauge. When the gauge
is chosen, the minimization problem becomes a constrained optimization problem.
However, similarly to the technique introduced in [5], we can use a modified functional
to enforce the gauge choice implicitly.

Let us define

2
— — = - 1
(4.17) Frph, Ay = gh (e, A+ > o (Zakjh;j> :
Qex Y k
THEOREM 4.10. Any minimizer (4", A®) of F" satisfies
> apihi; =0 ¥ j.
k

Moreover, any minimizer (Jh,/i'h) of F" is also a minimizer of G".
Proof. As in the proof of Lemma 4.8, we define ¢ € R~° by

Ok — O;
Dtk == D akhiy
% kj %

and (¢", Q") = TH(", A"). Obviously G*((", Q") = G" (4", A). Since
> akjhi; =0 Vi,
k

we get (¢, QM) = G"(C", Q). Thus,
2
Fhh A = F G+ S (S|
Q;E% 121 k

Hence, if (¢, A") is a minimizer of F”, then we must have
> agihi; =0 V.
k

Meanwhile, for any (C_h, @h) in R™o x U, by Lemma 4.8, there exists a gauge equivalent
pair (C", Q") in R™o x U such that

g QM =g Q"
and DQ" = 0. So

g, @M =", QM) = Fh (¢ QM)

> Fht, AN = G AN

This shows that (4", A") is also a minimizer of G". O
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4.5. Existence of the approximate solutions. We only need to prove the
existence of minimizers for (4.17) since by Theorem 4.10, they are also the minimizers
of (3.10). Before we proceed, let us state a technical result.

LEMMA 4.11. Assume that fh(ﬁh,ﬂh) is uniformly bounded, then there ezists a
generic constant ¢ > 0, independent of h, such that

(4.18) HDA’h +HCA’h <e,
=/ =
(4.19) A”L‘ <e,
w,p
and
(4.20) e

Here " is the piecewise linear function that interpolates the data th with respect to
all vertices of the triangulation 3.

Proof. From the definition of F” and the uniform boundedness, we get immedi-
ately that

HDE}L

L+ HCA’h

<c
b3}

b

for some constant ¢ which is dependent on H, but is independent of h. By Theorem
4.5, we have for some generic constant ¢ > 0,

—

AM <ec.

‘W,p

For the order parameter, the bound on the potential energy part gives

(4.21) > I, < e

Qjex
Using equivalence of norms in polynomial spaces and scaling arguments, we get

1"

for the piecewise linear function v". The energy bound implies

04,0 < ¢

> {eot,h3, ), las, g, * + cot 0,82 a7 + cot 05,13, Ja,5.*} < c.

Ti1dois €5
Notice that

i i exp(—irka;rhir) — b

ajk - K hjk
_ e — n wkiexp(—iﬁajkhjk) -1
K hj;g K hjk

i exp(—ikajrhjr) — 1

= i + ¢k; hin
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and
. . 2
1 exp(—ika;rhik) — 1
> ke ( h]k i) < k)P lagi)?
ik J ik
1/2 1/2
<> Il > lagil* ;
Jk jk

where the summation is over all adjacent vertices x;,xj. So, from the known bounds
on wh,ffh, we get

Z {COt 9.73 h?u‘z |d.71.72 |2 + cot 9.72 h?&jl |&j3j1 |2 + cot 9.7'1 h?zjg |d.7'2.7'3 ‘2} <c

Tj1d2i3 €X

for some constant ¢. From the discussion in section 3.3, the left-hand side is equivalent
to ||V¢h||0 o SO that

1"l o < e

because of the estimate (4.21). |
THEOREM 4.12. There exists a minimizer (", A") of F* in R¥o x U satisfying

> arihi; =0 ¥ j,
E
and under the assumption that the triangulation is locally equiangular, we also have

lY;l<1  Vj.

Moreover, it is also a minimizer of G".

Proof. The functional F" is obviously continuous and bounded below, and thus
has a minimizing sequence { (¥, A")}>° . Using the previous lemma, F" (", A" is
uniformly bounded above and this implies that (@[_J'Z, EZ) is also uniformly bounded, so
that a minimizing sequence must have a convergent subsequence. By continuity, the
limit of this subsequence is a global minimizer of F”, which is also a minimizer of G"
by Theorem 4.10. The pointwise bound follows from the Euler-Lagrange equations
for the minimizer using a similar argument as in the continuous case. 0

4.6. Convergence of the covolume method for the GL model. The main
convergence result is given in Theorem 4.17, but first we relate the discrete and
continuous energy functionals.

Given a piecewise constant function ¢ and a piecewise linear function " with
respect to the triangulation ¥, let 9" interpolate data 1[)71 € R0 at the vertices, i.e.,
Ph(x,) = 1/);?,1 < j < Np. Define A" by

divA" =0,
(4.22) curl A" = gh |
Ah -n |[‘: 0.

Define A" by
DA" =0 € R,

4.23 ,
(4.23) CAM = § e R,
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where the component of § corresponding to each triangle is equal to the value of the
piecewise constant function g over that triangle. Then, we have the following lemma.

LEMMA 4.13. If (", A") defined above is uniformly bounded independent of h in
HY(Q) x HY(Q), then

(4.24) F" A" = FM" A" +0(1) as h—0.

Proof. First, since div A" and curl A" are piecewise constant functions, we have
(4.25)

2
/ (JdivA"? + [curlA" — H|?) dQ = Z o <Z akj >
Q J

Q,-eZ/
1 2
+ ) T (g gyt @hisRngs + s Rsgy — HITjg551)" ¢ -

Tirinis €T ‘lejzjs |

Using standard approximation results and scaling arguments, we have for any contin-
uous piecewise polynomial ¢ (of degree < 4),

/CdQ_ D eI < ehllClhe

QJl e’

where c is a generic constant, independent of h. Let ¢ = 3(1 — [¢"[?)?, since

(1= "R V" Ho1,0

1
Cl1.0 = §H1 -
by Sobolev imbedding theorems and the uniform bound on [|1"||1 2.0, we get
(426) [sa-trprae- 3 Balaju,pr) <o
. 2 2 J1 —= .
Q ey
Next, let us define A

m _ 1 h
@jjs = 3 A"t ds,
J1J2 S84y 4o

where t;, ;, is the unit vector in the direction x; x;,. Then, applying standard tech-
niques in approximation theory, we get

2 h (1) h (1)
/ {COt9J3h3132 A (x) - tj,5, = a5, +COt9J2 J3j1 A" (x) -t — Q5.5
Tj13233
2
h (1) 21| A h|2
+ cot 9]1 j273 A ( ) Jajs = Ay, }dT <ch HA “177'_7‘1_7‘2_7‘3|Tj1j2j3| .

Considering the kinetic energy on a typical triangle 7;, ;,;, with vertices x;,, x;,, and
Xj,, we have



COVOLUME APPROXIMATION OF GINZBURG-LANDAU MODELS 1067

Ji.j2 .
(I)j1j2j3 T /
-

713233

(Kv + Ah) V(%) - .5,

2

i
- (vah(xh) T ag—}}#h(sz)) dr

2
<[ [AM0 00 - all, vt | ar
SQ/v o (‘Ah(x)'tj1j2|2|wh<x)_wh(xj2)|2

1
A () - 5, — al [Pl (i) [2) dr
AR ] [ V' CTCO RN | S

h h
L P N U R s
Tj13293
So
2 Jig 2 J2J 2 Jsj
|Tj1j2j3| (COt aﬂshﬁjz( )313233 + cot oﬁlhjzja( )Jijzja + cot 932h]3]1( )J?j;js)

A

il
0,751 4243

<2 max [[9" — " ()l +eh?| At

Since 9" is a linear polynomial on Tjijejs, Dy the inverse estimate and Holder’s in-
equality, we get

h h 2 h 2 h h 2 h|2
10" =) B o, IARGOIR < el = ) g, AR

where p > 2 and 2/p + 2/¢q = 1. By Sobolev imbedding theorems and scaling argu-
ments, we get
(4.27)

2 Jij2 J2J3 2 Jaj1
|7-4 . | {C0t933hJ1J2(I)j1j233 + cot 0]1 J2J3(I)j1j2j3 + cot 932h]3]1( )Jljzjs}
P J132733

Tj1d2iz €F

< Ch2_4/p||Ah||isz||¢h||%,9 + ChQHAhH%,Q”wh”%,Q .

On the other hand, recalling the definition (3.11) we have

. 2
b, h h
3, = | (2700 i+ a0 ci) ) —
1 1— ik R 2
S? ’,(/Jh(sz) < exp( hZ"%‘ath JIJZ) _ika §32>
9172
1 —exp(—ikaj, j,hj i) . 2
(Xj2) < » AJ1J2 J1J2 — iKaj, i,
7172

2
1
+ 2 ‘¢h(xj2)(ajlj2 - a;l;Z)
<C||wh {laj1j2|4h?1j2 + |aj1j2 - ]1]2' }

So, by the estimate of ¥, the following error estimate derived from Theorem 4.4,

LR N
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and the inequality (4.6), we have

(4.28)
2 J1J2 2 J2J 2 Jsj1
Z {COt 0]3 hjljz (II)JU 273 + cot 031 h.l2J3 (11)11;]3 + cot 032 hJSJl (II)JT J2J3 }
Tj1iiz €X
< ch*| A" o(IAMF o + DI ] o -
Using the vector decomposition and inequalities (4.27) and (4.28), we get
; 2
/ (v + A> »| do
o) K
Z {COt 73 ]1]2 |aJ1J2 |2 + cot 9]2 371 |aj3j1 ‘2 + cot 0 J1 1233 |aj2J'a| }l
Tj1igiz €X
Jij J2J VEY] Ji,J VEY] VEY]
<e 30 {WR5, O+ OF 5, + @R + A5, + 5}
Tirizig €S

< ch®HPIAMR (1 + P+ RYPIATR o) 190" o

for any p > 2 and h small. Taking p sufficiently large, and combining (4.25), (4.26)
with the above inequality, we obtain

|F(y", A — Fh (g, A < ch

for some constant ¢, independent of h. a
Remark. From the proof, we see that actually

|F(ph, A) — Fh(gh, AM)| < ch

for some constant ¢ for small h. O
Now, let (¢, A,) be a global minimizer of the problem (2.7), i.e.,

4.2 WAL = i .
(4.29) Flom A Hl(ﬂrflxlﬁ;m)f

Naturally,
divA, =0 in
and
A, n|r=0

Let I, be a piecewise linear approximant of 1, using either the pointwise values
of 9, at the vertices (if they are well defined) or the averages of . over the €2;’s. Let
A be defined by

divA =0,
(4.30) curl A = g,
A ‘n |F: 0

where, on each triangle, g is defined to be a constant which equals the average of
g = curl A, over that triangle. It is straightforward to see that the bounds on the
energy functional imply the following corollary.
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COROLLARY 4.14. There exists a constant ¢ > 0 such that

1" %sll0 < cltulie
and

IAllLe < cAddlie -
Moreover,
(4.31) F(I"ps, A) = Fhi, As) +0(1)
as h — 0. o

Remark. If we assume more regularity on the minimizer (¢, A,), then we can
show

\F(I"), A) — F (s, AL)| < ch

for some constant ¢ and for sufficiently small h. 0
Let us define ¥ to be the vector whose components correspond to values of I,
at the vertices of all triangles. We also define A by
=
DA} =0,
CA"

g,
where § is the vector whose component is the value of curl A = g for any triangle in
Y. Then, using the uniform bounds on

[All10<c
and
1" ulhe <c,

Lemma 4.15 follows as in Lemma 4.13.
LEMMA 4.15. Using the definitions given above, we have

(4.32) F(I"po, A) = F* (%, AL) + o(1)

as h — 0. o
For any h, let (¢, A") be a minimizer of F", i.e.,

Fh(h, APy = min F'.
RNoxU

It is easy to see that fh(zﬁh, Eh) is uniformly bounded.

Let us define ¢" as the piecewise linear interpolant of the data " in Q, ¢" as a
piecewise constant function in © that equals the component of DA" on each triangle
in 2, and A" as

divA" =0,
(4.33) curl AM = " |
Ah 1N |F: 0.
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By Lemma 4.11, we see that
IA* 10 < C
and
W e < C

for some generic constant C' > 0. Moreover Lemma 4.13 implies the following lemma.
LEMMA 4.16. Using definitions given above, we have

(4.34) F(h, APy = Fr gt A" + o(1)

as h — 0. 0

We now prove the following convergence theorem.

THEOREM 4.17. For any h, let (&h,f_l'h) and (Y", A" be defined as above. Then
as h — 0, there is a subsequence of {(y", AM)} that converges to a global minimizer
of F in HY(2) x HY(2), and

4, lim 77 (", AM) = i .
(4.35) Lim 72 (47, A7) Hl(grﬁlﬁ;(g)f

Proof. Let (., A.) be a global minimizer of F. By definition,
F(th, Ay) < F(y", A
For any € > 0, if h is small enough, we have by Lemma 4.16
F(4", AM) < FHJ" A +e
Thus,
F(thuy As) S FHPL AL + e
It follows from (4.31) and (4.32) that, for small h,

Fhh, AM) < F(ipu, A) + €.

So,

-7'-(1/1*7A*) é ‘F(whaAh) S f(w*vA*) + 267
and
(4.36) F(hs, Ay) < Fr@M AP + € < F(ihy, Ay) + 2.

If we let € — 0, we see that {(¢", A")} forms a minimizing sequence of F, thus it
has a weakly convergent subsequence { (", A")} that converges to a global minimizer
of F. Using results in functional analysis (see [5]), we see that the subsequence also
converges strongly in H!(2) x H(Q). Moreover, equation (4.35) follows from (4.36).
O

Remark. If we assume more regularity on the minimizer (¢, A.), then from
earlier remarks, we have the following result, which is stronger than (4.35):

|Fr (", AP — F(,, AL)| < ch
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for some constant ¢ and sufficiently small h. The convergence of the whole sequence
{(¢", A")} does not follow immediately since the minimizers of F are not unique in
general. However, it is reasonable to expect convergence to a regular solution branch
when viewing the GL equations as a system of parameterized equations with k as the
parameter. For finite element approximations, such results have been obtained in [5].
|

Using the properties we have proved before, the convergence of A" to A, in
H!(Q) implies the following corollary.

COROLLARY 4.18. If the components a;, j, of A, are defined by

1
1
S . A, -t ds,

a; o
T e Sy,

where A is part of a minimizer of F which is the limit of the convergent subsequence
AMnand tj,;, is the unit vector in the direction x;j,X,,, then for any 2 < p < oo,

||EZ - g*||w,p —0,

as h,, — 0. 0

5. Conclusion. The covolume methods for the GL model of superconductivity
presented here enjoy discrete gauge invariance. In some sense, having discrete gauge
invariant properties is analogous to having discrete conservation laws for approxima-
tions of other physical problems [1]. The physically meaningful pointwise bound on
the order parameter is also preserved at the discrete level. These features are viewed
by many physicists as important for a successful numerical method. Our convergence
analysis is restricted to triangulations that satisfy certain angle conditions. These con-
ditions are not essential when other alternative formulations [9] are used. Rigorous
theory for these and other generalizations will be discussed in a future work.
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