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RETRIEVING TOPOLOGICAL INFORMATION
FOR PHASE FIELD MODELS*

QIANG DUT, CHUN LIUt, AND XIAOQIANG WANGT

Abstract. The phase field approach has become a popular tool in modeling interface motion,
microstructure evolution, and more recently the shape transformation of vesicle membranes under
elastic bending energy. While it is advantageous to employ phase field models in numerical simu-
lations to automatically handle topological changes to the microstructures or the configurations of
vesicle membranes, detecting topological events may also become important for many applications
such as those in the simulation of blood cells. Motivated by such considerations, a new quantity
is formulated to retrieve some topological information based on the phase field formulation and to
capture the occurrence of topological events. It can also be used as a control method to avoid unphys-
ical changes of topology due to the numerical methods, should it become necessary for particular
practical applications. Through numerical experiments, we demonstrate the effectiveness and the
robustness of the new quantity in detecting the topology of fluid bubbles and vesicle membranes.
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1. Introduction. Phase field modeling of mezoscopic morphology and micro-
structure evolution has become popular in recent years (see [6, 7, 8, 9, 12, 13, 21,
22, 24, 34, 35, 38, 39] and the references therein). These phase field approaches
are usually combined with energetic variational formulations that lead to a diffuse
interface modeled by a mixing energy. This allows topological changes of the interface
to take place naturally [28, 31, 37]. Such a feature gives such approaches many
advantages in numerical simulation of the interface variation and the interfacial motion
(cf. [11]). More recently, we have given another successful application of the phase
field model for computing the equilibrium configurations of vesicle membranes that
minimize the bending elastic energy [19, 18]. The methods developed in [19] can
be very useful in morphological studies of vesicle membranes under elastic bending
energy, which has many interesting applications.

In this paper, we continue the study of the phase field model but from a different,
and perhaps also very novel, point of view. We are motivated by the fact that in
many engineering and biological applications, such as the modeling of blood cells in
vascular systems, topological information about the vesicle membranes is of critical
value. Thus, how to detect and control the topological change of the interface in the
phase field modeling and numerical simulation becomes an important issue. Partly
due to the nature of the phase field method (and all other level set methods) in their
standard formulation, there is no mechanism preventing the topological change of the
membranes or other interfaces. In fact, some of the topological changes are due purely
to the formulations, instead of the underlying physics. To our knowledge, there has not
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been any discussion in the literature on how to recover relevant topological information
from the phase field simulations, nor to address further control mechanisms.

The general phase field model is based on the introduction of a phase function (or
order parameter) ¢ = ¢(x), defined on the physical (computational) domain  that
encloses I'. The function ¢ is used to label the inside and the outside of the vesicle
T': the level set {z : ¢(x) = 0} gives the membrane, while {x : ¢(x) > 0} represents
the interior of the membrane and {z : ¢(x) < 0} the exterior. A transition thickness
parameter is also chosen to characterize the typical length scale of the transition layer
(or the thickness of the regularized diffuse interface). For time dependent problems,
it is natural to allow ¢ = ¢(z,t). The objective of our study here is to propose
some robust and efficient methods for retrieving or recovering interesting topological
information within the phase field framework. In particular, we will develop some
robust formulae for computing the Euler number for the modeled interface based on
order parameter ¢.

We expect that our study here has the potential of opening up a host of exciting
new applications of phase field modeling, including the use of the topological quan-
tities in a control setting. Our numerical simulation indicates that the generalized
Euler number (% in three dimensions and x in two dimensions) not only is a better
indicator of topological changes than the energy functional we had been using in our
previous paper [19], but in fact, gives a quantized jump upon a completion of the
topological change (a direct consequence of the Gauss—Bonnet formula) for regular
surfaces. Moreover, when the computed surface passes singularity, the new formula
for x based on the phase field formulation gives a fractional interpolation of the usual
Euler number.

The study of the Euler number in terms of y, or the Euler—Poincaré index number
7, may provide guidance for the study of other topological quantities within the phase
field framework. The ideas proposed in this paper may be equally applicable to other
simulation methods for free boundary and interface problems such as the level set
methods. Our work here is also likely to shed light on the study of many geometrical
modeling problems, where providing topological information or controlling topological
changes may be highly desirable.

The rest of the paper is organized as follows. In section 2, we briefly recall
the phase field model, and we discuss a formulation of the Euler number (in terms
of x) within the phase field framework that can be used to recover some topological
information. We present a set of formulae in various three-dimensional (3-D) and two-
dimensional (2-D) cases. We also discuss the Euler—Poincaré index number 1 when the
surfaces involve singularities. In section 4, we illustrate the method of computing the
quantity x in two applications and demonstrate the effectiveness and the robustness
of the our formulation. Finally, some concluding remarks are given in section 5.

2. The Euler number. Given an oriented (regular) compact (i.e., without
boundary) surface I', the well-known Gauss—Bonnet formula states that

(2.1) / Kds =27y,
r

where K = kiks is the Gaussian curvature of the surface in R3, ds is the area element,
and % in three dimensions (x in two dimensions) is the Euler number [16]. The number
X is a commonly used topological quantity. For some frequently encountered surfaces,
we have x = 2 for a sphere, x = 0 for a torus, and x = —2 for a torus with two holes.
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For 2-D curves, K is the curvature and x = 1 for a circle. For convenience, in this
paper we call ¥ the Euler number in 3-D cases and x in 2-D cases.

In this section, it is our goal to find a suitable expression of the Euler number
when the surface is implicitly defined by a phase field formulation. We first give the
general formula of the Euler number under a general phase field definition for both
2-D and 3-D spaces. Then we give some simplified formulae under some specific ansatz
assumptions corresponding to our applications. For simplicity, we focus on only the
static case when deriving the formulae. In the time dependent case, since we are
mostly interested in the topological information of a spatially distributed interface at
a fixed time stance, the generalizations to time dependent problems are obvious.

We note that many of our derivations are through formal asymptotics, though

more detailed and more rigorous justifications will be provided in our subsequent work
[17].

2.1. The 3-D case. Let I' be a smooth oriented compact surface in a domain
Q in R3; we note that I' is allowed to have multiple disconnected pieces. Let p be a
monotone increasing function defined from R to R with p(0) = 0. For each function
p, we take a phase field function ¢ = ¢(z) of Q as ¢(x) = p(d(z,I')) where the signed
distance function d = d(«,T") is defined to be positive inside  and negative outside
Q. The level sets of ¢ are denoted by I', = {z € Q|¢(x) = p}. In particular, we
have I' = T'y. We also define Q(a,b) = {z € Q]b < ¢(z) < a}, which forms a banded
(layered) neighborhood around the surface for b < 0 < a.

Define A(M) = Tr(Adj(M)) for a matrix M. Clearly, A(M) is the coefficient of
the linear term of the characteristic polynomial of M. In particular, for the singular
matrix M = V2d we have A(M) = A\ (M)X2(M), with A\; and Ay being the two
nonzero eigenvalues of M.

THEOREM 2.1. Using the notation above, for any monotone increasing function
p there exists b < 0 < a such that the matriz M, defined by

1

_ VIVg|* - Vo
2 /n(a—b)|[Vd|

is a singular matriz for any x € Q(a,b) and the Euler number of T' is given by
X _

(2.3) & = / A(M(x)) dx.
2 Q(a.b)

Proof. Since ¢ depends only on the distance d, and p is monotone increasing,
there exist real numbers a and b, with b < 0 < a, sufficiently close to 0 such that I',,
are close to the parallel translations of I' in the normal direction for all b < u < a,
and all I, have the same topology as I'.

Direct computation shows

2 /"
ViVd= Y0 P Gavd= 119V, p'V.dv,d.
p p p
The matrix V2d, with d = d(z,T") being the signed distance from z to the surface T,
always has a zero eigenvalue with Vd as the eigenvector. This is due to the fact that
V2d is symmetric and |Vd| = 1. On the surface T, the two other eigenvalues are actu-
ally the two principle curvatures of I' (k1 and k9 in this case). The Gaussian curvature

K is of course the product of these two eigenvalues, while the mean curvature H is



1916 QIANG DU, CHUN LIU, AND XIAOQIANG WANG

given by the mean of the two eigenvalues. Both quantities can in fact be defined and
computed on all the level sets in Q(a,b). For instance, the Gaussian curvature K can
be conveniently computed from Tr(Adj(V3d)) (the sum of the three principal 2 x 2
minors of V2d; see section 2.6 for an example in the cylindrically symmetric case).

Assuming that kjand ke remain constant along the normal directions in €', we
have

x_ 1
X2 /F Fa (2) ko () ds
! )

P~ (a)
)y PO el

(2.4) -5 /. L DT R@k(e) da
- '(d(z 2d(x T
- 50D /Q V@A D) d
R L A2 — 'Y d) da
(2.5) - 5D /Q(a’b) p’(d(m,F))A(v ¢ — p/'V;dV ;d) da.

Now, since p is monotone increasing, we have p’(d(z,T")) = |Vé(z)| and

\Y VIV¢[]? -V
(A1) = TIV6l - ) = Sg ),

Hence we get the general formula for the Euler number in three dimensions:

N 1 VIVe[2 - Vo )
26) - - A vy - YA VOG 49.6) d
@0 = T /ma,w K ( 197 Ty VioVie)

1 1
=T oy ) 0

From the definitions of M and A(M), we know that M(z) is singular for any
x € Q(a,b) in the sense that it always has a zero eigenvalue, and (2.3) holds. 0

The formula (2.3) forms the basis for our efforts to recover topological information,
in particular the Euler number.

2.2. The 2-D case.
THEOREM 2.2. If Q € RZ, with the same notation as in Theorem 2.1, for any
monotone increasing function p there exists b < 0 < a such that

! VIVe|? - Ve
27) X%(a—b)/w) <‘A‘“ e )d”

Proof. Using the same argument as above, this can be derived as follows:

1
X =g g K(z)ds
1 /
- /Q VDK@
1

- 505 /Q L, O ) do

1 VIVe[* - Vo
o “ 50 o (20 )
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Fic. 2.1. Singular 2-D cases.

>

Fic. 2.2. Singular 3-D cases.

Fic. 2.3. Singular 2-D cases. The inner intersect angles are w, 0, w/2 for cases a, b, and c,
respectively.

2.3. Cases involving singularities on the interfaces. Both Theorems 2.1
and 2.2 require that I' be a smooth oriented compact surface. However, in realistic
physical applications, we always encounter the singular cases where either the curves
or the surfaces intersect or have some sharp angles or cones. Figure 2.1 illustrates
several simple singular cases in two dimensions, while Figure 2.2 shows two singular
shapes in three dimensions.

With the possible occurrence of the singularities, we will employ the general
Gauss—Bonnet formula. In the 2-D case, suppose that the curves are piecewise smooth
with n vertices (sharp corners) and that the inner angles for each vertices are {a;,i =
1,...,n}. The Gauss—Bonnet formula reads as

QWUZ/Kd5+Z(7T_0<i) :27rx+2(7r—ai),
r i=1 i=1

where 7, the Euler—Poincaré index number, is the topological integer, the genus of
the surface [16].

We give illustrations, in Figures 2.1 and 2.3, of the values of x defined by 27y =
fr K ds in the singular cases. For configurations such as the third image in Figure
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Iy I

Fic. 2.5. By getting rid of the singular complement, T'g, I'a, and T'y have the same Euler number.

2.1, 2y = fr K ds +2(m — ). In particular, for the cases in Figure 2.3, a = 7,0, §
for the cases a, b, and c, respectively. In all of these cases, the Euler—Poincaré index
number 7 is always 2, representing the number of bubbles.

On the other hand, the value of x can be used to detect the change of topology
even with the presence of the singular cases. Again, using the example in Figure 2.3,
the Euler numbers x are 2,1, and 1.5, respectively, with the singularity being signaled
by the fractional value. We want to point out that in the first case, the Euler number
x is still equal to the Euler-Poincaré index number 7, even with the singularity.

When we consider the definition of x for the 3-D singular cases, we may also get a
fractional Euler number when singularity appears. For example, for the configuration
in the first picture of Figure 2.2, suppose that the angle of the tangent cone is «;
the Euler number can be derived from the following explicit analytic formula by
calculating the ratio between the spherical cap cut by the a-cone and the total area
of the sphere:

1 1 11
(2.9) gzﬂ/rf(ds:uﬂ(%(ksma)):§+§sma.

Finally, we discuss the validity of formulae (2.3) and (2.7) in singular cases. Figure
2.4 shows that I', seem to have (visual) topology different from that of I' for some
b<p<a.

However, in reference to Figure 2.4, because each I', has a singular vertex with
angle either a or 8 = m — «, the Euler number £ for every I', is the same as that
of T'g. Thus Theorems 2.1 and 2.2 still hold for this singular case where the Euler
number is a fractional number.

One will encounter the issue of a singular complement in the numerical simulations
of the interfaces involving singularities. This is crucial in calculating the fractional
Euler number correctly. To clarify this phenomenon, let us examine Figure 2.5.
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(91

Fi1c. 2.6. An illustration of the choice of a and b. T'g, I'q, and Ty, have the same Euler number.

Fic. 2.7. T'g, 'y have different Euler numbers.

Because of the elbow shape associated with I'y, I', has a different Euler number
from ['yg. This phenomenon, hereafter referred to as the singularity compensation,
occurs in all numerical experiments involving interfacial singularities due to the nu-
merical smoothing of the surfaces. This appears to introduce difficulties into the
application of Theorems 2.1 and 2.2. However, noticing that the elbow has very large
curvature, if a method can be designed to filter out such an elbow, the Euler num-
ber calculated for the remaining I', would remain the same as that of I'y. Such a
technique will be introduced and developed later in section 3.

2.4. Stability and autoselection of parameters. Although the proofs of
Theorems 2.1 and 2.2 are given under the condition that for every b < pu < a, I',
has the same topology as I'g, to correctly identify the Euler number, one can relax
such a condition to requiring that the Euler number of I, be the same as that of I'g.
By the analysis of section 2.3, it is desirable that the parameters a and b are chosen
to be quite different from 0. Figure 2.6 gives an illustration of such a case.

The advantage of choosing a and b some distance away from 0 is to ensure that
Q(a,b) contains plenty of grid points, which in turn makes the integration for the
Euler number more accurate and stable.

However, in general, it is not true that all the neighboring curves or surfaces
always share the same Euler number. In Figure 2.7, I'g and I';, clearly have different
Euler numbers. The largest b can be selected only where the two circles of I'y are
tangent to each other. How to choose the value of b in such situations becomes a very
relevant issue in our computation of the Euler numbers.

On the other hand, in Figure 2.7, we may notice that I', always has the same
Euler number as I'g, and a can be very different from 0. Thus the selection of a and
b may be problem dependent. In some cases, we can select the integration area to be
either ©2(0,a) or Q(b,0) in order to get the correct Euler number.
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Denote the Euler number as E(b,a), corresponding to the integration region
Q(a,b); in order to see the impact of a and b, we employ the following algorithm
in our numerical simulations.

ALGORITHM: PARAMETER AUTOSELECTION FOR a. Given a phase field function
¢ defined on region €, select a relatively far away from 0 (for instance, a = 1). Select
a tolerance number v (for instance, v = 0.1) and a small step h (we can use, as an
example, h = a/50).

e Step 1. If |[E(0,a) — E(0,a/2)| < v, exit; else set a = a — h.
e Step 2. If a < h, exit with a = 0; else loop back to Step 1.

The above algorithm is used to select the best a. A similar algorithm can be used
to select the best b. A bisection method can be adopted to make the autoselection
more efficient. The resulting ¢ and b are used to compute the correct Euler numbers.
As verified in the earlier theorems, the above algorithm is assured to terminate with
suitable a and b if the step size h and the tolerance v are chosen to be reasonably
small.

2.5. Formula simplification. The formulae given in the above discussion of
the Euler number are computable numerically, but for many practical situations they
can be further simplified if some appropriate ansatz can be taken. We now discuss
some of these simplifications.

First let us take the ansatz

(2.10) ¢ = tanh (é) =p (é) ,

which is actually an accurate description of the phase field function in many models
such as the basic Allen-Cahn (Ginzburg-Landau) equations, which are popular pro-
totype phase field models for interface and microstructure evolution. Such an ansatz
also captures well the phase field function in our energetic phase field model of the
vesicle membranes under bending elastic energy.

With such an ansatz, we have the following theorem.

THEOREM 2.3. As in Theorem 2.1, if ¢ = tanh(ﬁ) = p(ﬁ), we have the
following:
3-d case: Let

(2.11) M, =, /% (vqus + ﬁ%viwﬂa)

and A(M) be defined as before. The Euler number of T is given by

X .
(2.12) 5 = 15% A A(M (z)) dx.

2-d case: The Fuler number of I' is given by

(2.13) X = lim i/Q (—A(b + 5%((?2 - 1)¢> dzx.

e—0 47

Remark 2.4. Based on the ansatz (2.10), we have that

(2.14) p=1-p, p'=@-1p
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Hence each term in the matrix M is in fact nonsingular.
Proof. A direct calculation shows that

1 1
Vo = p'ﬁVd, Vi = p”@vidvjd +p ﬁw
and
2 2 7
vig= V2V VG g
p V2ep'

Several elementary facts are in order:
p'(x) = tanh’(¢) = 1 — tanh®(2z) = 1 = p*(z),  p"=-2p(1 —p%), p"=-2pp'.

Since Vd = v/2eV¢/p', we have

ﬂ€v2¢ p//
24 = — dVid =
v p \[evv fep +fe( p)vwﬂs
V2 9 V2e 9 2¢
_lp(v ¢+ v¢>v (;5) e <v o+ ¢2vi¢vj¢>.

Simple calculation yields that

+oo “+oo €
/ (1—¢%)%dx = \@e/m (1 — tanh?(z))2dx = 4‘? .

— 00

With sufficiently small ¢, the function ¢ goes to 1 or —1 very quickly (exponen-
tially) away from I'. Thus, we can just take a = —b = 1 with € — 0, and the matrix
in the formula (2.2) becomes

3e
M = V3¢ +
8271 < ¢

2¢
1— ¢

V¢¢Vj¢>>7

and (2.12) holds.
For the 2-D cases, by taking a similar ansatz and putting

Vol = (1 - 67)?

into formula (2.7), we finally have (2.13). a
More simplifications can be made for problems where periodic boundary condi-
tions are used, since fQ A¢ = 0; the above formula can be further simplified to

1
4me?

(2.15) X~ /Q(¢2 —1)¢ dz.

The above formula can be compared with the formula (2.7) (with a = —b = 1) applied

to the periodic boundary condition case:
_ 1 [ VIVg]*-V¢
Tar o 24P

_ 1 2
(2.16) = 8—%/(2A¢ln|v¢| dx,

1
=—/v1n|v¢|2-v¢>dx
87T Q
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where we need only p being monotone from —1 to 1 in 2 instead of being a strictly
tanh function.

The previous formula (2.15) has no derivative terms, while the latter one in (2.16)
involves no bulk part.

We note that the approximations in (2.12), (2.13), and (2.15) are of spectral
accuracy with € — 0.

Remark 2.5. We note that it is possible to get simplified formulae of other types
with the ansatz (2.10). For instance, in the 3-D case, let

(2.17) N5 (6) = %

Then, the Euler number of the surface I' in the phase field formulation can also be
given by

(1= ¢*) V20 +20V,;6V;0) .

X . ~
(2.18) 3 = liny | AQI(6) dr.

Note that the change of the constant factors in front of the matrices in (2.11) and (2.17)
are due to the use of different weight functions (1 — tanh?®(z))? and (1 — tanh?(z))*
in the derivation.

2.6. Formulae for cylindrically symmetric membranes. In [19], we have
used the energetic phase field models to compute 3-D vesicle membranes minimizing
the bending elastic energy. The numerical examples are for cylindrically symmet-
ric membranes with various different topologies. We now present the Euler number
computation in such situations.

In the numerical simulations given in [19], where ¢(z) — tanh(4Z)

V2e
the conventional cylindrical coordinates (r, 6, z) are used. Suppose that the membrane

is rotationally invariant with respect to the z-axis, i.e., ¢ = ¢(z,1,60) = ¢(z,7); then

)ase— 0,

0.9 (0:¢0)* 0.40.¢ 0
(2'19) Vo = 09 , V1¢VJ¢ = 0,90, ¢ (8r¢)2 0 s
0 0 0 0

and

2.0 026 0
(2.20) Vip=| 929 929 O
0 0 10.¢

If we substitute (2.19) and (2.20) into (2.11), we have that

.0+ 125:(0:0)° 02,0+ 1252 0:00,6 0
M=\ | o+ 250.00.0 o+ 25(0:0)> 0
0 0 10,¢

Hence F', the sum of the determinants of all principal 2 x 2 minors, is equal to

2¢
1—¢2

_ 3e
B 8/ 2mr

(221)  F(rn2) o6 {632¢ Lo+ 22 [(0.0) + (a,.¢)2]} ,
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~ //27T7"F(7‘7 z) drdz

3e 2 2 2¢ 2 2
4ﬁ//3r¢{3zz¢+3w¢+ o [(0:0)° + (0r0) ]} drdz

_ s % oo
(2.22) ~ 4\/§//8T¢{A¢+ 1_¢2\V¢| } drdz,

where the operators V and A are taken in the r-z plane.
If we do not take the ansatz ¢ = tanh(ﬁ), but simply take (2.19) and (2.20)

into the formula (2.2), we get a similar formula in the more general case:

and

B[ <

~
~

x__ b 11 2 2, VIVO?- Vo 2 2 }
2 " 4r(a—b) /Q(a,b),.ww {8zz¢+8w¢ oy L0:0)° + (00)] ¢ da,

or

1 ] V|V¢|2~V¢}
. x_ b 2 o lng - VA VoL 4y,
@2) ST / /ma,b) ZIK ¢{ T S

We remark here that in the 3-D cylindrically symmetric case, the two curvatures
can be calculated by

VIV -V
O
2.25 ko = ——
229 Vel

respectively. One can also use them to derive the formula for the Euler number
directly.
Using the partial derivatives, (2.23) can be written as

X _ // 0,9 (07,0(0-0)* + 92,6(9,¢)* — 28’r‘¢8z¢83z¢)
2 Q(a.b) 2(a — b)((9,0)% + (0:9)%)*

Using the difference approximation as described in [19], the above integrals can
be readily evaluated numerically on a spatial grid.

drdz.

(2.26)

3. Numerical realizations. In section 2, various formulae were presented for
calculating the Euler number in two and three dimensions under different kinds of
conditions. In general, we can apply finite difference or spectral methods directly to
those formulae to calculate the Euler number. However, as discussed in section 2.3,
the singular cases often happen in the process with topology changes, such as surface
entanglement. When we apply the Euler number formulae to those singular cases, the
numerical values at the singular vertices are always very large, which make the final
results inaccurate.

Figure 3.1 illustrates a 3-D singular case. The right-most panel shows the func-
tion F(r,z) in formula (2.21) with the r and z coordinates. From the right-most
graph, we see the numerical value may even go up to 10,000. If the Euler number
is calculated directly by formula (2.23), although the theoretical value for this shape
is 0.7500, we get 1.0671 which is close to the value 1, the Euler number of a sphere.
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Fic. 3.1. Singular values at the singular vertex. From left to right: the 3-D picture, the 2-D
azis symmetrical r-z planar section, and the singular value around the singular vertex.

This phenomenon is due to the so-called singularity compensation discussed earlier.
Because of the finite discrete grid adopted in the numerical scheme, the curvature
value at a singular vertex is always regularized from oo to a finite number. And in
our case, such a change to the finite number provides certain compensation to the total
FEuler number, which can be viewed as putting a small elbow with a large curvature
to complement the shape so that the singular shape changes to a regular shape.

A simple but effective way for getting rid of this singularity compensation is to
avoid integrating over those singular vertices which are easy to detect, because the
numerical values of the integrand at those locations are very big relative to other
points. From the formula (2.4), we know that

1

A(M(x)) = Tra=D)

p'(d(x,T)) K (x),

where K(z) is the Gaussian curvature at a point z. If p(x) = tanh(z/(v/2¢)),
P(d(2,T) = (1 — p2(d(z,T)))/(2e), then
1

|A(M (2))| < mf{(@

In most cases, it is easy to estimate the possible largest Gaussian curvature value. In
the phase field models, the radius of the smallest ball should be at least larger than the
band width e. Thus it is natural to choose K < 1/¢? for the regular points and regard
the singular points as those satisfying the condition A(M (z)) > 1/(4€3v/2n(a — b)).

We verify the above argument using the examples shown in Figure 3.2, which
represent the same cylindrically symmetric membrane with a singularity at the upper
tip whose Euler number can be calculated by formula (2.26). By excluding the singular
points with A(M(x)) > 200, based on a 100 x 200 grid with h = 0.01, ¢ = 2h = 0.02,
and a = %, the computed Euler number we get is 0.7498, which is a very good
approximation of the theoretical value 0.7500 obtained from formula (2.9). For a =
7, the computed Euler number 0.8534 is again an accurate approximation of the
theoretical value 0.8536.

In the following section, we apply this technique to all our experiments.

4. Applications to some phase field models. In this section, we present
two applications of the Euler number developed in the earlier sections for general
phase field models. The special examples include the deformation of vesicle mem-
brane configurations minimizing the bending elastic energy and the coarsening of two
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Fic. 3.2. A special cylindrically symmetric membrane with a singular point.

Newtonian bubbles in another Newtonian fluid. We expect that our formula can be
equally applied to other more complicated and physical examples involving the phase
field models as well.

4.1. The model for membranes minimizing the bending elastic energy.
We now consider the problem of minimizing the bending elastic energy:

k
(41) Eelastic = / 7H2 dS,
r2

with area and volume constraints. Here, H = (k; + k2)/2 is the mean curvature of
the membrane surface, with k1 and ko as the principal curvatures. k is the bending
rigidity, which can depend on the local heterogeneous concentration of the species
(such as protein molecules on the blood cells).

The energetic phase field model studied in [19] is given by the solution of the
following modified elastic energy:

2

k
e dx.

(42) Wi = [ 5

As e is taken asymptotically to zero, the minimum of the energy W approaches the
original energy (4.1). Moreover, at least when the membrane T', viewed as a surface
in €, is regular enough, we have

NG~ 5 (¢? -~ 1o

d(z,T)
V2e

approximately satisfied for all x € Q. Here, d = d(z,I") is the distance of the point
x € Q to the surface I'. Furthermore, the functional

(4.4) A:/Qgi)(x) dx

goes to the difference of interior volume and exterior volume, and the function

(4.5) B= /Q Dwﬁ + i(ff - 1)2} dz

(4.3) $(x)= tanh ( ) + O(€%)

approaches 2v/2 area(I") /3, or about 0.94 times the area of I'. We note that for energy
minimizing functions,

€ 24 l 2 1\2
/92\v¢| d%/946<¢ 1)2 da.
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F1G. 4.1. Deformation of a gourd (top) and a torus (bottom) with areas at 5.834, 6.258, 6.682,
and 7.000. Pictures are displayed in different scales for best view.

Thus, it is also convenient to take

B:/6|V¢|2dm
Q

as the constraint for numerical purposes. For a more detailed asymptotic analysis and
a more rigorous convergence analysis, including the convergence of the Euler Lagrange
equation, we refer to our subsequent work [17].

It has come to our attention recently that the unconstrained variational approach
of using (4.2) to approximate the 2-D Willmore functional (4.1) was also previously
used, by the name of a relaxed formulation, in the application of image inpainting (see
[23, 10, 32] and the references cited therein). This relaxed formulation was motivated
by the I'-convergence framework of De Giorgi [14] (see also [32]) for general variational
problems, although the convergence of such a formulation remains to be rigorously
justified.

The numerical simulations in [19] were aimed at the study of the minimizers of
the elastic energy W (¢) under given surface area and volume. By scaling invariance,
the volume can be fixed to be a constant, while the area is changed continuously to
probe the energy landscape. A set of bubble shapes was discovered, and topological
changes were observed along the way only when the configurations were visualized.
Our objective here is to show that the Euler number formula (2.26) can be used as
an effective tool to automatically detect the topological changes.

The detailed numerical algorithms and numerical simulations of the branches of
membrane shape deformations have been presented in [19].

Figure 4.1 shows the deformation of a gourd (the first row, computed with a
40 x 375 grid and € = 1.5h = 0.03) and a torus (the second row, 100 x 100 grid,
e = 1.5h = 0.03) with increasing surface areas, with volumes fixed at 1.1000. The
gourd becomes thinner, and the torus moves further away from its axis. It is obvious
that there is no topological change for both the gourd and the torus. This can be seen
from the graph of the Euler numbers (Figure 4.2) with the value being kept at 1 for
the gourd and 0 for the torus. On the other hand, in the same figure, the graphs of
their energy are two intersecting curves, which illustrates the existence of two shapes
with totally different topologies but the same energy.
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F1G. 4.2. The energy (left) and the computed Euler number (right) of gourd and torus shapes.

Fic. 4.3. Deformation of a shell to a pitomba, a bangle, a torus, a longan and finally a ball
(cross section view) with areas valued at 9.811, 9.546, 8.485, 6.894, 6.364, 5.515, 5.303, and 5.091.

In the next set of numerical simulations, a rectangular domain with a 100 x 200
Cartesian grid, with h = 0.01, is used and ¢ = 2h = 0.02. Figure 4.3 shows the
shape deformations with a decreasing area from 11.2960 to 5.0912 while fixing the
volume at 1.1000. The left picture in Figure 4.4 shows the corresponding change of
the bending energy with different surface areas. Good resolutions of the interfaces
based on the above choices of the computational grid and the parameter values have
been demonstrated in [19] for such a solution branch.

In the whole energy minimizing process, the shape always jumps from one branch
to another, which results in a discontinuous energy curve. Here the shape of the
vesicle changes from a shell to a bangle (with no obvious energy jump), then to a
torus (with a noticeable energy jump at the surface area 3 = 6.6822), then a longan
(with an energy jump at around § = 5.3563), and finally to a spherical ball (an energy
jump at around [ = 5.1442). There are three topological changes during the shape
deformation: (1) from shell to a bangle, (2) from torus to a longan, and (3) from
longan to a spherical ball. The energy can hardly detect the change from shell to
bangle, despite the occurrence of the topology change.

The right picture in Figure 4.4 shows the change of the computed Euler numbers.
The graph has exactly three jumps corresponding to the three topological changes.
We can see the corresponding Euler numbers 2, 0, 2, and 1 for shell, torus, longan,
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et

FiGc. 4.4. The energy (left) and the computed Euler number (right) for the deformation of a
shell shape with decreasing area.

and ball shapes, respectively.

The calculation of the Euler numbers used the autoselection algorithm for the
best parameters a and b. Observing the second, third, and sixth graphs of Figure 4.3
carefully, it is not hard to understand why we need such an algorithm here, based
on the theory stated in section 2.4. As different shapes have different best values of
a and b, we thus have different integration areas for the Euler numbers. It may be
noticeable that some values are not exactly 0 when the vesicle surface area belongs to
the interval [5.3,9.8]. Such small errors are mainly due to the approximation errors
of the finite difference scheme and the integration scheme. Fortunately, those errors
are always sufficiently small (less than 0.1 in this case) to be distinguishable from the
Euler number jumps, which are at least 1. This makes our method very stable and
sensitive in detecting the topology changes.

In summary, the above experiments demonstrate that our formula for the Euler
number can be successfully used to retrieve topological information and to capture
topological events. Of course, the Euler number alone does not completely determine
the topology of the interface.

4.2. The phase field model of fluid bubble motion. In the study of the
coarsening of the Newtonian bubbles in another Newtonian fluid, the following 2-D
simple problem has been considered:

%+(U-V)u—yV~D(u)+Vp+)\v'(V¢@V¢):07 (z,1) € Qr,
(4.6) Vou=0, (2,t)€Qr,
O V)6 AABG+ (6) =0, (a0) € Qr,

with the initial values u(x,0) = ug(x), d(z,0) = do(x) and periodic boundary condi-
tions. Here f(¢) = (1 — ¢?)¢/e?, D(u) = (Vu+ (Vu)T)/2, V¢ © V¢ is the induced
elastic tensor, with the (j, k)th entry being 0,,¢0,, ¢. The above equations have been
used in [28] to analyze the motion of bubbles in a Newtonian fluid. These phase field
models are also very similar to the liquid crystal model studied in [20, 27, 29].

The above simple system was used to study the free interface motion under the
surface tension in the mixture of two Newtonian fluids with the same density and
viscosity constants [1, 2, 3, 4, 5, 15, 21, 25, 26, 28, 30, 31, 33, 36, 40]. The system



RETRIEVING TOPOLOGICAL INFORMATION 1929

Fic. 4.5. Deformation of two bubbles in a Newtonian fluid with the time valued at 0.00, 0.10,
0.18, 0.22, 0.24, 0.28.

satisfies the following energy law:

(4.7)

d [ [1 A
dt Jq {2u|2 + 51Vl + AF(¢>} do =~ /Q{VWUIQ +ANV(AG — ()2} da.

Moreover, the whole system can be viewed as the approximation of the classical sharp
interface model with the kinematic and traction-free boundary condition on the free
interface [28]. As the transition width e approaches zero, the induced bulk elastic
stress term converges to the corresponding surface tension.

To test our formula for computing the Euler number, we solve the above system
in two space dimensions via a spectral spatial discretization coupled with a second
order semi-implicit-in-time scheme for ¢ and a semi-implicit projection scheme for the
Navier—Stokes equations, such as those in [20, 28].

Figure 4.5 shows a special example of the deformation of two Newtonian bubbles
in another Newtonian fluid. In this experiment, we take the 128 x 128 grid, period
boundary condition on area [0, 27] x [0, 2], and € = 2.5h = 0.1227, A = 10.0, v = 3.0,
v = 1.0. In the simulation, the larger bubble grows at the expense of the shrinkage of
the smaller one. In fact, the smaller bubble dissolves into the fluid, while the bigger
bubble absorbs from the fluid, similar to the well-known Oswald ripening effects (due
to the Cahn—Hillard effect of the phase equation in (4.6)). The total volume of these
two bubbles remains constant in time.

The topology change in this simulation can be characterized by the Euler number
of the whole configuration. At the beginning, the Euler number of the configuration
with the two bubbles is 2. And finally, after the smaller bubble is totally absorbed by
the larger bubble, the Euler number of the bubble configuration becomes 1. Figure
4.6 shows the sharp change in the Euler number in this procedure using the formula
(2.16).
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Euler rumber

Fic. 4.6. A plot of the Euler number in time with the annihilation of the small bubble.

5. Conclusion. While an important advantage of phase field modeling of the
interface variation and the interfacial motion is its ability to handle the change of
interface topologies in natural and physically meaningful ways, it has also come to
our attention that in many practical problems, useful topological information may be
needed, and the effective control of the topological transformations may be impor-
tant. In this paper, mechanisms to retrieve relevant topological information based
on the phase field formulations are discussed. In particular, some robust formulae
for computing a generalized Euler number of the interface are proposed based on the
phase field order parameter ¢. Using a special ansatz, we also get further simplified
formulae. For smooth interfaces, our formulae give desired quantized characterization
of the interface genus. When passing through singularities, they give fractional values
that generalize the notion of the genus.

As a demonstration, numerical experiments are performed for the cases of a static
deformation of a 3-D axial symmetric membrane as well as a time dependent annihi-
lation of fluid bubbles in 2-D space. The experimental results show that the proposed
methods for computing the Euler number are very effective and robust in detecting
the topological changes. The ideas presented in this paper are very natural and easy
to implement for other phase field models and may also be equally applicable to other
simulation methods for free boundary and interface problems including the standard
level set methods. Rigorous analysis of the formulae derived here based on formal
asymptotic analysis are currently underway [17]. We are also working on the prob-
lem of taking the Euler number as a constraint within the phase field framework to
study and analyze mechanisms in a physical system for controlling and preventing
topological changes, should they become desirable.
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