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Analysis of a mixed finite-volume discretization of fourth-order equations
on general surfaces

QIANG Dut
Department of Mathematics, Pennsylvania State University, University Park, PA 16802, USA

AND

Litt Jut AND LI TIANS
Department of Mathematics, University of South Carolina, Columbia, SC 29208, USA

[Received on 5 July 2007; revised on 3 March 2008]

In this paper, we study a finite-volume method for the numerical solution of a model fourth-order partial
differential equation defined on a smooth surface. The discretization is done via a surface mesh consisting
of piecewise planar triangles and its dual surface polygonal tessellation. We provide an error estimate for
the approximate solution under thel-norm on general regular meshes. Numerical experiments are
carried out on various sample surfaces to verify the theoretical results. In addition, when the underlying
mesh is constructed by the so-called constrained centroidal Voronoi meshes, we propose a humerically
demonstrated superconvergent scheme to compute gradients more accurately.
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1. Introduction

In this paper, we consider the numerical solution of some fourth-order partial differential equations
(PDEs) defined on arbitrary surfaces or 2D Riemannian manifolds. PDEs of order four and higher have
appeared in the mathematical models of many application problems, e.g. those related to the surface
diffusion, chemical coating, cell membrane deformation, biomedical imaging and computer graphics
(Bertalmioet al,, 2001, Bertozziet al., 2007, Bloor & Wilson, 200Q Clarenzet al., 200Q Du et al,, 2004

Feng & Klug 2006 Greeret al, 2006 Grinspunet al., 2006 Myers et al,, 2002 Stam 2003 Toga

1998. In fact, since the computation of surface curvatures is related to the second-order derivatives
of the surface parameterization, the variation of curvature-dependent interfacial energies (such as the
bending elasticity energy) leads naturally to equilibrium conditions that are in the form of PDEs of
fourth order or higher.

Motivated by the wide range of applications, various discretization techniques for fourth-order PDESs
on surfaces have been developed that include direct discretizations on surface meshes based on finite-
element methods, discrete geometric calculus or discretizations via level set and phase-field techniques
for implicitly defined surfacesBajaj & Xu, 2003 Bertalmioet al, 200% Du et al, 2004 Dziuk &

Elliot, 2007h Feng & Klug 2006 Greeret al, 2006 Grinspunet al, 2006 Huiskamp 1991 Meyer
et al, 2003 Ratz & Voigt, 2006 Smereka2003 Xu et al, 2006 Xu & Zhao, 2003. Meanwhile,
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finite-volume methods have also been extensively studied for the numerical solution of PDEs due to
their discrete conservation properties; see for instaBeek & Rose(1987), Barangeret al. (1996,
Cai et al. (1997, Chouet al. (1998, Chou & Li (2000, Coudere et al. (2007, Croisille (2000,
Droniou & Eymard(2006, Du & Ju (2005, Ewing et al. (2000, Eymardet al. (2006, Gallowét et al.
(2000, Lazarovet al. (1996, Li et al. (2000, Morton & Suli (1997), Nicolaides(1992 and Thomas &
Trujillo (1999. Though many theoretical investigations have focused on finite-volume methods for first-
and second-order PDEs, there is relatively little discussion on the analysis of finite-volume methods
applied to higher-order PDE&i(et al, 200Q Wang 2004, especially for high-order PDEs defined on
general surfaces. Due to the lack of a comprehensive theoretical study, there have often been concerns
that direct discretizations of high-order PDEs based on surface triangulations may require tremendous
computational effort for varying geometries and it is not clear how higher-order geometric characteristics
such as the derivatives of curvatures are to be well represented on triangulated s&tiages 2006
Greeret al, 2006 Huiskamp 1991). The study presented in this paper is aimed at filling in such a gap
by considering a finite-volume method based on the primal-dual meshes for the numerical solution of
some linear fourth-order elliptic equations defined on smooth surfaces.

For an open bounde@k-“-hypersurfaces in R3 (Dziuk, 1988 Hebey 2000 with k € N U {0}
and 0< a < 1, it may be represented globally by some oriented distance function (level set function)
d = d(x) defined in some open subs@tof R3 such thatS = {x € 2|d(x) = 0} withd € C** and
Vd # 0in Q. The unit outward normai(x) = (n1(x), n2(x), n3(x)) to the surfaces (with increasing
d) at x is given byn(x) = Vd(x)/|Vd(x)|, where| - | denotes the Euclidean norm a¥ddenotes
the standard gradient operator®¥. Without loss of generality, we assume th&d| = 1 in Q. Let
Vs = (Vs,1, Vs .2, Vs 3) = V—(i- V)i denote the tangential (surface) gradient operatorang Vs- Vs
be the so-called Laplace—Beltrami operatorSon

In this paper, we consider the case tBatas no boundary, i.€S = ¢, to avoid technical com-
plications in the presentation (féiS #£ @, the analysis has no essential difference if suitable boundary
conditions are chosen). As an illustration of more general settings, we focus on the numerical study of
the following classical fourth-order elliptic problem defined®in

As(@(X)Asu(X)) + bX)ux) = f(x) V¥YxeS (1.1)

We assume that the surfaean be discretized via a surface mesh consisting of piecewise planar trian-
gles and its dual piecewise surface polygons. Assumptions on the coeffecemd and the right-hand
side f are specified later. The model equatidnly is much simpler than many high-order PDEs asso-
ciated with various applications which may be nonlinear and whose solutions may be coupled with the
way in which the surfac& is defined or is evolving. It nevertheless provides a good starting point to
illustrate the error contributions from the approximations of the surfaces and PDEs with high-order sur-
face derivatives. By adopting a second-order splitting, we construct a finite-volume discretization of the
above equation and provide an optimal order error estimate for the approximate solution uridér the
norm. In addition, we also propose a scheme to compute gradients, which is shown through numerical
examples to display superconvergence when the underlying mesh is given by the so-called constrained
centroidal Voronoi meshes. Such meshes and their practical constructions have been extensively studied
in Du et al. (2003. Thus, our study here serves as a justification of the feasibility and optimality of
finite-volume-based approximations of high-order PDEs defined on general surfaces. Numerical tests
are also provided to validate the theoretical analysis and offer hints on the practical performance of the
finite-volume schemes.

The paper is organized as follows: we first discuss the problem formulation in S&gtiben
we discuss the mixed finite-volume discretization in SecBofthe H1-error analysis is presented in
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Sectiord, and the surface mesh construction and gradient recovery are discussed in Sédtimerical
examples and final conclusions are given in Sect®basd?7.

2. Problem formulation

First, we uselP(S), W™P(S) andH™(S) = W™2(S) to denote the standard Sobolev spaceSoi

is customary to assume thiat- « > 1 andk + a > mto make the spacel™(S) well defined Hebey
2000. We further assume th&tis sufficiently smooth (say, of the cla€¥) to avoid technical compli-
cations. In order to analyse the probleinlj rigorously, the following conditions on the regularity of
the coefficients are always assumed.

AsSSUMPTION2.1 The coefficients ofl(1) satisfy the conditions that € W2>°(S), b ¢ WL>(S),
with a(x) >a1>0,b(X) > a» > Oforx € Sand f € L2(S).

By introducing a new functiom = —aAsu, the problem 1.1) then can be reduced to a problem
represented by two second-order equations:

—Asu(X) —av(x) =0,

(2.1)
—Asv(X) + bX)u(x) = f(x),

whered(x) = 1/a(x) is also inW%>(S). Such a reduction is naturally reminiscent of the reduction of
a second-order equation to first-order systems which, in the finite-volume setting, leads to the methods
studied byChouet al. (1998, Croisille (2000, Droniou & Eymard(2006, Eymardet al. (200§ and
Thomas & Trujillo (1999 and the references cited therein.

For anyu, » € H2(S), let us define the bilinear functional such that

A(u,v) = / Vsu(x) - Vso(X)ds.
s
We say thatu, v) € H1(S) x H1(S) is a weak solution of2.1) if and only if for anyy, ¢ € H(S),

A(U, l//) - (él), l//)S = Oa (22)
A(D’ ¢) + (bu’ ¢)S == (f’ ¢)S:

where

(w0, $)s = /S ()P

for anyw e L2(S). First, we state some results on the well posedness in the following theorem.

THEOREM 2.2 Under AssumptioR.1, there exists a generic constant- 0 such that for everyf €
L2(S), there exists a unique solutign, v) € H2(S) x H2(S) for (2.1), and(u, v) satisfies the following
estimate:

IUllhzes) + lollnz) < cll flizs). (2.3)

The existence of a weak solutienin H2(S) and itsH?-bound can be proved using the standard
Lax—Milgram theorem and the Sobolev embedding results for spaces defined on a compact manifold
(Hebey 2000. The bound on can then be derived from regularity estimates for second-order elliptic
equations, as those corresponding2@), on the manifolds (Aubin, 1982.
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3. Mixed finite-volume discretization

We now present a mixed finite-volume discretization bfl). To make the notation simple, we now
summarize some definitions that are used later. More precise definitions are to be found in the rest of
the section.

3.1 Meshes and discrete spaces

Denote7 = {Ti}™, and7" = {T,"}™, to be the curved and planar triangulations of the surfice
and its piecewise polygonal approximatish, respectively. As defined later, these triangulations are
related to each other by a lift mapfrom S" to S; K andk" are the corresponding dual the tessellations
of SandS"; ¢/ andV denote piecewise linear and piecewise constant function spaces defined on the
triangulationS" and the tessellatiokl", respectivelyy7, and/Z, are interpolation operators int6and
V, respectively, whilery andz, are the counterparts onto the pair of spaces induced byd) on
Sthrough the liftZ; P, andP are some projection operators a:ztdA(h3 and Ag denote some bilinear
forms, with the subscript G symbolizing the use of Green'’s formula in the definition.

For the smooth surfac® we may assume that there is a strip (‘band’)

U={xe Q|distx,S) < d}

arounds for some sufficiently smald > 0 such that there is a locally unique decompositior=
p(x) + d(x)n(x) for anyx € U, wherep(x) € S, d(x) is the signed distance ®andn(x) denotes the
unit outward normal o6 atp(x). The parametes may be determined via the surface curvatureésig
sufficiently smooth. Then a functiandefined orfs can be extended uniquely in the strip by

UX) =u(Xx) =ux—dxn(x) VvxeU.

Let S be approximated by a sequence of continuous piecewise linear cof@BlexU} which con-
sists of a sequence of regular triangulati¢fs = {Tih}im:l} with h \y 0 denoting the mesh parameter.
In order to avoid global double covering, we further assume that for eachyeir there is at most
one pointx € S" such thap(x) =y, as suggested iDziuk & Elliot (20078. Each7™ contains vertices
{xi}j_,onS(.e. {x}', c SN S); see Fig (left). Clearly,S" is globally of the clas€%1. We use
m(-) to denote the area for planar regions or the length for arcs and segments.

We assume that" satisfies the following mesh regularity condition:

c1th? < m(TM) < eh?, (3.1)

whereh is the mesh parameter (size) f6f' andc; andc, are some positive constants independent of
h. By the uniqueness of the vector decomposition discussed above, we Hefingp(x) € S|X € Tih}
and let7 = {T;}";, thenS= U, Ti.

Let Vs, = (Vs,.1, Vay,2, Vsn,3) = V — fin(fh - V) be the tangential gradient operator 8h where
Ah(X) = (Nh1(X), Nh2(X), Nh3(X)) is the unit outward normal t8". Sincenp, is constant on each planar
triangIeTih, Vs, needs only to be locally defined as a 2D gradient operator on the plane fomTéU by
and the Sobolev spat&™ P(S") is well defined fom < 1.

We take a strategy similar to that adoptediniuk (1988 andDziuk & Elliot (20073 to solve the
equation numerically o8" instead ofS. We will directly discretize 2.1) (the mixed form) instead of
the original problemX.1) using a finite-volume methodChou & Li, 200Q Li et al, 2000 (also called
a finite-volume element method; see for instarCaiet al,, 1991 Ewing et al,, 2000 Wu & Li, 2003.
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FiG. 1. Approximate mesh surface and the control volume.

To compare the discrete solution 8/ with the continuous exact solution & we lift a functionU
defined orS" to Sby

L:U > u=LU), whereuly) =U@Ppiy) VyeS; (3.2)

i.e.U(X) = u(p(x)) = u(x — d(x)f(x)) for x € S".

Before discussing the discretization scheme, we first project the coefficients and theldatel f
in (2.1) from SontoS" by A = £71(8), B = £71(b) andF = £~1(f). SinceSis sufficiently smooth,
itis easy to find thal\, B € W-°(T,") andF € L?(T,") for any T." € 7" and

“A”WLOO(Tih) < cillallwreos), |l B”wl,oo(‘rih) < C2||b||W1’°O(S)

for some positive constantg, ¢, > O.
Let be the space of continuous piecewise linear polynomia8"amith respect to7 :

U= [Uh e CoS") | UMln e IP’l(Tih)},

wherePy (D) denotes the space of polynomials of degree not largerktanany planar domaib. It
is easy to see that ¢ H(S") and forUM e &, we havevg, UM constant on each triangle" e 7M. A
dual tessellation of " on S" can be defined as seen in Figright). For each vertex;, let yj = {is}gll
be the set of indices of its neighboul®; i i;,, (Whereisi1 = i1 if s = m;) be the centroid of the
triangIeAxixijxin and IetMi,ij be the midpointof XiXi; forij e yxi. Let Kih = Uije){i Qiijijr
WhereQi,ij,ij+l denotes the polygonal region boundedxpyMi,ij, Qiijija and Miji; - In general,
Kih is only piecewise planar and we define its projectionSdoy K; = {p(x) € S| x € Kih}. Leto
denote the set of indices of all the verticesdF; thenkC = {Kilies andkh = {Kih}ieg may be viewed
as dual tessellations &= (J, Ti andS" = U, Tih. In the remain of this paper, for simplicity, we
will let ij meani(j_1y modmi)+1 if ] > mj whenij € y; (xij is a neighbour vertex of;); otherwisej |
will meani(j—1) moda)+1 if j > 3 whenx;; is a vertex OfTM = AXi, Xi,Xis.-
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Denote byl the space of grid functions & with respect tac":
Y= {rh | Py e IP’O(Kih)] .
A set of basis functionss’/ih}ie,, of V is given by

1, xeKM,

00 {o, xe S — K

3.2 Adiscrete bilinear form and the finite-volume scheme

For anyg" € V andU e HY(S") with U|;n € H2(T") for any " e 77, let us define the bilinear
functional A}, as

ALU, oM =" ghAR U, ¥,

ieo

whereg!" = ¢"(x;) and

AR, ¥ = —/aKh VU () - fien

=— Z VShU(X)'ﬁKih dyn

ijexi Fivij»ij+1

with Lijij = aKih N AX Xij Xij,q = Mii; Qi,ij,ij+1Mi,ij+1 andﬁK_h denoting the outward unit normal
of 6Kih. Then, themixed finite-volume discretizatidior the fourth-order equationl(l) is given as
follows: find (UM, V") € U x U such that

Ah Uh, hy _ Avh’ h =0
[ :( "4 ) ( 4 )Sn Vl,yh,qﬁh eV, (3.3)
ARV, M) + (BUN, ¢M)g, = (F, ¢Ms,

where

U Ws, = [ UCOW00) d
for anyU andW in L2(S").

3.3 A mass-lumping scheme
In the practical implementation, we first note tht is piecewise linear 08" with respect to7 and
Vs,U h'is constant on each trianghex; Xi; Xij - Defining

1 ~ 1 1
(k™) /Kih A(X)ds,, B = (k) o B(x)ds,, F = <) /Kih F(x) dsq

Ai:
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as averages oveKih, we then use the following approximations:

AV, e, = [ A0V 00u" 00ds ~ 3 mKDAV v

iec

(BU", "), = [ BOOU 004" 09dsn ~ 3 m(KDB U,

ieo

(.8 = [ FO0" 0008 ~ " kD)ol

ieo
whereV" = VP (x;) andu" = U"(x;). Additionally,

AU M ="yl AR UN, M

iec

and with some careful calculatiorisi (et al., 2000, we can find that

Ag(uh’ lPih) =" Z [qil,ijaim (Uir} - Uih) + qiz,ij,ij+1 (UiTH - Uih)]

ijexi

=— Z Pi,i; (Uir; _Uih)’
ijexi

. _ql 2
wherep; i =i T 9 and

Pj+1
k _ 1 k=11, 12 Ky _ oy |2
kit = Em (o) (DF gy =+ ¥ i, =]

+ [xi; _Xij+1|2)a k=12,

are constants depending only on the geometry of the surface trianguldtion
With the numerical integration discussed above, we may transfdr8 to the following linear
system: for ali € o,

= % pi; (U -UM) -mkP AV =0,
i€z (3.4)
- > i (U= W)+ mKMBIU = m(KMF.

ljexi

REMARK 3.1 In this paper, we only analyse the error of the finite-volume approximadi@n The
above mass-lumped integration ru84) turns out to be very effective in practical implementations, as
demonstrated by our numerical experiments. The analysis given below can be generalizéd o

as inDu & Ju (2005, more stringent regularity assumptions on the data and the exact solution would be
required.
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3.4 Some technical lemmas

Let us define some discrete inner products and norms associated Wigind a particular triangle
TN = Axi,xi,Xi, € T" as follows:

uh, vh)Th—-m(Th) ZU i) VP (i) ], WV = Z (uh,vh)Tih,
j=1 TheTh

= UM UM, UM = OV Ul UM, = oy A
TheTh

Juhy2

oTh T LTh

and[[U" 13 4 = (U, UMz, IUNN2 1 = IUNS 1 + UM e
Thanks to the fact tha®j,j,i, is chosen to be the centroid ofxi, Xi, X5, we also havel( et al,
2000

UM 0 = P UM = D mKH U x0)2.

ieo

As the norms are defined locally on piecewise planar triangles, the following technical lemma is a
trivial generalization of the same result giverLinet al. (2000.

LEMMA 3.2 There exist some generic constantsc, > 0 such that for any heu,
callUM g7 < IV L2en) < c2llUM g7,
UM 70 < IV aeny < 2l UMy 7o

ForanyU e C%(S"), denote byi7,(U) the interpolation ob) ontol/ and byI7, (U) the interpolation
ontoV;i.e. Illy(U) e U, 11,(U) € ¥V and

My (U)(Xi) = U (xi) = 11, (U)(x)

foralli € o. Then we have the following classic approximation results.

LEMMA 3.3 IfU e H2(Tih) for all 'I'ih e TN, then there exist some generic constantx,; > 0 such
that for any'l'ih eT",

v — HU(U)”LZ(T ) +hjU — HU(U)”HI(Th) Clh ||U||H2(-|-h),

IU = uU)ll 2y < CohlIU sy

The symmetry of the bilinear formg(-, I1,(-)) inU x U can be verified as follows.

LEMMA 3.4 Foranyu", V" e iy,

AR, 11, (V) = / VU™ Ve VP dsy = AL(V", 17,(UM)).
S
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Proof. Let'I'ih = AXj, Xi,Xiy; then we have

AGUN, 1, (VM) =D VAR Un, v

ieo

> > vih/ Ve, UN(x) - figh d7h

icoijey Lijija

Z 'J/ V%Uh(x) ' ﬁKir} o

TheTh j=1

Note that eacFI'ih can be regarded as a triangle in thyplane with some suitable affine mapping
andVg, as the standard 2D gradient operator. Then noticing that the resultfretral. (200Q Theorem
3.2.1, p. 125) remains valid even though there are jumps in the normals between adjacent triangles, we
may apply it to get

ARU", T, (VM) = D m(Th (vsnuhhih-vsnvhhih):Lv%uh.v%vhd%,
TiheTh

which gives us the desired conclusion. O

Note that the result of the above lemma is in fact a statement on the interesting connection between
the finite-volume and the standard linear finite-element discretizations of the surface Laplace—Beltrami
operator. From the proof of the lemma, we also see the following.

PROPOSITION3.5 ForamyU" e i/,
ARU", 17,(UM) = U -
The following lemma shows the eqU|vaIence||0f||L2(Sh) and(-, 7, (-))s, on!U.

LEMMA 3.6 Letr(x) be a function defined o8 with r € W-2°(S) andr (x) > « for some constant
a > 0. LetR = £71(r). Then, there exist some generic constanis, > 0 such that

C1lUMZ 5 gy < (RUM TT,(UM)g, < CallU"1F g,
for anyU" e i/ whenh is sufficiently small.
Proof. It has been shown ihi et al. (2000 Lemma 4.1.1, p. 191) that for ay" = Axi,Xi,Xi, € T,

(Uh,nv(uh))Tihzm(Tih)[uh uh,u. ]M [uh uh, U, ]T

11> “l2° 112 “lp?

with a positive definite matrix
2 7 7
M=—|7 22 7
7T 7 22
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Thus, there exist some generic constanix,; > 0, independent dfi, such that

GallU" 8 o < (U, 11,(UM) g < callU™G o (3.5)
Let R = R(Qiyi,i5); then
(RU", 11,UM)s, = D>~ (RU", 17, (UM)) g
TiheTh
= >, RUNILUMp+ D (R=R)UM 1T, (UM)g.
TheTh TheTh
With (3.5 and Lemme&B.2, we clearly have
> RUNIZLUMNmza D> UM IT,UMn > oV ) (3.6)
TheTh TheTh
and similarly we also have
> RUN I, UM)7n < oV - (3.7)
TiheTh
SinceR € WS, itis easy to find that
h h h
> (R-RWUM 1,0 < S Z] ' /  IR=R)UMds,
TiheTh The'ThJ 1 i
<> chZ‘Uh)m(Th)HUh’+h‘V5hU o]
TiheTh =1
3 2
h h h h
<> chZ“Uij‘ +h|uf||vsU |Tih’]m(Ti)
Therh =1
< chlUM 22, + NIV L2gen) U e
h,2

where the last step is obtained from the inverse inequality. The combinatiBr6eB(8) deduces that
c1UMN 5 gy < (RUM I7,(UM)g, < c2llU"1F )

whenh is sufficiently small and the proof is complete. d



386 Q.DUETAL.

3.5 Existence of the finite-volume solution
THEOREM 3.7 The discrete problen3(3) possesses a unique solution witeis sufficiently small.

Proof. We need only to show that the following homogeneous system possesses solely the trivial

solution:
ARUN, ) — (AVP, Mg =0
Gh( ; ‘”h) ( . ‘”h)s“ vyl g e, (3.9)
Ag(V", ¢™ + (BUM, ¢Mg, = 0

In (3.9), let y" = 17,(V") and¢" = 17, (U") and taking the difference of the two equations, we get
(AV", 17,(VM)s, + (BU", 17, (U"))5, = 0.

By Lemma3.6with r (X) = a(x) andr (x) = b(x), respectively, and Assumptidghl, we immediately
getuh =vh =o. O

REMARK 3.8 Ifr, a andb are constant functions, then the requirement thistsufficiently small can
be removed from the conditions stated in LemBm@and Theoren3.7.

4. The H1-error estimate

Lety = p(x) and set
ds(x) i
a0 "= Gy

SinceSis sufficiently smooth, wheh is small enough, it is easy to find

ph(X) =

[d(x)| < ch? vxe S,
for some generic constant Moreover, we have
11— un(Ol < ch?,  |1—=&00l < ch?,  [A(P() — An(X)] < ch.
It is also easy to verify that
Vs, U(X) = PhVU(X), Vsu(y) =PVu(y), VU(X) = (P—-dH)Vu(y),

whereH = (dy x;) = ((Ni)x;) = ((Nj)x), Ph = (i,j — nhinhj) andP = (4,j — nin;) are projections.
Moreover, fromDziuk (1988, we have

PP=P, PH=HP=H and VsU(x)=Ph(l —dH)Vsu(y).
The following results are given iDziuk (1989.
LEMMA 4.1 There exist some generic constamt,, €3, C4, Cs > 0 such that
CLlU Il 2¢rhy < Ullzem) < C2llUIl2¢rhys
CallU lyaerhy < Ul < CallV llpa ey,
Ulnzrpy < Cs[Iulzer) + hiulyae, ]

foranyT, € 7.
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For anyu € C9(S), we define the interpolants, (u) andz, (u) by
ru(U) = LUTy(L7HW), 7 (W) = LU, (L7HW)).
Then we have the following results (sBeiuk, 1988 Hebey 2000.

LEMMA 4.2 Ifu e H2(S), then there exist some generic constants, > 0 such that

lu— 7 (Wl 2(s) + hllu — 7u Wy < ch?(|ullpzs),
lu—zuUll 2 < c2hllullyys)-

ForanyU" € i/ and®" € V, we lift them ontoS by u" = £(U") and¢" = £(#"), and let

h |11, xeKj,
Vi (X)—{o, XeS—Ki.

Let Ak, denote the outward normal 6K; on K;. For¢" € V andu € H(S) with u|t, € H2(T;) for
anyT; € T, we then define the bilinear functiondls as

As(u, ") = D" ¢l As(u, y),

whereg!" = ¢"(x;) and

Aoty == [ Vau00 - .
By Green'’s theorem, we have
Aetu ) = - [ asuds (4.1)

Ki

for anyu e H?(S). Consequently, ifu, ) € (H2(S))? is the solution of the problen2(1), then it holds
that

Ac(u, y") — (@, yMs =0 vy e,

4.2)
Ac(v, M) + (bu, ¢Ms = (f,¢Ms VoM e V.
LEMMA 4.3 For anyu € H2(S) andW" € U, there exists a generic constant 0 such that
AR, 11, (W) = AU, 11,(WM)| < chllullzs IW s, (4.3)
|(BU, 17,(W")s, = (BITu(U), T, (W), | < chlullys g Wl ), (4.4)
(AU, 11, (W")s, = (ATTL(U), 1T,(W"))s, | < chilulla g W 2, (4.5)

whereU = £71(u).
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Proof. It is easy to see that e H?(T") for any T" € 7" andW" e H(S") by Lemma4.1 Let
WM = W (x;) andT," = Axi, xi,Xi, with Q; as the centroid of,"; then we get

AR, 17, (W) — AR (ITu(U), IT, (W"))

= AU - nu<U),nv(W“)>

> (Z( ) / |

ThGTh Ij+1,ij+2Qi

'j+1

In each trlangIeTh, by the mesh regularity assumption, we have

h h
<h|vew |Tjh‘ < S Wiy o,

‘ ij+2 |J+l

Using the trace theorem on eal&iili} N 'I'ih and the mesh regularity assumption again, we get

/ Ve (U — I1y(U)) - ign  dyn
Mij 142 Qi i+l
1/2
< chl/z(/ Vs, (U — IT,(U)))? th)
Mij 142 Qi
< ch (h™ Ve, (U = TuU))] 2gn) + [V (U = TuU)) s o))
< ChlU llyzrn,.

By Lemmas3.2and4.1and the Cauchy—Schwarz inequality, we then obtain
B, I, (W) = AL(ITu(U), TT,(WM) < D7 chllU flzerny Wy
Tlhe'Th

h
<ch D7 lullzer W™y o
TheTh

< chllullyze) IW" 2,

which gives us4.3).
Also by Lemmas3.3and4.1, we get

|(BU, 17,(WM)s, = (BITu(V), 11,(W")s,|

-1> / B17,(W")(U ~ Hu<U)>daq‘

ieo
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< IBll / |7, (WY |U — 17,(U)ds,

clbll oo () 12y (W) [ L2y U = TTu(U) [ 2(gh

<
< chllullyagg) Wl 2.

which leads t04.4). ~ ~
Applying a similar analysis 0f4.4) to (AU, 17, (W), — (AT, (U), IT,(W"))g,, we get 4.5). This
completes the proof. O

LEMMA 4.4 For any(u, v) € (H2(S))2 andW" e U/, there exists a generic constant 0 such that

[ AU, 7, (") = ARV, 17, (W) | < chilullyes IW 1), (4.6)
](bu, 7, (W")s — (BU, 1T, (W")g, [ < ch®||ull 2g) W[l 2. (4.7)
\(éu, 7, (wM)s — (AU, IT,(W")g, | < ch?[[ull 25 W[l 2sh), (4.8)

|(F, 7, ")s = (F, 17,(W")s, | < chPI Lz IW gz s (4.9)

whereU = £-1(u) andw" = £(Wh).
Proof. It is easy to find that

Ac(u, z, (w")) = AL, IT,( W) = 11 + 15,

where

Vg, U (X) - Ak; (D(X))dyh),

ieo i

=z ([,

ieo i

Vg, U(X) - (ﬁKi (pX) — ﬁKih (X)) dyh).

For 11, we have

.
OBy

1= -w ( /a o T2UPO0) P (P00 cn — / o VsV 00 ik (p(x))dyh)

ieo

= —wh / (& VsU(P(X)) — Vs,U () - ik, (OO

ieo

=Z< >w / g (TUP00) = VU 00)- ﬁKi(p(x))dyh>

TieT j=1

= > (Z( N .JH) / (hVsu(PC) = Vo U () g dyh).

Thern \j=1 Mijij 2 @
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For I, we rewrite it as
3
h h 2 2

2= Z Z (V\/in B \Nij+1) /Mi 0 Vall - (nKij+l(p(X)) - nKir}H(X)) drn |-

Tihe'Th j H+1lj+2°!
Since|ﬁ|<i (P(X)) — Nk (x)| < ch, by Lemmas3.2and4.1and the trace theorem, we see that

h

2l < 7 chlIWMllg7nllU llyzern)
TheTh

h
<ch > ullpzer) Wl 1
TheTh

< chllullyzeg IW Il (4.10)
We observe that
¢hVsu(p(x)) — Vg,U (X) = (¢nl — Ph(l — dH))PVsu(p(x))
1
— & (P - gPh(| - dH)P) Vsu(p(x)).

Since|l — &| < ch?, we find for smalh that

& (P - éiphu - dH)P)‘ < |P = Ph(l — dH)P| + ch?
h

<|P = PhP| 4 ch?
< ch+ch?
< ch.

So we know that
[¢h Vsu(p(x)) — VU ()| < ch|Vsu(p(x)| < ch|Vs,U ()] .
Then, using similar analysis as for, we can show that
111 < chllullze) IW" | g2 (4.11)
Combining @¢.12) with (4.10, we get the first estimaté (). Note that

(bu. 7, 0" = (BU. I1,(W")s,| = | [ bur, oy ds— [ BU, W dsy
S Sh

=/ Bunu(whmdsq—/ BUHu(Wh)dSh'
sh sh

_ L(l—ﬂh)sun,)(wh)d%‘
< ch? )bl L)1V [l 2 W™ L2sn)
< ch?ull 2 Wl 2gsh);

we get the second estimate 7). Using a similar analysis to the above, we also can48).(
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Finally, we have

(f,nn(w“))s—(F,Hzxwh))aq(:‘ / f (0, (™) (x)ds — / F ()17, (W) (x)dsp
S g

/gﬁ (- anu(wh)daq‘
< Ch?(IF [l L2eem Wl 2o
< Ch?| fllL2g) Wl 2(gn)-
This gives us4.9). O

LEMMA 4.5 Suppose thati, v) € (H2(S))2is the solution of the problen®(1), and(U", V") e U x4
is the solution of the discrete proble®.d). LetU = £~1(u) andV = £~1(v); then there exists some
generic constant > 0 such that

U™ = W) 5 gy + IV = (V) I 5 )
< chil fll 2 [IU" = M) ey + VM = ITa(V) [l gaen)]- (4.12)
Proof. For anyW" e i/, let w" = £(W"). By Lemmas4.3and4.4 it holds that

AR (Tu(V), IT,(W") — Ag(u, 7, ("))
< |ARUTL (), 1T,(W")) — AR, 17, (W)
+HIARU, 17,(W") — Ac(u, 7, ("))
< chllullzeg IW 1) (4.13)

and

|14 (AV), 11,(WM)s, = @0, 7, (w")s

< |(Tu(AV), 11,0W)s, = (AV, 11, (W")g, | + | (AV, 17,(W")s, = @0, 7, (w"))s
< ChI AV [y en) IW" L2y + ChllE@o g Wl L2gsh)
< chllol 1) Wl 2(sny (4.14)
sinced € W2>°(S). Moreover,
|(Tu(AV), 11,(WM)s, = (ATT(V), 1T,(W")s,|
= |(1u(AV), 11,(WM)s, = (AV, 17, (W),
+[(AV, 17, (W5, = (ATTu(V), 1T, (W)s,|

1AV — 1Ty (AV) 2(gn) Wl L2y + chilo g W L2(sn)
chllollyag IW Il 2esh)- (4.15)

NN
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The combination of4.14) and @.15 leads to
(AITu(V), IT,(WM)g, — (@0, 7, (0")s| < chllvll g IW Il 2. (4.16)
By (4.2), it is easy to find thatu, v) satisfies
Ac(u, 7, (") — (@, 7, (w")s = 0. (4.17)
Putting @.13 and @.16) into (4.17), we get
\Ag(nu(U), 17,(W") — (ATy(V), H1><W“)>sh\ < ch(llullpzes) + 101429 W Il yae)-
Using the estimate2(3), we get
AR T, 17,(W") = (ATL(V), T,(W")s,| < chll fllLz W sy (4.18)

Subtracting the first equation i8.Q) (letting " = 17, (WM)) from (4.18), we obtain

ARy (U) — UM, 17, (W) — (AUT(V) — V"), 17, (W"))g,
< ch(llullpzgs) + 10142 WM llyaesny < chll il Lz IWM 1 sn)- (4.19)

At the same time, we note that
Ac (v, m, (wM) + (bu, 7, (w")s = (f, 7, (")s (4.20)

and
AR VP, 17, (WD) 4+ (BU, 17, (WMY)s, = (F, 1T, (W"))s,. (4.21)

Using similar techniques as in the above and noticing the difference between(w"))s and
(F, 11, (Wh))Sh given in Lemma4.4, we can easily get

AR(IT4(V) = VP, 1T, (W) + (BUTy(U) — UM), 17, (W"))s,
< ch(ullaes) + o1z IW 1 zeny < chll fll iz Wl 1cghy. (4.22)
Now, letus seW" = Vh—17,(V) in (4.19 andW" = 17,(U)—U"in (4.22 and add them together.
By the symmetry ong(~, 11, (-)) shown in Lemm&.4, after reordering, we obtain the left-hand side of
the above sum as
LHS = [AR(Tu(U) = U, 11,(V" = Iy(V)) + AS(Tu(V) = V", 11, (ITu(U) — U™)) |
+ [~ (A1) = V), 11,07 = 11(V)))s, + (BUTW(W) = UM, 11,(TTu(U) = U"))g,
= | —ABTU(U) = UM 11, (1u(V) = V™) + ARV = V", 11, (11u(U) — U")) |
+ [(A(V“ — [Ty(V)), 1, (V" = I1u(V)))s, + (BUTu(U) = UM), 17, (1Ty (V) — uh))sn]
= (A" — Iy(\V)), 11, (V" = I14(V)))s, + (BUTu(U) —UM), 17, (IT4(U) = UM)s,.
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Hence, by the inequalitieg (19 and @.22), we get

(A" = ITu(V)), IT,(V" = I14(V)))s, + (BU" — 1Ty (V)), IT,(U" — 1T, (U)))s,
< ch(lullzs) + 1012V = TuWllgagny + IV = Tu(V) [ gagsn)]
< chll 2 [IIUM = W) llyreny + IV = Tu(V) | pagen]- (4.23)

Note thatU" — 17,(U), V" — I1,(V) € U, using Assumptior2.1 and Lemma3.6, it is then easy to
deduce 4.12 from (4.23 and the proof is thus completed. d

THEOREM 4.6 Suppose thau, v) € (H%(S))? is the solution of the problen2(1) and (UM, V") e
U x U is the solution of the discrete proble®.d). Letu" = £(U") ando" = £(V"), then there exists
some generic constaat> 0 such that

lu— Uh||H1(S) + o — Uh||H1(S) <chl fll2g). (4.24)
Proof. We extendu, » ontoS" by U = £-1(u) andV = £-1(»). By Propositior3.5, we have
UM — Ty (W) gy + V" = V)1 gy
= ALU" — 114(U), 11,U" = [Ty (U))) + AGV" = ITy(V), 11,(V" = [Ty(V))).

SettingW" = 17,(U) —U" in (4.19 andW" = 17,(V) — V" in (4.22), adding them up and putting
back into the above equality, we then obtain that

UM — Ty (W) gy + V" = i)
< [(AUTA(V) = VP, 17,(1740) = UM)g, | + [ (BUTL(U) = UM), 11, (1u(V) = V)5,
+ch(lullpzgs) + 1012 IIUM = TuU) 1z + VP = Tu(V) [ paem]
< c(U" = Mu(U) 1o + IV" = Tu(V) 112 )
+ch(llullzs) + 1ol rz) LIV = TuU)lpen + IV = TV [l yaen)]
< ch(llullpzes) + 101z LIU™ = u(W)llyxen + V" = Tu(V) [ gaen], (4.25)

where the last inequality is due to Lemm.
The sum of 4.25 and @.12) gives us

UM = Ty W) 1 gy + IV = T 1 g,

< eh(lulluzs) + 10 luze) [IV" = @)l + V" = ()l |
and consequently, by using.g), we get

UM — (W) llaeeny + VT = IT(V) ey < ch(lullpzes) + Ivllze) < chil fll 2g).  (4.26)
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In addition, by Lemmad.1and4.2, we have
U = ITy(U)l ey < Cllu = mu(W s
IV = IIu(V)lh1eny < Cllo = 7u@) Iy
Combining @.26—(4.28, we finally obtain

chllullyzs), (4.27)
Ch”DHHZ(S)' (428)

NN

lu = Ul + 1o = 0 lyrg <C(IU = UMlagsy + IV = Vi)
<o(IU" = MuW) e + IV = Hu)lxe,

HIVP = W) lacen + IV = 1))
< Ch” f ||L2(S)'

This completes the proof. g

5. Quality surface meshes and gradient recovery

The design of a sequence of high-quality surface triangulations (satisfying mesh regularity requirement)
with increasing levels of resolutions is a challenging research subject in its own right. To ensure the
accurate finite-volume solution, we now discuss a possible approach for obtaining regular and smooth
meshes. The meshes of the surf&te be used in our numerical experiments for the discretization of
PDEs on surfaces are generated by the so-called constrained centroidal Voronoi Delaunay triangulation
(CCVDT) algorithm Du et al,, 2003. We now give a brief description below.

Given a density functiop (x) defined orS, for any regionV c S, we callx® the ‘constrained mass
centroid ofV on S’ if

x¢ = argminF(x), whereF(x) = / oIy = X||? ds(y). (5.1)
xeV \V;

The existence of solutions 05(1) can be easily obtained by using the continuity and compactness of
F; however, solutions may not be unique. In general, given a Voronoi tessellatien{x;, V; }'_; of

S, the generatorf; }i'_; do not coincide withx(}'_;, wherex® denotes the constrained mass centroid
of V; fori = 1,...,n. We refer to a Voronoi tessellation & as a ‘constrained centroidal Voronoi
tessellation’ (CCVT) if and only if the point§ }'_; which serve as the generators of the associated
Voronoi tessellatiorfV; }{'_; are also the constrained mass centroids of those reginst(al., 2003,

i.e. if and only if we have that

Xj = x¢

;o ofori=1,...,n.

The CCVT is a generalization of the standard centroidal Voronoi tessell@ioet(al, 1999 which is
a concept with many applications including mesh generation and optimization. The dual tessellation of
CCVT of Sis then called an CCVDT. Constrained centroidal Voronoi meshes on surfafiéshiave
many good geometric properties, dee et al. (2003 andDu & Wang (2005 for detailed studies as
well as efficient algorithms for constructing CCVT/CCVDT meshes.
For a constant density function, the generatar$’_, are uniformly distributed in some sense; the
Vs are all almost of the same size and most of them are similar convex surface hexagons; the mesh size
h is approximately proportional to/1/n. For a nonconstant density function, the genergarg._, are
still locally uniformly distributed and it is conjectured that, asymptoticdily,hj = (p (xj)/p (Xi N4,
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This property of local quasi-uniformity of CCVDT meshes gives us an excellent chance to recover the
approximation ofVsu andVsp in high order based on tHeg U h andV%Vh.

Let us take a simple averaging scheme similar to the one suggesiad &Ju (2005. For any
vertexx;, let D; = {Tjh|Tjh e T xi e Tjh}, then set

1 1
DU(xi):CaTDi) szhuhjh , DV(xi):CaTDi) szhvhjh

Tjh eDj Tjh ebj

Now, let the vector-valued functio8U" and DV" be the corresponding piecewise-defined functions

on S" that interpolate/ DU (xi)}'_, and{DV (xi)}I"_,, respectively. We also useu" = £(DU") and

Do = £(DV") as the new approximations to the surface gradi&gtsand Vsv, respectively. We ex-

pect that this averaging scheme with the underlying CCVDT meshgives second-order approxima-
tions toVsu andVsp in L2-norm and first-order approximations iht-norm. Then, the same averaging
scheme can be applied Bu" and D" to recover more accurately the tens®kg Vsu) and Vs(Vsp),
respectively. A numerical demonstration of this superconvergent recovery is given in the later numerical
experiments.

6. Numerical experiments

To illustrate the finite-volume method proposed and analysed in the paper and to validate the sharpness
of the convergence rates (CRs) proved in the previous sections, humerical experiments are performed
for some model geometries with some given exact solution.ay.(The simple mass-lumped scheme
(3.4) is used in the practical implementation.

Let n; denote the number of nodes of the mesh ati thdevel andu™! the corresponding discrete
solution, then we calculate the CR with respect to the niprrih by

_ 2log(f|u — u™T)/fjlu = uM =1y

CR
log(ni—1/nj)

EXAMPLE 6.1 The surfacéS is chosen to be the unit spheBe= {x € R3|x? + x5 + x4 = 1}, and
the outward normal ax € Sis given byn(x) = Xx/|x||. Let the coefficients in1(1) be given by
a(x) = 1+ 3x? andb(x) = 1+ x3. The exact solution is chosen to b&) = 10x;x2X3(xZ — x3) and
consequently

v(x) = —a(X) Asu(x) = 3001 x2x3(X2 — X2) (1 + 3x3) /(X2 + X2 4 X2).

The right-hand sidd (x) is set correspondingly fromi(1). We note that the norms of the exact solution
are||ufl 2 ~ 1.2024x 10%%, ||u|ly1s) ~ 3.6698x 10"% and ||u[|,y2(s, ~ 3.6698x 10" and
vl 2(s) = 8.3729% 107, ||| y1() & 4.7398x 10792 and||v|| y2(s) & 2.7276x 10793, respectively.

Applying the finite-volume method discussed in the paper to solve Exatpleve adopt some
CCVDT meshes with a uniform density function and five different levels of resolutiomjiis.taken
to be 104, 410, 1634, 6530 and 26114, respectivelyhkgk denote the largest diameter of the surface
mesh, then the correspondihgax for each mesh level is 0.5973, 0.3194, 0.1705, 0.0887 and 0.0457,
respectively. The computational results are reported in Tat8eme meshes and corresponding discrete
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TABLE 1 Computational results on CCVDT meshes for Exangle

Nodes |ju—uM| CR lu—uM 2 CR lu—uPy1 CR

104 28433x 1091 — 25018x 1091 — 38341x 100 —
410 74405x 10792 1.95 56339x 10792 217 17396x 1090 1.15
1634 26583x 10792 1.48 15414x 1092 1.87 85407x 1091 1.03
6530 53530x 10703 2.31 40513x 10793 193 42474x 10791 1.01
26114 17167x 10793 1.64 11581x 109 1.81 21211x10°% 1.00

Nodes [o—oML.= CR  [o—0oM|.2 CR [o—0o"|y1 CR

104 15978x 1091 — 17780x 10M91 — 22675x 1002 —
410 48971x 10t90 1,72 47457x 1090 193 12229x 10t92 (.90
1634 12964x 1090 1.92 12064x 10t9° 1.98 62249x 10101 0.98
6530 33235x 1091 1.97 30247x 1091 2.00 31257x 10t01 (.99
26114 90692x 10792 1.88 75731x 10792 2.00 66842x 10t°° 1.00

KANKIY

gﬁ#ﬁ"ﬁ#

000
e

WYAVA'S
AN Aﬂ’é,‘.‘-'
L

FiG. 2. Discrete solution! (top line) and" (bottom line) for Examplé.1with 104, 410 and 1634 nodes, respectively.

solutions are also plotted in Fig, with the variations in colours representing the different values of the
numerical solution. The CR is obviously consistent to our theoretical analysis and the errors for both
andov are about the same order when taking into account the difference in their respective norms. The
gradient recovery scheme for the first-order derivatives is also seen to give an extra order of accuracy.
For the second-order derivatives, the CR is expected to be at least linear, but the computation shows that
the rate behaves nearly to be second order (see Zable

EXAMPLE 6.2 Now, we let the surfac®to be an ellipse defined = {x € R3|x? + x2 + x3/4 = 1},
and the outward normal ate Sis given byn(x) = t/|t] with t = (X1, X2, X3/4). The coefficients in
(1.2) are given bya(x) = 1+ x§ andb(x) = 1. An exact solution is chosen to béx) = 32 with the
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TABLE 2 Errors after gradient recovery on CCVDT meshes for Exangle

Nodes |[Vsu—Du"|,2 CR |Vsu—Du"|y: CR |Vs(Vsu) — D(DuM|,2 CR

104 28350x 1090 —  16286x 10101 — 2.4111x 10+01 —
410 92057x 1091 164 68778x 1090 1.26 10214 x 10101 1.25
1634 24568x 10791 191 31216x 10t00 1.14 29765x 10100 1.78
6530 62847x 10792 197 15102x 109 1.05 79906x 1091 1.90
26114 15958x 10792 1.98 74858x 10791 1.01 22469x 10701 1.83
Nodes [|[Vsp —DoM|,2 CR |Vsv — Doy CR [Vs(Vsv) — D(Do™M|2 CR
104 26002x 10792  —  15469x 109% — 2.0428x 10703 —
410 94464x 1001  1.48 64426x 10102 1.28 95499 x 10102 1.11
1634 26031x 1091 1.86 26645x 10t02 1.28 28956 x 101702 1.73
6530 66842x 10t 196 12310x 1092 1.11 77510x 10101 1.90
26114 16880x 10t° 199 60144x 10t91 1.04 20918x 10101 1.89

TABLE 3 Computational results on CCVDT meshes for Exangi?e

Nodes fu—uPi= CR  Ju—u"jz CR [u—u"|;: CR
147 78792x 10092 — 21097x 1097 — 27687x 10701 —
582 10458x 10792 294 36830x 1092 254 80801x 10792 1.79

2322 32891x 10793 167 71222x 10798 237 35877x 10792 1.17
9282 10273x 1079 2.68 19201x 109 1.89 17635x 10792 1.03
37122 18440x 10794 248 31217x 1094 2.62 87463x 10793 1.01

Nodes [o—oMi= CR  Jo—o"i2 CR  Jo—0"lj1 CR

147 31860x 10t° — 80644x 1090 — 11734x 10101 —
582 54774x 1091 256 13844x 1001 256 48611x 10t00 1.28
2322 13809x 1091 199 31342x 1092 215 24469x 109 0.99
9282 34362x 10792 2,01 78614x 109 2.00 12253x 10t9 1.00
37122 85043x 10793 2.01 19695x 10792 2.00 61290x 10°° 1.00

corresponding

4 242 22 2 3 2 22 4
a2 (32x7 + 64X7X5 + 2X7X5 — 10XTX3 — X5 — 10X3X5 + 2X5%X5 + 32x2).

X) = 8(1 + X3
o) =8 3) (16x2 + 16x2 + x3)2

The right-hand sidd (x) is again set correspondingly frorfh.(). We note that the norms of the exact
solution are|uf| 2, ~ 1.4988x 10™%, u[y1s =~ 6.6966 x 107%° and ||ullyzs, ~ 3.6698 x
10 and vl 2(s) =~ 8.3729%x 1019, [[o]l 1) ~ 4.7398x 10702 and vl yz(s) ~ 2.7276x 10703,
respectively.

Example6.2 is also numerically solved by the finite-volume method studied here on five levels
of CCVDT meshes with number of nodes = 147, 582, 2322, 9282 and 37122, respectively. We
choose a nonuniform densify(x) = €32 + 0.01 for the CCVDT mesh construction in order to
better capture the variations afon the surface. The constanDQ is used inp to further regularize
the resulting CCVDT mesh. The correspondimgay for each mesh level is 0.8983, 0.5559, 0.2781,
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TABLE 4 Errors after gradient recovery on CCVDT meshes for Exangii?e

Nodes

| Vsu — Du"|| 2

CR

|Vsu — Du"| 1

CR

IVs(Vsu) — D(DuM|l,

CR

147
582
2322
9282
37122

12255x 10791
20438x 10792
63133x 10703
19713x 10793
47626 x 10794

2.60
1.70
1.68
2.05

5.3238x 10701
17590x 1001
83223x 10702
40421x 10792
19961 x 1002

1.61
1.08
1.04
1.02

8.0471x 10701
19823x 10701
59256 x 1092
17059x 10792
54669x 1093

2.04
1.75
1.80
1.64

Nodes

| Vso — Do 2

CR

|Vso — Dol 1

CR

IVs(Vsp) — D(DoM) 2

CR

147
582
2322
9282
37122

12889x 10701
32394 x 10100
88754x 10701
22784x 10701
57434 x 10792

2.01
1.87
1.96
1.99

1.0259x 10102
32346x 10101
13171x 10t01
60078x 10100
29194 x 10190

1.68
1.30
1.13
1.04

1.2503x 10102
47407 x 10701
14832x 10101
39916x 10790
10381x 10+00

1.41
1.68
1.89
1.94

FiG. 3. Discrete solution! (top line) andh (bottom line) for Examplé.2with 147, 582 and 2322 nodes, respectively.
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0.1464 and 0.0768, respectively. The computational results are reported in Jalol@¢4. The meshes
and corresponding discrete solutions are plotted inEighe numerical accuracies of the solution, the
recovered gradients and the recovered high-order derivatives are again consistent to those predicted by
the analysis.

Although our analysis in the former sections is only for the ée- @, here we still use an example
to test the performance of the proposed mixed finite-volume discretization for the$as@.

EXAMPLE 6.3 We now consider a surfaBgiven byS = {x € R3|(x3 — X5)? + X2 + X5 = 1, X3 > X3}
(seeDziuk, 1988 with boundary

0S = {(X1, X2, X3 + /1 — X2 + x3)|xZ + xZ = 1}.

The outward normal at e Sis given byri(x) = t/||[t] with t = (x1, X2(1 — 2(X3 — X3)), X3 — X3).
We leta(x) = 1,b(x) = 1in (1.2), and letf = f(x) be computed from1(.1) with an exact solution
u given byu(x) = xix2. We omit the long expression af(x) = —Asu here. Dirichlet boundary
conditions are used for bothando, i.e. both the values af andv are specified on the boundary. We
note that the norms of the exact solution #udf, 2, ~ 5.9370x 107, |ju]l 1) ~ 1.6848x 10"%°
and||ully2(s) ~ 5.6461x 107 and |lv|| 25, ~ 5.0840x 107, [[v]ly1s ~ 3.5017 x 10+°! and
vl 2 ~ 6.2741x 10702 respectively.

We solve Examplé.3 numerically on six levels of CCVDT meshes with number of nodes
64, 229, 865, 3361, 13429 and 52609, respectively. The uniform density function is used to generate
the meshes. The correspondihgay for each level mesh is 0.4597, 0.2719, 0.1482, 0.0834, 0.0469
and 0.0254, respectively. The computational results are reported in Tables6. The meshes and
corresponding discrete solutions are plotted in BigAlthough the analysis given in the paper is lim-
ited to problems defined on compact surfaces without boundary, the example shows similar results for
some boundary-value problems defined on a surface with boundary. The analysis for the latter case

TABLE 5 Computational results on CCVDT meshes for Exang8e

Nodes  |lu—u"||L= CR Jlu—un| 2 CR u—u"flge CR

64 34891x 1091 — 41019x10°% — 10509x 10t%0 —
229 10850x 10791 1.83 12908x 10791 1.81 37107x 1091 1.63
865 30600x 10792 190 35866x 10702 1.92 19550x 10797 1.13

3361 10293x 1092 161 12611x 1092 154 56485x 1092 1.59
13249 30648x 10793 1,77 41839x 10793 1.61 26754x 10792 1.16
52609 12114x 1079 1.35 11388x 10°9% 1.89 13661x 10792 0.97

Nodes  |[o — 0" oo CR o — 0"l 2 CR o — o2 CR

64 49721x 1090 —  28463x 10"0 — 2.8540x 10101 —
229 38301x 10t9° (0.41 12978x 10t00 123 23481x 10101 0.31
865 11501x 10t%0 1.81 27573x 1091 2.33 11882x 1091 1.03

3361 27514x 1097 211 57805x 10792 2.30 63983x 1090 0.91
13249 89658x 1092 1.63 14607x 10792 2.01 32515x 10t (.99
52609 22372x 10792 2.01 37421x 109 198 16320x 10t%° 1.00
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TABLE 6 Errors after gradient recovery on CCVDT meshes for Exangi8e

Nodes |Vsu—Du"|,2 CR |Vsu—DuM|y: CR |Vs(Vsu)—D(DuM|,2 CR

64 79621x 1091 _—  44582x 1090 — 4.4493x 1090 —
229 21090x 1091 2,08 27598x 10t° 0.75 31881x 1019 0.52
865 63686x 10792 1.80 14818x 1090 0.94 17736x 1000 0.88

3361 19217x 10792 177 79686x 1091 0.91 66433x 10701 1.45
13249 54050x 1079 1.85 45635x 10797 0.81 29426x 10701 1.18
52609 14961x 1079 1.86 23355x 10°°1 0.97 11630x 10701 1.34
Nodes [|[Vso — Do 2 CR |Vso —Do"|yj2 CR |Vs(Vsv) —D(DoM|2 CR

64 34145x 10t91 — 9.6583x 10102 — 3.6742x 10192 —
229 22327x 1091  0.67 60687x 10t02 (.73 62435x 10102 -0.83
865 13986x 10191 0.70 42536x 1092 (.53 48619x 1092 0.38

3361 57330x 1090 1.31 22209x 10t92 0.95 31188x 10192 0.65
13249 17685x 1090 1.71 89703x 10101 1.32 12932x 10102 1.28
52609 47255x 10791 1.91 37809x 10t91 1.25 39400x 1091 1.72

ey
W

1
WA e i .
SRy, oy b e

FiG. 4. Discrete solution (top line) and" (bottom line) for Examplé.3with 64, 229 and 865 nodes, respectively.

is in fact very similar to the argument presented earlier for the compact surfaces. As for the gradient

recovery scheme, the improvement in accuracy is not as dramatic as in the previous examples on the
coarse meshes (the first few levels of CCVDT meshes); this is due to the fact that the coarse meshes
lack sufficient resolution of the surface which experiences large curvature near the ends of the saddle
so that it takes much larger number of nodes to obtain a well-approximated surface. In addition, the

gradient recovery scheme is intended for interior nodes only, thus the boundary contributions degrade
the performance in the whole domain. As the resolution level increases, the surface starts to enjoy much
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better representation and the percentage of boundary nodes gets smaller so that the boundary effect also
becomes less significant, we thus witness a significant improvement in the accuracy for both recovered
first- and second-order derivatives. These results demonstrate that the finite-volume scheme can be used
to accurately solve the high-order PDEs on surfaces which in turn can be useful to the development of
algorithms for evaluating various surface differential operators and geometric features.

7. Conclusions

In this paper, we have studied a finite-volume method for a model fourth-order elliptic equation defined
on a general smooth surface. Problems of the similar type often arise in various applications, and it
is important to understand if the direct numerical discretizations such as the ones based on the finite-
volume methods can yield accurate approximation especially when high-order differential operators on
the surfaces are involved. Given a good approximation of the surface via planar triangulation and surface
polygons, it is shown here that thél-error of the finite-volume solution based on the splitting of the
fourth-order equation to second-order systems is of optimal order and thus provides accurate approxima-
tions to the solution of the PDEs. This gives a solid basis to the direct discretization approach for solving
high-order PDEs on surfaces. Moreover, when an CCVT-based mesh is avdilalgeg]., 2003, they

can provide highly accurate surface approximations. Based on such CCVDT meshes, a superconver-
gent gradient recovery can be efficiently and effectively constructed so that high-order derivatives of
the numerical solutions can enjoy high resolution (although only numerically demonstrated), which in
turn may be useful when additional geometry manipulation and information processing are needed in
practical applications. We conclude by taking note that the present study serves as an initial exploration
of the application of finite-volume methods to solve PDEs defined on general surfaces. The analysis
is limited to a simple model equation, and it is given under the assumption that the surface can be
discretized via a surface mesh consisting of piecewise planar triangles and its dual piecewise surface
polygons. It will be an interesting issue to examine if it is possible to simplify the construction of the
dual meshes and to relax the requirement on their approximation properties in practice. Connections
of the finite-volume scheme with standard and other types of finite-element methods that are known
for second-order equations in the Euclidean sp&amk & Rose 1987 Croisille, 2000 may also be
considered for high-order PDEs on surfaces. More challenging problems concerning the extensions to
more complex nonlinear PDEs defined on deformable and possibly self-intersecting or singular surfaces
also remain to be studied in the future, along with the study of problems where the definitions of the
PDE and the underlying surface are coupled together so that they may evolve simultaneously. More
computational benchmark studies are also desirable, especially in settings where the surfaces may un-
dergo topological changes and are thus perhaps more appealing to an implicit representation, to make
comparisons of the direct finite-volume discretization with other discretization methods.
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