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In this paper, we study a nite-volume method for the numerical solution of a model fourth-order partial
differential equation de ned on a smooth surface. The discretization is done via a surface mesh consisting
of piecewise planar triangles and its dual surface polygonal tessellation. We provide an error estimate for
the approximate solution under th#l-norm on general regular meshes. Numerical experiments are
carried out on various sample surfaces to verify the theoretical results. In addition, when the underlying
mesh is constructed by the so-called constrained centroidal Voronoi meshes, we propose a humerically
demonstrated superconvergent scheme to compute gradients more accurately.

Keywords mixed nite-volume discretization; PDEs on surfaces; fourth-order equations; error estimates.

1. Introduction

In this paper, we consider the numerical solution of some fourth-order partial differential equations
(PDEs) de ned on arbitrary surfaces or 2D Riemannian manifolds. PDEs of order four and higher have
appeared in the mathematical models of many application problems, e.g. those related to the surface
diffusion, chemical coating, cell membrane deformation, biomedical imaging and computer graphics
(Bertalmioet al,, 2001, Bertozziet al., 2007, Bloor & Wilson, 200Q Clarenzet al., 200Q Du et al,, 2004

Feng & Klug 2006 Greeret al, 2006 Grinspunet al,, 2006 Myers et al,, 2002 Stam 2003 Toga

1998. In fact, since the computation of surface curvatures is related to the second-order derivatives
of the surface parameterization, the variation of curvature-dependent interfacial energies (such as the
bending elasticity energy) leads naturally to equilibrium conditions that are in the form of PDEs of
fourth order or higher.

Motivated by the wide range of applications, various discretization techniques for fourth-order PDESs
on surfaces have been developed that include direct discretizations on surface meshes based on nite-
element methods, discrete geometric calculus or discretizations via level set and phase- eld techniques
for implicitly de ned surfaces Bajaj & Xu, 2003 Bertalmioet al, 2001, Du et al, et al, 2006 Xu & Zhao, 2003
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nite-volume methods have also been extensively studied for the numerical solution of PDEs due to
their discrete conservation properties; see for instaBeek & Rose(1987), Barangeret al. (1996,
Cai et al. (1991, Chouet al. (1998, Chou & Li (2000, Coudere et al. (2007), Croisille (2000,
Droniou & Eymard(2006, Du & Ju (2005, Ewing et al. (2000, Eymardet al. (2006, Gallowét et al.
(2000, Lazarovet al. (1996, Li et al. (2000, Morton & Suli (1997), Nicolaides(1992 and Thomas &
Trujillo (1999. Though many theoretical investigations have focused on nite-volume methods for rst-
and second-order PDEs, there is relatively little discussion on the analysis of nite-volume methods
applied to higher-order PDE&i(et al, 2000 Wang 2004), especially for high-order PDEs de ned on
general surfaces. Due to the lack of a comprehensive theoretical study, there have often been concerns
that direct discretizations of high-order PDEs based on surface triangulations may require tremendous
computational effort for varying geometries and it is not clear how higher-order geometric characteristics
such as the derivatives of curvatures are to be well represented on triangulated s@&tiages 2006
Greeret al, 2006 Huiskamp 1991). The study presented in this paper is aimed at lling in such a gap
by considering a nite-volume method based on the primal-dual meshes for the numerical solution of
some linear fourth-order elliptic equations de ned on smooth surfaces.
For an open bounde@k®-hypersurfaces in R3 (Dziuk, 1988 Hebey 2000 with k N {0}

and 0 o < 1, it may be represented globally by some oriented distance function (level set function)
d = d(x) de ned in some open subsgr of R3 such thatS = {x Q|d(x) = O} withd C*® and

d = 0in Q. The unit outward normai(x) = (n1(x), n2(x), n3(x)) to the surface (with increasing
d) atx is given byn(x) = d(x)/| d(x)|, where| - | denotes the Euclidean norm anddenotes
the standard gradient operator®¥. Without loss of generality, we assume thad| = 1 in Q. Let

s=( s1, s2. s3)= —(n- )ndenotethe tangential (surface) gradient operator angt - s
be the so-called Laplace—Beltrami operatorSon

In this paper, we consider the case tBdatas no boundary, i.@S = , to avoid technical com-

plications in the presentation (faS = , the analysis has no essential difference if suitable boundary
conditions are chosen). As an illustration of more general settings, we focus on the numerical study of
the following classical fourth-order elliptic problem de ned 8n

s@(x) su(x)) +b(u(x) = f(x) x S (1.1)

We assume that the surfaSean be discretized via a surface mesh consisting of piecewise planar trian-
gles and its dual piecewise surface polygons. Assumptions on the coef eiantdb and the right-hand
side f are speci ed later. The model equatich ) is much simpler than many high-order PDEs asso-
ciated with various applications which may be nonlinear and whose solutions may be coupled with the
way in which the surfac& is de ned or is evolving. It nevertheless provides a good starting point to
illustrate the error contributions from the approximations of the surfaces and PDEs with high-order sur-
face derivatives. By adopting a second-order splitting, we construct a nite-volume discretization of the
above equation and provide an optimal order error estimate for the approximate solution urtdér the
norm. In addition, we also propose a scheme to compute gradients, which is shown through numerical
examples to display superconvergence when the underlying mesh is given by the so-called constrained
centroidal Voronoi meshes. Such meshes and their practical constructions have been extensively studied
in Du et al. (2003. Thus, our study here serves as a justi cation of the feasibility and optimality of
nite-volume-based approximations of high-order PDEs de ned on general surfaces. Numerical tests
are also provided to validate the theoretical analysis and offer hints on the practical performance of the
nite-volume schemes.

The paper is organized as follows: we rst discuss the problem formulation in Se2titiren
we discuss the mixed nite-volume discretization in Sect®rThe H1-error analysis is presented in
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Sectiord, and the surface mesh construction and gradient recovery are discussed in S éutiorerical
examples and nal conclusions are given in Secti6asd?.

2. Problem formulation

First, we useL .S/, W™P. & andH™. S/ D W™2. & to denote the standard Sobolev spaceSoi

is customary to assume thaC > 1andkC > mto make the spacel™. S/ well de ned (Hebey
2000. We further assume th&tis suf ciently smooth (say, of the clasa?) to avoid technical compli-
cations. In order to analyse the probleinlj rigorously, the following conditions on the regularity of
the coef cients are always assumed.

ASSUMPTION2.1 The coef cients of {.1) satisfy the conditions that 2 W21 &/, b 2 Wil g,
witha.x/> 1>0,b.x/ > > Oforx2 Sandf 2 L2.9/.

By introducing a new functiow D  al su, the problem 1.1) then can be reduced to a problem
represented by two second-order equations:

1su.x/ Q.x/v.x/ DO

(2.1)
1gv.x/ Ch.x/u.x/ D f.x/;

where®x/ D 1=a.x/ is also inW?! .S/. Such a reduction is naturally reminiscent of the reduction of
a second-order equation to rst-order systems which, in the nite-volume setting, leads to the methods
studied byChouet al. (1998, Croisille (2000, Droniou & Eymard(2006, Eymardet al. (200§ and
Thomas & Trujillo (1999 and the references cited therein.
For anyu;v 2 H2.9, let us de ne the bilinear functionad such that
z

A.u;v/i D rgu.x/ rgv.x/ds:
S

We say thatu;v/ 2 HL.SY H1. S is aweak solution ofd.1) ifand only if forany ; 2 H.. S/,

A.u; / .&y; / sD 0

(2.2)
Av;/ C.bu / sD .f /g

where 7

Ww; /[ sD  w.x/. x/ds
S
for anyw 2 L2.9. First, we state some results on the well posedness in the following theorem.

THEOREM 2.2 Under AssumptioR.1, there exists a generic constant 0 such that for everyf 2
L2.9, there exists a unique solution; v/ 2 H2.§ HZ2.S/ for (2.1), and.u; v/ satis es the following
estimate:

kuky2 o Ckvkpz g 6 ckfk 2 g (2.3)

The existence of a weak solutienin H2.S and itsH?-bound can be proved using the standard
Lax—Milgram theorem and the Sobolev embedding results for spaces de ned on a compact manifold
(Hebey 2000. The bound orv can then be derived from regularity estimates for second-order elliptic
equations, as those corresponding2@), on the manifolds (Aubin, 1982.
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3. Mixed finite-volume discretization

We now present a mixed nite-volume discretization af1). To make the notation simple, we now
summarize some de nitions that are used later. More precise de nitions are to be found in the rest of
the section.

3.1 Meshes and discrete spaces

Denote7 = {Ti}™, and7" = {T,"}™, to be the curved and planar triangulations of the surfaice
and its piecewise polygonal approximatish, respectively. As de ned later, these triangulations are
related to each other by a lift mapfrom S" to S; K andk" are the corresponding dual the tessellations
of SandS"; ¢/ andV denote piecewise linear and piecewise constant function spaces de ned on the
triangulationS" and the tessellatiokl", respectivelyf1, andr, are interpolation operators int6and
V, respectively, whilet, andmy, are the counterparts onto the pair of spaces induced bypdV on
Sthrough the liftZ; P, andP are some projection operators a:ZldA(h3 and Ag denote some bilinear
forms, with the subscript G symbolizing the use of Green's formula in the de nition.

For the smooth surfacg we may assume that there is a strip ("band’)

U={x Q|distx,S) <3}

aroundsS for some suf ciently smalld > 0 such that there is a locally unique decompositior=
p(x) + d(x)n(x) for anyx U, wherep(x) S, d(x) is the signed distance ®andn(x) denotes the
unit outward normal o5 atp(x). The paramete¥ may be determined via the surface curvaturesigf
suf ciently smooth. Then a function de ned onS can be extended uniquely in the strip by

U(X) =u(p(x)) =ux—dx)n(x)) x U.

Let S be approximated by a sequence of continuous piecewise linear cof@lex U} which con-
sists of a sequence of regular triangulati¢fd = {Tih}imzl} with h 0 denoting the mesh parameter.
In order to avoid global double covering, we further assume that for eachyoirt there is at most
one pointx S such thap(x) =y, as suggested iDziuk & Elliot (20078. Each7™ contains vertices
{xiyL,onS(.e.{xi}.; Sn S); see Fig (left). Clearly,S" is globally of the clas€%1. We use
m(-) to denote the area for planar regions or the length for arcs and segments.

We assume that" satis es the following mesh regularity condition:

cah? m(T")  ch? (3.1)

whereh is the mesh parameter (size) f6F' andc; andc, are some positive constants independent of
h. By the unigqueness of the vector decomposition discussed above, we Hendp(x) S|x Tih}
and let7 = {T;}_,, thenS= [, T,.

Let 5, = 5.1, .20 5.3 = —hh(nh- ) be the tangential gradient operatorﬁh where
Nh(X) = (Nha(X), Nh2(X), Nha(X)) is the unit outward normal t8". Sinceny, is constant on each planar
triangIeTih, s, Needs only to be locally de ned as a 2D gradient operator on the plane formTq'-H by
and the Sobolev spat&™P(S") is well de ned form 1.

We take a strategy similar to that adoptediniuk (1988 andDziuk & Elliot (20073 to solve the
equation numerically o8" instead ofS. We will directly discretize 2.1) (the mixed form) instead of
the original problemX.1) using a nite-volume methodGhou & Li, 200Q Li et al,, 2000 (also called
a nite-volume element method; see for instanCaj et al,, 1991 Ewing et al,, 200Q Wu & Li, 2003.
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FiG. 1. Approximate mesh surface and the control volume.

To compare the discrete solution 8/ with the continuous exact solution & we lift a functionU
de ned onS" to Shy

L:U! uDL.U/; whereuy/ DU.p Ly// 8y2Sl (3.2

i.e.U.x/ Du.p.x// Du.x d.x/&Ex// forx2 S".

Before discussing the discretization scheme, we rst project the coef cients and th&dsaad f
in (2.1) fromSontoS" by AD L 1.&,BDL L.b/andF DL 1 f/.SinceSis suf ciently smooth,
itis easy to nd that® B 2 Wi . TN/ andF 2 L2.T,"/ forany T." 2 T" and

k:QWm Thy < Cik&ky11 g KBKyu1 T < Cokbkyyi1 g

for some positive constantg; c; > O.
Let U be the space of continuous piecewise linear polynomia8"amith respect tor :

n (0]
Ub uh2clsjuljm2 Pt ;

wherePy. D/ denotes the space of polynomials of degree not largerkl@anany planar domaib. It
iseasytoseethdd H'.S" and foruM 2 U, we haver 4, UM constant on each triangle" 2 T". A
dual tessellation 6f " onS" can be de ned as seen in Fify(right). For each vertex;, let ; D fisd;gl
be the set of indices of its neighbou@;;ij;ijCl (whereigcy D iy if s D my) be ti‘g centroid of the
triangle 4 XiXi; Xijcq and IetMi;ij be the midpointof XiXi forij 2 . Let Kih D 2 Gijijew
where Bijsijer denotes the polygonal region boundedmyMi;ij, Qisijsijer and Miijcy- IN general,
Kih is only piecewise planar and we de ne its projection®by K; D fp.x/ 2 Sj x 2 Kihg Let
denote the set of indices oéall the verticesTdE thenK D fKjg2 andk" D f Kihgz may be viewed
as dual tessellations &D ~ [, Ti andS" D i”ﬂjl'l'ih. In the remain of this paper, for simplicity, we
will let ij meani j y modmy/c1if j > mj whenij 2 (xij is a neighbour vertex of;); otherwisej |
willmeani j y modac1if j > 3 Whenxij is a vertex oﬂ'ih D 4 Xj, Xi,Xis-
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Denote byV the space of grid functions & with respect tdk":

n [0}
VD " Men2 Po.KM
|

A set of basis functions ihgz of V is given by

(
h 1, x2 KM
xI D

! 0, x28" KM

3.2 A discrete bilinear form and the nite-volume scheme

Forany M2 VandU 2 HL.SY with Uj;n 2 H2. T/ for any T," 2 T", let us de ne the bilinear
functionalAY, as

X
ALU; "D hall u;
i2

ih/?

where "D M.x/ and

4
ALU; MD TU.X Bend
@; :
X Z
D rs,U.x/ Bend p
ij2 iijiijel I
with Bijijc D @({‘\4 XiXi; Xijcq D Mi;; Qi;ij;ijC1Mi;ijC1 andi, » denoting the outward unit normal

of @(ih. Then, themixed nite-volume discretizatiofor the fourth-order equationl(l) is given as
follows: nd .U"; v/ 2 U U such that

AR.UM P AN Mg DO

h. h .
AV AVE (3.3)
AR VM hrc.BUM Mg DLF; g,
where
z
U;W/g, D U.x/W.x/ ds,
s

for anyU andW in L2.S"/.

3.3 A mass-lumping scheme
In the practical implementation, we rst note thaf' is piecewise linear o8" with respect tor " and
r ShUh is constant on each triangliex; Xi; Xijcq- De ning

z z z

Lx/ds,; B D — B.x/ds,; F D
KD m. K}/ Kh

1

m. KN/

LD

F.x/d
m. th/ Kih Sq
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as averages ovefih, we then use the following approximations:

(AVM, Mg, = o AVI)W(x)dsh = m(KMA Vg,
(BUM, @M, = o B)U"(x)e"()dsh =  m(KMBiUeP,
(F, oM = o FO)o"()dsh =  m(KMFiol,

i o
whereV" = V(x;) andu" = U"(x;). Additionally,
AGUMN M = glAgUn, e
i o

and with some careful calculationisi (et al., 2000, we can nd that

hegh why = 1 h h 2 h h
Ag(U™, W) =— Gijijer Ui —U0 *05, 00, Ui, —Ui
ij X
= pi,ij Uir;_Uih y
ij X
=l 2
wherepii; = Ui ijen O and
O i = _ G A I G L
L1l j+1 8m XiXinij+1 j+1 ]
+Xij_xij+12 , k=12

are constants depending only on the geometry of the surface trianguldtion
With the numerical integration discussed above, we may transf8r8 to the following linear
system: forali o,

= py U -UN -mKDAV =0,
i Xi
= P M=V mKMBIUN = m(KMF.
I Xi

(3.4)

REMARK 3.1 In this paper, we only analyse the error of the nite-volume approximatoB).(The
above mass-lumped integration ru84) turns out to be very effective in practical implementations, as
demonstrated by our numerical experiments. The analysis given below can be generalgzéd o

as inDu & Ju (2005, more stringent regularity assumptions on the data and the exact solution would be
required.
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Thus, there exist some generic constani,; > 0, independent dfi, such that

cz UM S (Uh,nv(uh))Tih cy UP Sh (3.5)

Let R = R(Qiji,i5); then

(RU M (UM)g = (RUT TI(UM)g
T Th

= ROULAUMp+ (R ROU I (UM)g.
Tih Th Tih Th

With (3.5 and Lemme&B.2, we clearly have

RUM MUY o U IUM)m s U P (3.6)
Tih Th Tih Th

and similarly we also have

RUN UM 6 U Foqn (3.7)
T Th

SinceR  WL*(3), itis easy to nd that

3
(R=R)U", My (UM)g uf o I(R=R)U"dsy
Tih Th Tih ThJ:l T| mI‘<ij
3
ch Ul mT") Ul +h qU
Tih Th j:l !
3 2
ch Ul +huUl U m(T"
I
Tih Th j:]_

ch UM 2,y +ch? UM gy UM ey
ch u" fz(gq), (3.8)
where the last step is obtained from the inverse inequality. The combinati@r6e8(8) deduces that
C1 un EZ(Sh) (RUh,Hv(Uh))sn C2 uh EZ(Sh)

whenh is suf ciently small and the proof is complete.
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3.5 Existence of the finite-volume solution
THEOREM 3.7 The discrete problen3(3) possesses a unique solution witeis suf ciently small.

Proof. We need only to show that the following homogeneous system possesses solely the trivial

solution:

AE(Uh.lIJ“)—(AVh,lIJh)SHZO h . h
hnsh qh h o hy — prem V. (3.9)
Ag(V™, 0") + (BUM, 9")s, = 0

In (3.9, lety" = M, (V") ande" = M, (U") and taking the difference of the two equations, we get
(AVY, TIy(V")g, + (BU", My (U™)s, = 0.

By Lemmag3.6with r (x) = a(x) andr (x) = b(x), respectively, and Assumptidghl, we immediately
getuh =vh =o.

REMARK 3.8 Ifr, a andb are constant functions, then the requirement thigtsuf ciently small can
be removed from the conditions stated in LemBm@and Theoren3.7.

4. The H1-error estimate
Lety = p(x) and set

ds(x) v
a0 "= Gyneooy

SinceSis suf ciently smooth, wherh is small enough, it is easy to nd

d(x)] ch® x S,

Hn(x) =

for some generic constant Moreover, we have
11— un()l  ch®, [1=& )] ch’  In(P()) — M)l ch.
It is also easy to verify that
$UX)=Pn U(X), suy)=P u(y), UK =(P—dH) ufy),

whereH = dy x; = (i), = (Nj)x , Pn=(8,j —nninhj) andP = (§,; — ninj) are projections.
Moreover, fromDziuk (1988, we have

PP=P, PH=HP=H and sU(X)=Pnh(l—dH) su(y).
The following results are given iDziuk (1989.
LEMMA 4.1 There exist some generic constamt,, €3, C4, ¢s > 0 such that
Uz Uimy U e,
U iy Uk G Uy,
IUlpzerny  Cs [ulween) + hlulyaen)

foranyT, 7.
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Foranyu C9(S), we de ne the interpolants,(u) andmy (u) by
my(u) = LMy (L7HW),  my(u) = LW (LTHW))).
Then we have the following results (sBeiuk, 1988 Hebey 2000.
LEMMA 4.2 Ifu  H?(S), then there exist some generic constants, > 0 such that
u—Ty(U) (2 +h U—Tu(U) yyg C1h? U L),
u—myu() 125y C2h U yyg)-
ForanyU" i/ and®M v, we lift them ontoS by u" = £(U") andg" = £(®"), and let

x  Kj,

heyy— Lo
W= o x sk

Let nk; denote the outward normal 8K; on K;. Forg" Vandu HL(S) with ulT, H2(T;) for
anyT; 7T, we then de ne the bilinear functionadg as

As(u,o" = o As(u, u),
i o
whereg! = ¢"(x;) and
As(u,p) == su(¥)-nk, dy.
0K;
By Green's theorem, we have
As(u,p) = — suds (4.1)

foranyu H?(S). Consequently, ifu,v) (H?(S))?is the solution of the problen2(1), then it holds
that

Ag(u,yM —@v,pMs =0 yh v,

4.2)

LEMMA 4.3 Foranyu H2(S) andW" 1, there exists a generic constartt 0 such that
ARU, I (WD) — AR(ML(U), T (W) ch u pag) W Ly, (4.3)
(BU, My (W")s, = (BMy(U), My(W")s,  ch u g W' Loen, (4.4)
(AU, My (WM)s, = (AMu(U), Ty (WM)s,  ch U iy W" Lz, (4.5)

whereU = £71(u).
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B Lo My (WM)[JU — My(U)|dsn

c b e My(W L2y U —TMu(U) (2en
ch u Hl(S) Wh LZ(Sh)’
which leads t04.4).

Applying a similar analysis 0f4.4) to (AU, My (W"))s, — (A, (U), My (W"))g,, we get ¢.5). This
completes the proof.

LEMMA 4.4 Forany(u,v) (H2(S))2andWh , there exists a generic constartt 0 such that

Ac(u, y(W") = AU, My(W")  ch u yz) Wy, (4.6)
(bu, My (W")s = (BU, Iy(W")s,  ch? U 125) W' (2(g), (4.7)
(Eu, T W")s — (AU, Ty (W), ch? U 12 W (2(gn, (4.8)

(f, e (WM)s = (F. Iy(W")s,  ch?® 125 W' 1yyeny, (4.9)

whereU = £~(u) andw" = £(Wh).

Proof. Itis easy to nd that
Ac(U, Ty (W) = AZ(U, Fly (W) = 13 + I,

where

= —w" sU() Nk (dy = UK - N (O)yn
[’} 0K

i o Ki i

i o sU) - NG (PO)) —nen(x) dyn

i o 0K;

For 11, we have

W= W Su(P0) i (PO — 5 UG) Nk, (PO))dy
= -w Lo B sU(POO) = 5 UCO - i (PO

3
- - W& R0~ S UG) i (PeoYdvh

I
' okh

= Wi, —wi,, & su(PC)) = KU -nen dvn
Tih Th j=1 ij+1rij+2Qi i+l
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Finally, we have

(f, my(W")s — (F, My (WM))s, Sf(x)nv(w“)(x)ols— ShF(X)nv(Wh)(X)dSn

N Hp) F I, (W")ds,
Ch2 F LZ(Sh) Wh |_2(5h)
Ch2 f LZ(S) Wh LZ(Sh).
This gives us4.9).

LEMMA 4.5 Suppose thqti,v)  (H2(S))?is the solution of the problen®(1), and(U", V") ¢/ </
is the solution of the discrete proble®.8). LetU = £~1(u) andV = £71(v); then there exists some
generic constant > 0 such that

Uh - I_IU(U) ﬁZ(Sh) + Vh - nu(V) EZ(Sh)
ch f L2l UM =Tu(U) yygny + VP =Tu(V) paenl. (4.12)
Proof. ForanyW" 1/, letw" = £(W"). By Lemmas4.3and4.4 it holds that

|AZ(Mu(U), My (W) = Ag(u, Ty (w")|
JAR(M(U), My (W) — AR, My (W)
+[ARU, My (W) — Ag(u, i, (W"))]
ch u w2y W' pigny (4.13)

and
(Mu(AV), Ty (W")s, — (@v, Ty (w")s
(Mu(AV), [y (W), = (AV, Ty (W), + (AV, My (W), — (v, my(W"))s
ch AV pigy W Loy +ch &V g W | 2(gny
ch v g WM 2 (4.14)
sinced W?2°(S). Moreover,
(Mu(AV), My (W")s, = (AMu(V), Ty (W)s,
= (Mu(AV), My (W")s, = (AV, My (W"))s,
+ (AV, Ty (W")s, = (AMy(V), My (W")s,

AV = Tu(AV) L2y W' L2 +Ch vV gy WD L2y
chv H1(S) Wh L2(sh)- (415)
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Hence, by the inequalitieg (19 and @.22), we get

(A" = My(V)), My(V" = My(V))s, + (BUM = My(U)), My (U = Mu(U)))s,
ch( U ) + V pzg)l UM =Mu(U) pgny + VP =Tu(V) yaen)]
ch f L2l UM =Tu(U) pagny + VI =Mu(V) pyenl. (4.23)

Note thatU" — My(U), V" — My(V) U, using Assumptior2.1 and Lemma3.6, it is then easy to
deduce 4.12 from (4.23 and the proof is thus completed.

THEOREM 4.6 Suppose thau,v) (HZ(S))? is the solution of the problen®(1) and (U", V")
U x U is the solution of the discrete proble®.8). Letu" = £(U") andv" = £(V"), then there exists
some generic constaat> 0 such that

u-— Uh HL(S) + V—Vh HL(S) ch f L2(S)- (424)
Proof. We extendu, v ontoS” by U = £71(u) andV = £71(v). By PropositiorB.5, we have
IUh - HU(U)||2.|1(Sh) + |Vh - I_IU(V)||2.|1(9‘1)
= AZU" = MyU), My(U" = MuU))) + AZV" = Mu(V), Ty (V" = My(V))).

SettingW" = My(U) —U"in (4.19 andW" = My(V) — V" in (4.22), adding them up and putting
back into the above equality, we then obtain that

U™ = MUy gny + V" = MMy 1)
(AN (V) = VM), My(My(U) —UM)g, + (B(Mu(U) = UM, My(Mu(V) = VM)s,
+ch( U g+ V pz)l UM =My(U) gy + VP =Tu(V) yaen]
o( UM =My(U) 2oy + V" =Tu(V) Z2g)
+eh( U o+ Vo)l U= Mu(U) iy + V" =Tu(V) en)]
ch( U pzg + V nzg)l UM =TMu(U) pagny + VM= Mu(V) eyl (4.25)

where the last inequality is due to Lemm.
The sum of 4.25 and @.12) gives us

Uh - I_IU(U) |2_|1(3h) + Vh - nu(V) |2_|1(5h)
ch( U g+ V pzg) U"=Tu(U) yygy+ VP =Mu(V) pisy
and consequently, by using.g), we get

Uh—l_lu(U) Hl(Sh)+ Vh—I'IU(V) H1(Sh) ch( u H2(5)+ Vv HZ(S)) ch f L2(S)- (4.26)
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In addition, by Lemmad.1and4.2, we have

ku u-U/kyi gy 6 cku  y.ulkyig 6 chkukyz o; (4.27)
kv u-VIKyi gy 6 ckv yv/kyig 6 chkvkyz - (4.28)

Combining 4.26—(4.28, we nally obtain

ku ulkyig Ckv Vkyig6c kU UMkyigy CkV Vkyi gy
6c kUl LUlkyigyCkU  y.U/kye gy

CkVM  L.V/ikgigy CKV 0. V/Kye gy
6 chkfk 2 g:

This completes the proof.

5. Quality surface meshes and gradient recovery

The design of a sequence of high-quality surface triangulations (satisfying mesh regularity requirement)
with increasing levels of resolutions is a challenging research subject in its own right. To ensure the
accurate nite-volume solution, we now discuss a possible approach for obtaining regular and smooth
meshes. The meshes of the surf&e be used in our numerical experiments for the discretization of
PDEs on surfaces are generated by the so-called constrained centroidal Voronoi Delaunay triangulation
(CCVDT) algorithm Du et al,, 2003. We now give a brief description below.

Given a density function x/ de ned onS, for any regionvV S, we callx® the “constrained mass

centroid ofV on S if ~

x° D arg rgl\i/nF.x/; whereF.x/ D .ylky  xk?ds.yr: (5.1)
X %

The existence of solutions 05(1) can be easily obtained by using the continuity and compactness of
F; however, solutions may not be unique. In general, given a Voronoi tesseNatianfx;; Vidj,, of
S, the generatorix; g}, do not coincide witifx‘d},;, wherex® denotes the constrained mass centroid

tessellation' (CCVT) if and only if the pointx; d,, which serve as the generators of the associated
Voronoi tessellatioriVid}, are also the constrained mass centroids of those regimnst(al., 2003,
i.e. if and only if we have that

The CCVT is a generalization of the standard centroidal Voronoi tessell@ioet(al, 1999 which is
a concept with many applications including mesh generation and optimization. The dual tessellation of
CCVT of Sis then called an CCVDT. Constrained centroidal Voronoi meshes on surfaBshiave
many good geometric properties, dee et al. (2003 andDu & Wang (2005 for detailed studies as
well as ef cient algorithms for constructing CCVT/CCVDT meshes.
For a constant density function, the generafargj,, are uniformly distributed in some sense; the
Vis are all almost of the same size?’:\nd most of them are similar convex surface hexagons; the mesh size
h is approximately proportional to=I n. For a nonconstant density function, the generdtigy,, are
still locally uniformly distributed and it is conjectured that, asymptoticdilgh; . . xj/= . xi// ¥4
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This property of local quasi-uniformity of CCVDT meshes gives us an excellent chance to recover the
approximation of su and sv in high order based on theg, U hand 31Vh.

Let us take a simple averaging scheme similar to the one suggeskd &Ju (2005. For any
vertexx;, let D; = {T]-h|7'jh T Xi Tjh}, then set

DU(x) = ShU|-|-jh , DV(x)=

1
—_— V|+h
: s V7!
Card D) h i

1
Card D;
o), "o

i Di
Now, let the vector-valued functio8U" and DV" be the corresponding piecewise-de ned functions

on S" that interpolatg DU (x; )}, and{DV (x)}'_,, respectively. We also useu" = £(DU") and

Dv" = £(DV") as the new approximations to the surface gradiegtsand sv, respectively. We ex-

pect that this averaging scheme with the underlying CCVDT meshgives second-order approxima-
tionsto suand svin L2-normand rst-order approximations iHX-norm. Then, the same averaging
scheme can be applied Bu" and Dv" to recover more accurately the tensokf su) and s( sv),
respectively. A numerical demonstration of this superconvergent recovery is given in the later numerical
experiments.

6. Numerical experiments

To illustrate the nite-volume method proposed and analysed in the paper and to validate the sharpness
of the convergence rates (CRs) proved in the previous sections, numerical experiments are performed
for some model geometries with some given exact solution.ay.(The simple mass-lumped scheme
(3.4) is used in the practical implementation.

Let n; denote the number of nodes of the mesh ati thdevel andu™! the corresponding discrete
solution, then we calculate the CR with respect to the norm by

_ yhi _yhi-1
CR= 2log( u—u™ / u—u )
log(ni—1/ni)

EXAMPLE 6.1 The surfacé is chosen to be the unit spheBe= {x ~ R3|x? + x5 + x3 = 1}, and
the outward normal ax  Sis given byn(x) = x/ x . Let the coef cients in {.1) be given by
a(x) = 1+ 3x? andb(x) = 1+ x3. The exact solution is chosen to b&x) = 10x;x2x3(xZ — x3) and
consequently

V(x) = —a(x) su(x) = 300 x2x3(Xs — x3) (1 + 3x3)/ (X2 + x3 + X3).

The right-hand sidd (x) is set correspondingly fromi(1). We note that the norms of the exact solution
are U 2 = 1.2024x 10"%, u 15 = 3.6698x 10"%t and u 425 = 3.6698x 10" and
V L2 = 83729x 10", v 1 =4.7398x 10792 and v 1425 = 2.7276% 10*%3, respectively.

Applying the nite-volume method discussed in the paper to solve Exadlewe adopt some
CCVDT meshes with a uniform density function and ve different levels of resolutionnj.é& taken
to be 104, 410, 1634, 6530 and 26114, respectivelyhkgk denote the largest diameter of the surface
mesh, then the correspondihgax for each mesh level is 0.5973, 0.3194, 0.1705, 0.0887 and 0.0457,
respectively. The computational results are reported in Tt8eme meshes and corresponding discrete
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TABLE 1 Computational results on CCVDT meshes for Exangfle

Nodes u—u" « CR u—uh 2 CR u—u" 41 CR

104 28433x 1091 — 25018x10%7 — 38341x10v00
410 74405x 10792 1.95 56339% 10792 217 17396x 10*0 1.15
1634 26583x 10792 1.48 15414x 10792 1.87 85407x10° 1.03
6530 53530% 1079 231 40513x 109 193 42474x10°1 1.01
26114 17167x 1079 1.64 11581109 1.81 21211x10°% 1.00

Nodes v—v" |~ CR v—vl . CR v—vl 1 CR

104 15978x 10*9t —  17780x 100! — 22675x 10*02 —
410 48971 10700 1.72 47457x 1090 1.93 12229% 10*02 0.90
1634 12964x 10v00 1,92 12064x 10790 1.98 62249x 10'°1 0.98
6530 33235x 10701 197 30247x10°90 200 31257x10'91 0.99
26114 90692x 10792 1.88 75731x 1092 2.00 66842x 10*%° 1.00

FiG. 2. Discrete solution! (top line) anav" (bottom line) for Examplé.1with 104, 410 and 1634 nodes, respectively.

solutions are also plotted in Fig, with the variations in colours representing the different values of the
numerical solution. The CR is obviously consistent to our theoretical analysis and the errors for both
andv are about the same order when taking into account the difference in their respective norms. The
gradient recovery scheme for the rst-order derivatives is also seen to give an extra order of accuracy.
For the second-order derivatives, the CR is expected to be at least linear, but the computation shows that
the rate behaves nearly to be second order (see Zable

EXAMPLE 6.2 Now, we let the surfacBto be an ellipse de ned b = {x R3|x? + x2 + x3/4 = 1},
and the outward normal at  Sis given byn(x) = t/|t| with t = (X1, X2, x3/4). The coef cients in
(1.2) are given bya(x) = 1+ x§ andb(x) = 1. An exact solution is chosen to béx) = €32 with the
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