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APPROXIMATIONS OF A GINZBURG-LANDAU MODEL
FOR SUPERCONDUCTING HOLLOW SPHERES BASED ON
SPHERICAL CENTROIDAL VORONOI TESSELLATIONS

QIANG DU AND LILI JU

ABSTRACT. In this paper the numerical approximations of the Ginzburg-
Landau model for a superconducting hollow spheres are constructed using
a gauge invariant discretization on spherical centroidal Voronoi tessellations.
A reduced model equation is used on the surface of the sphere which is valid
in the thin spherical shell limit. We present the numerical algorithms and
their theoretical convergence as well as interesting numerical results on the
vortex configurations. Properties of the spherical centroidal Voronoi tessella-
tions are also utilized to provide a high resolution scheme for computing the
supercurrent and the induced magnetic field.

1. INTRODUCTION

The quantized vortex phenomena are well-known signatures of superfluidity.
The macroscopic model of Ginzburg and Landau [15] [33] has been widely used
to describe the vortex state in both low-temperature and high-temperature su-
perconductors. The nucleation of quantized vortices in superconductors due to
the applied magnetic field has been rigorously established and extensively simu-
lated based on the phenomenological Ginzburg-Landau equations; see, for exam-
ple, [2, B, 4, 16, 19| [21], 22, 26] and the references cited therein. The numerical
approximations of Ginzburg-Landau type models have also been studied, including
the popular finite difference methods [12][23] and finite element methods [8][15], [16].
Based on a planar Voronoi-Delaunay grid, covolume techniques have also been an-
alyzed, and they provide gauge invariant approximations to the Ginzburg-Landau
model [20]. It is clear that methods based on unstructured grids, for example, the
finite element and finite volume methods become handy when we simulate super-
conducting samples of various geometric forms.

The geometry we focus on in this paper is a thin spherical superconducting
shell. In the physics literature, various studies on superconducting samples with
spherical geometry have been made, ranging from superconducting balls to hollow
spheres [9] [IT] B4] [35]. Superconducting hollow spheres play important roles in
the technological applications of superconductivity, such as in the design of the
superconducting gravimeters [29] and the Gravity Probe B gyroscopes developed
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at Stanford [25] for testing the theory of general relativity. In light of the latest
development in superconducting nano-clusters [31l, B2], spherical geometries and
thus the vortex structures related to spherical geometries may be of great interest
for future superconductivity research.

Taking advantage of the thin structure, a reduction of the full three-dimensional
Ginzburg-Landau model can be made which still captures many basic features of
the vortex state [6]. The resulting model becomes a simplified equation for the
order parameter defined on the sphere surface, similar to the case of a thin film
[3,51[7]. To simulate the simplified equation, a well-designed approximation scheme
is needed and a high-quality spherical grid is also desirable as it is well known that
a perfect uniformly distributed grid does not exist on the sphere for all levels of
resolution.

Recently, we have made numerous studies on generating high-quality, almost-
uniform spherical tessellations that we call spherical centroidal Voronoi tessella-
tions [14]. We have also studied the application of finite volume approximation
of convection diffusion equations on such grids [I4] [I77]. In this paper, we extend
the finite volume methods to construct a gauge invariant approximation of the
reduced Ginzburg-Landau (G-L) model. The novelty of the extension lies in its im-
plementation on a spherical centroidal Voronoi tessellation (SCVT) which provides
a higher order resolution of the physical variables than on a conventional spherical
Voronoi-Delaunay grid. Such a claim results from the optimality of SCVT on the
sphere: the SCVT gives a high quality mesh for both the numerical solution and
their gradient recovery; it also leads to optimal quadratures for numerical integra-
tions on the sphere. As illustrated in the paper, the Ginzburg-Landau model on
the sphere is a typical nonlinear system that provides a natural setting to utilize
these optimal spherical centroidal Voronoi tessellations. While a brief convergence
theory of our approximations is provided, the focus of the paper is on the discussion
of the numerical algorithm, some of its interesting properties, its implementation
with respect to the spherical centroidal Voronoi grids, and the effective evaluation
of various physically relevant quantities. We also present numerical simulations of
the vortex structure on the spherical shell generated by a constant applied magnetic
field and obtain the second order of convergence numerically.

The paper is organized as follows. In Section 2 we describe the basic Ginzburg-
Landau theory and the reduced model for the spherical shell. In Section 3 finite
volume approximations are discussed. The SCVT grids are briefly discussed in
Section 4. In Section 5 some theoretical issues concerning the convergence of the
numerical approximations are examined. In Section 6 we discuss how to utilize the
SCVT to compute the physical variables. Some numerical examples are given in
Section 7, and final conclusions are given in Section 8.

2. THE GINZBURG-LANDAU MODEL FOR SUPERCONDUCTIVITY

Let © C RY (d = 3) be the region occupied by the superconducting sample.
The primary variables used in the equilibrium G-L model are the complex scalar-
valued order parameter i» and the real vector-valued magnetic potential A (for
time-dependent models, the real scalar-valued electric potential ® is also needed).
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According to Ginzburg and Landau [I5),[33], in a nondimensionalized form, the
conventional Gibbs free energy is given by

g(u),A):/ﬂ (%‘(év+A>¢

where k, the Ginzburg-Landau parameter, is a material constant and Hisa given
applied magnetic field.
The minimizers of the free energy functional satisfy the G-L equations

2
1 1 .
+ (1= 9?2+ —/ |cur1A—H|2> s,
4 2 ]Rd

. 2
(%wA) b=+ P =0 inQ,

curl curl A + ;—ﬁ(w*w — V) + [YPA =0 inQ,
curl curlA =0 in R?\ Q,

with curlA = H at infinity. Solutions of the G-L equations satisfy the gauge
invariance property. Assume that H = HZ is a constant field in the z-direction
with strength H, and let Ay = Ap(x) be given by

AO(xv Y, Z) = g(ya -z, O)T

A popular gauge choice is given by div A =0 and A — Ay at infinity.

It turns out a reduction of the model is possible when the domain € is made of
a very thin structure [3| [5]. For example, in the case of a thin shell under constant
field in the z-direction, with da(x) being the thickness function and ¢ being a
small constant, the solution of the above equations can be approximated, to the
leading order of §, by (¢, Ag) where the function v is defined on the sphere surface
S? = {x | ||x|]| = r > 0} [6], in the same spirit as of the thin film.

Denote by V the surface tangential gradient [24] on the sphere defined as

VS = (VS,I; VS,Q; v5,3) =V - (V . ﬁx)ﬁx;

where V is the standard gradient operator and 1y is the outer normal vector toward
S? at x, by Ag, the tangential projection of Ay defined as

Ags = Ag — (Ag - fix)fiy.

After a rescaling, the reduced equation satisfied by v then becomes
. . 1
(2.1) —(Vs —iAps)a(x)(Vs —iAgs)t + 6—21/)(|1Z)|2 —1)=0, on S?

where a > 0 is a function measuring the relative thickness of the three-dimensional
thin spherical shell. The parameter € can be interpreted as the effective coherence
length which depends on « for the thin shell; see [5] for details. For simplicity, here
we let a(x) = 1; in other words, we assume that the spherical shell has uniform
thickness.

It is easy to see that the solutions of equation ([21I) are the critical points of the
energy functional

(2.2) F) = /S (|(vs —iAgs) Y[” + 2—12(1 - Wf) ds.
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It is in our interest here to first compute for the ground state of the energy, and
then to calculate all solution branches for (1) to obtain an accurate bifurcation
diagram, similar to the study made in [2].

The gauge invariance of the functional F, and thus, the gauge invariance of
the solution space for the Ginzburg-Landau equations, is understood as F being
invariant under the transformation: for any smoothly defined real-valued scalar
function n = n(x),

(2.3) (Aos,w) i (AOS + Vs'ﬂv weXP(in)) .

Another feature related to the gauge invariance in the solution space, in the
spherical setting, is the rotational group invariance in the independent variables
with respect to the z axis. In fact, if 1) = 1)(x) is a solution of equation (21]), and
T :S? — S? is a plane rotation

cosa sina 0
T= —sina cosa 0 |,
0 0 1

where « is the angle of rotation, then ¢ = ¢)(x) defined by
(x) = (Tx) exp(ia? sina/2 + izy(1 — cos ) + iy? sina/2 + if3)

for x = (r,y,2)7 € S%, is also a solution for an arbitrary real scalar constant f3.
The invariance with respect to 3 gives the U(1) symmetry of the solution space.

A consequence of the gauge and rotation invariance is that rigorous numerical
analysis is best applied in a properly defined quotient space. Such a point is to be
further addressed in a future work.

3. FINITE VOLUME APPROXIMATIONS

Denote by d(x,y) the geodesic distance between x and y on S?; i.e.,

d(x,y)=r {arccos (XT'Qyﬂ Vx,yeS?

Given a set of distinct points {x;}}_; C S?, we can define for each point x;,
j=1,...,n, the corresponding Voronoi region Vj, j = 1,...,n, by

Vj:{yeSQ | d(x;,y) <d(xg,y) for k=1,...,n and k;éj}

Clearly, we have x; € V;, and {V]}?:1 forms a tessellation of S2. We refer to
{Vi}j—, as the Voronoi tessellation or Voronoi diagram of S? associated with the
point set {x;}7_;. We call x; a generator, and a subdomain V; C S? is referred
to as the Voronoi region or Voronoi cell corresponding to the generator x;. It is
easy to see that each Voronoi cell V; is an open convex spherical polygon on S?%;
i.e., its sides are geodesic arcs. It is also well known that the dual tessellation to
a Voronoi tessellation of S? consists of spherical triangles. The dual tessellations
[28] are referred to as Delaunay triangulations and are very popular computational
meshes on the sphere, similar to the planar cases.

Given a spherical Voronoi-Delaunay mesh W = {x;, V;}7_, (see Figure[l), define

(4) = the area of A if it is a nonempty subdomain of S?,
T ] the length of A if it is a geodesic arc on S?.
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FiGURE 1. Left: a spherical Voronoi tessellation; right: a single
Voronoi region and its dual triangles.

Then, for " = (1,2, ... ,%y), the Ginzburg-Landau functional is discretized as

PG = a3 Am) - )

1 < m Pj . 2
(3.1) +3 >y {%iinlwk exp(—icjr) — ¥jl }

e [[x;

Cik = [ Aos(x) 'gjkcw = ( . AOS(X)CM) 'Ejk’
XEXj

XX
where t. ;i denotes the unit tangent field along the geodesic arc x;xj, at the middle
point of x;X. In fact, due to symmetry, we have

nd X — X5
ik

[

%k — x|
For any j, the index set x; denotes the indices of all vertices which are adjacent
to the vertex x;. We also assume that for two adjacent vertices x; and x;, the
common boundary I'j; of their Voronoi regions (part of their bisector, i.e., points
on the sphere having equal distance to xj, x;) has a nonzero measure m(Tj).

The choice of the above discrete energy is made in order to preserve several
properties shared by the continuous energy functional at the discrete level: one
being the validity of the maximum principle, which states that the magnitude of
the order parameter should not exceed the unit (constant 1); another being the
gauge invariance in the discrete sense. Detailed discussions on gauge invariant
approximations to the full Ginzburg-Landau models can be found in [12] 20]. As
the original continuous model enjoys gauge invariance, it is desirable that such
a property still holds at the discrete level. Moreover, the gauge invariance gives
one the freedom to choose the most convenient gauge to work with and makes the
gauge fixing much easier to implement numerically [12]. For the reduced model
given above, the discrete gauge transformation may be defined by

(3.2) (Aos, {05}7-1) — (Aos + Van(x), {¥;exp(in(x;))}i—).



1262 QIANG DU AND LILI JU

It is easy to see that the discrete energy functional is invariant under the discrete
gauge transformation. The rotational invariance can be understood in the sense
that, for an arbitrary mesh, a plane rotation would lead to a new mesh and a discrete
solution on the new mesh can be obtained from a solution in the old mesh. Notice
that for a given mesh (such as the SCVT grid discussed here), the discrete solution
is possibly rotation invariant only for a finite rotation group with a cardinality
independent of the mesh size. Thus, we do not have to worry about the rotation
invariance (except the U(1) symmetry given by a constant phase change) of the
discrete solution space. The U(1) symmetry can be fixed by explicitly assigning
the phase variable at a particular point (typically chosen to be located on the
equator where the solution has nonzero magnitude).

Let 1/_)% represent the vector with components {¢;}, and define

(3.3) F (1) = —m(T ) LESRZIC) =95
x5 — x|l
Then the Euler-Lagrange equation gives
1 1 .
J kex;

The gauge invariance of the discrete free energy functional naturally implies
that the above finite volume scheme is also gauge invariant. Gauge invariant finite
difference methods have been widely used in the physics literature [I 23]. Though
uniform cartesian grids do not exist for the sphere, the invariant approximation
given above provides a natural extension of the standard gauge invariant finite
difference methods based on spherical geometry.

4. MESH REGULARITY AND THE SCVT

To ensure good approximation properties, some mesh regularity assumptions on
the underlying grids are needed.

Given a Voronoi mesh W = {x;, V;}7_,, we define the mesh norm h by
(4.1) h = max hj, where h; = max d(x;,y) .

J=1,m yev;
Thus, h; gives the maximum geodesic distance between the particular generator x;
and the points in its associated cell V}, and h gives the maximum geodesic distance
between any generator and the points in its associated cell. We then define the
mesh regularity norm o [14] by
(4.2) 0= min min x5, X1e)

j=1,...,n kEx;, Zhj

o can be used as a measure of the uniformity of a mesh; the larger the value of
o, the more uniform the mesh. In addition, the value of o provides us a measure
of the mesh regularity; i.e., the local uniformity of a mesh. We will refer to W as
regular if o is uniformly bounded above zero for small h (large n).

An optimal spherical mesh that gives good mesh regularity is the one given by the
SCVT [14]. The SCVT is a spherical Voronoi tessellation with special distributions
of their Voronoi generators.

Given a density function p defined on S?, for any spherical region V' C S2, the
spherical mass centroid x¢ of V on S? is given by the minimizer of

(4.3) mine(x),  where e(X)=/Vp(Y)|Iy—X||2dS(Y)7
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where ds(y) denotes the area element at y € V C S?. As in [I4], a Voronoi
tessellation of S? is called a spherical centroidal Voronoi tessellation if and only if
the points {x; }?:1 which serve as the generators of the associated spherical Voronoi
tessellation {V;}7_; are also the spherical mass centroids of those Voronoi regions.
The SCVTs are special cases on the sphere of the constrained CVTs for general
surfaces [13]. It can be shown [I3] that a properly defined energy is minimized only
when {x;, V;}7_; forms a SCVT.

Consequently, spherical centroidal Voronoi meshes have many good geometric
properties; see [14]. In particular, for large n, it gives very good mesh regularity,
and, when applied to the finite volume approximations of linear convection diffusion
equations, it leads to high resolution of both the solution and their gradients [17].
Examples of the SCVT grids are given later in the paper.

In our study here, we only take the special case of a constant density p = 1. In
such a case, the SCVT generators are uniformly distributed.

5. ANALYSIS OF THE FINITE VOLUME METHODS

We define the standard Sobolev space on S? (a compact, two-dimensional Rie-
mannian manifold) [24), [14] [17] such as

o) ={o0) | [ V5o dstx) <o, for0<fa] < m} .

— [6 a1 a2 a3 —
where o = (a1, a2, a3), V§ = Vi1 VIEVEs, and |a| = aq + a2 + a3. Also,

1/p
(Cociapem IVE0l5 )~ for1<p<oo,
maxo<|a|<m ||V?¢Ho,oo,g2 for p = oo.

For the case p = 2, we let H™(S?) = W™2(S?) and ||@]|;n.s2 = ||¢]lm 2,52

If x;,,x%;,, and x;, are neighbors for each other in W, we denote by 7;i; the
spherical triangle determined by x;, , x;,, and x;,, and by 7j, ;,;, the corresponding
planar triangle. We use the notation ¥ = {V;}_;, T = {Fjrjnjs J» and T = {75, 50js }-
It is easy to see that

H¢||m,p52 =

7-j1j2j3 = {P(Y) = Y/HYH | ye Tj1j2j3} = P(lehjs)a

and 7 is the corresponding spherical Delaunay triangulation of S? associated with
the generators {x;}7_;. We can also view P as a one-to-one smooth function that
maps §* =, . er Tiiajs 05 =Uz | eF Tjrjajs- Clearly, S*NS* = {xi}L,.

From now on, we assume the mesh regularity on the spherical Voronoi-Delaunay
mesh used in the discretization (BI), which is automatically satisfied by the SCVT
grid with sufficiently many generators. Moreover, for such a SCVT grid, all angles
of the corresponding planar triangles in 7 are acute for large enough n.

For any x € S? and x1, X2 € 7}, /,j,, We have

[x —P~1(x)| < ch?,
(5.1) (1 —ch?)d(x1,x2) < [[P7H(x1) = P71 (x2)|| < (1 + ch?)d(x1,%2),
U(Tjjags) < MU(Tjgngs) < (14 ch®)m(Tj, 524s),

where m(7;, j,;,) denotes the area of the triangle 7;, ;,;, and ¢ represents a generic
constant that is independent of A for A small.
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Given ¢" = (¢1, ¢a, . .. ,dn), we call "L a piecewise linear function on S* that
interpolates ¢" at all the vertices {x;}7_, if and only if

¢h7L(Y) = >‘j1 ¢j1 + >‘j2 ¢j2 + >‘j3¢j3 VyE€ Tj1j273>
where Aj,, Aj,, Aj, are the barycentric coordinates of y in the planar triangle 75, j, ;-
Based on ¢™%, we define a special approximate piecewise linear approximation that
interpolates qgh at all the vertices on the sphere S? by

(5.2) ¢"(x) = ¢ (y) = " (P (%)), xS
For the properties of such an interpolation on S?, see [14, [17]. It is easy to find that
" € HL(S?).

Let V. be the tangential surface gradient operator on S*, i.e., for any function
& defined on S*,

v*f(Y) = (v*,17 v*,Qa v*73)€(Y) = VE(Y) - (Vg(Y) ! ﬁ7j1j2j3 )ﬁTJ'lJ'QJ'S v y e Tj1j2ds>
where i, ; . is the unit outer normal vector to 7j,j,5,. In fact, the operator V. is
locally equivalent to the standard two-dimensional gradient operator in each planar
triangle 7;, ;,;,; consequently, we know that for any y1,y2 € 7, jajs»

(5.3) Vag"E(y1) = Vag™ " (y2)
since ¢™L is linear on 7, j, -
For convenience, we define Ay, as the piecewise projection of Ags onto S*; that
is,
Ao (y) = Aos(P(y)) — (Aos(P(y)) - ﬁlejzjg)ﬁTmms )

in each 7j, j,4,. Clearly,

Ao« (¥)] < [Aos(P(¥))]

[Aos(P(y)) — Aox(y)| < ch|Aos(P(y))] -

We define a modified energy functional: for ¢ with ||@||1,s+ < 0o,
. 1
6 o= X[ (I ke o + 5z 16P?) ar
Ti1iais €T 314233

Here? we let ||¢H%,S* = Zlejzjg cT ||¢||%,Tj1j2j3 °

It is also easy to find that for any y € 7, j,, and x = P(y) € S?, we have
(5.5) Ty Gy, > 1—ch’.

Using (&1)), (52), and similar analyses in [I4] 7], we have that for any x €
Tjijojss Y = 'Pil(x) € Tj1j2gs>

(5.6) V" (x) = Vo™ " (y)| < ch|Vd"(x),  j=j1,j2. s
and
(5.7) IVo" (x) = Vo™ H(y)| < ch|Viud™ (y)l,  §=J1, 2, s,

for some constant ¢ > 0. Consequently, let ¢ be an approximate piecewise linear
function in H!(S?) corresponding to the spherical triangulation 7. Then for h
small,

(5:8) (1= ch®)|g" I} g <" 752 < (1+ A" 5

for some constant ¢ > 0 independent of h.
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First, we have the following maximum principle.
Lemma 5.1. If " = (1, s, ... ,%y,) is a minimizer of F" of &), then |v;| <
1 for any j.

The proof follows the same line of argument as that given in [12, 20] for the
planar case.

Given an approximate piecewise linear approximation ¢" with respect to the
spherical triangulation T associated with the spherical Voronoi tessellation 3, and
¢" interpolates data q;h € C*™ at the vertices in the way defined in (&3); i.e.,
#"(xj) = ¢j,1 < j < n. Then we have

Lemma 5.2. If F" (Q_S'h) is uniformly bounded, then there exists a generic constant
¢ > 0, independent of h, such that

6"l <c
and
6" 5] 5 <

Proof. From the definition of 7" and the uniform boundedness, we get
Doloil'm(Vy) <e.
J
By the equivalence of norms in polynomial spaces and scaling argument,
h
6"
for the piecewise linear function 1. Then we get

» j

kj

04,8 S ¢

Using the equivalence of the norms given in [17], we get the final results for ¢"
and ¢l O

Theorem 5.3. There exists a minimizer z/?h of F. Moreover, [;] <1 for all j.

Proof. The functional F" is obviously continuous and bounded below, and thus has
a minimizing sequence {¢"}° . Using the previous lemma, F"(¢) is uniformly
bounded above and this implies that Jﬁ is also uniformly bounded, so that a min-
imizing sequence must have a convergent subsequence. By continuity, limit of this
subsequence is a minimizer of F". The pointwise bound follows from the maximum
principle. O

Then, we have the following result.

Lemma 5.4. If ¢" defined above is uniformly bounded independent of h in H(S?),

then

(5.9) F(o") = FL(¢™L) + o(1) as h—0
and

(5.10) FE(@"E) = FH (") + 0(1) as h— 0.
Consequently,

(5.11) F(¢") = F'( ") + o(1) as h— 0.
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Proof. We note first that ||¢"||; s« is also uniformly bounded by Lemma
Using the inequalities (5.I)), we have

‘/ ) ds/ gL s

< ¥ (1— 6" (0)%)? ds(x) — / (1= [6"E(y)[2)? ds*(y)

i1 ads cT Tj1d2ds J13233
= > (=10 ())? ds(x)
7:j1J213 €T Tira2ds

- / (1 6" () 2)? ds* (P~ (x))

J13233

<ot 3 [ -l eP) dstx)

Ti1d233

TJ1J2J3€T

< ch*(m(S?) + 16" 11 g)-

Moreover, by the inequalities (51), (G.5), (5.8), the norm equivalence, and
Sobolev imbedding theorems, we similarly get

[ 169+ A0 R ds) = [ 69 + A0 )R s )

J14233 Jj13273

<[ 67+ A0 (P = (69 + Au)sE (P )P) ds(x)

J13233

+] / iV + Ag.)g" ()7 ds(P(y))

713233
- / iV + Ag.) ™ (y)[* ds*(y)
Tj1i233
< Ch2(||¢h||%,%hj2j3 + 1 A0sl18,4.7,, 5,10 ||¢h||(2),4,%jljm)
LR+ 1 AolBans [ )
U O W I P S

Then we have
| / iV, + Agy)¢"[? dS — / iV, + Ay )@ dS*
$2 S*

< ch?([[ 0" 17 g2 + [1A0s 17 216" 17 62) -
So we get
[F(") = FH("E)] < eh?,
which directly induces (&.3).

The proof of (&I0) is based on similar consideration given in [20] for the pla-
nar case. Using standard approximation results, scaling argument and the norm
equivalence in [I7] with (&I, we have for any continuous piecewise polynomial ¢
(of degree < 4) defined on S* with respect to the triangulation 7,

(5.12) \ ¢as”— 3 Togm(Vi)| < ehllas
Vi €3

where c is a generic constant independent of h.
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Let ¢ = 1(1— [¢"F|?)2. We have

_ 1 N
1<l 18- = I = 1" 115 2.6- + 1121 = [6"#)R{(S™ )" V6™ Hlo,15--

By Sobolev imbedding theorems and the uniform bound on ||¢"L||1 2.5+, we get

1 V.
(5.13) /S 5(1 — @Mt P)?dsT — Y %(1 — P PP < ch.

Vi €3
Consider a typical spherical triangle 7;, ;,;, with vertices x;,,x;,, and x;,, let

1
AOs (X) ds .

Qi = —
e 1%, = 5 |l X, X

It is easy to see that ‘Ejm, ‘EijS, Ej3j1 are three unit vectors for the edges of the
planar triangle 7;, ;,7,. Then for any vector v (real or complex), we have [20]
MUT1jaja ) [VIZ = cOt 055135, — X0 [PV - £, 5]
+ cot 971 ”sz — Xj3 ||2|V “tajs |2
+ cot gjz ||xj3 — X5 ||2|V g |2a

where the ¢ s are the corresponding angles of the triangle.
Thus, we are motivated to consider the kinetic energy:

(I)ﬁfjjs = / ‘ (Zv* + AO*)¢h}L(Y) ’ E}1'1]'2
Tj13233

—

= 2
—(iv*¢h’L(Xj2) b1, + (@5 'tj1j2)¢h’L(Xj2))‘ ds™(y)

g - 2
< / ‘(AO*(X) ) (y) = (a4, -t 50)0" T (x5,)| ds*(y)

J13233

< 2 (10 Gt E) - o)
Tj13233
~ (A0 () = aj110) - Eiusa 216" 1)) ds” ()
< 206" = 0 ) ey 140 By

+ Ch2||¢h7L ”(2),0077';'1]'2)'3 ||AO* ||17Tj1j2j3 .

Here, we have used the estimate (5.6) and (5.7).
Thus, we can get

t60,,11%;, — x|/ 2 (1)
iy (cotbalbn — i P0]17,
+ cot 01'1 ||Xj2 — Xjs HQ(I)ﬁ;;B + cot 0j2 ijs — X5 ||2(I)§f§;j3>

h h 2 2
S 2 linl?é),{?) ||¢ - ¢ (>(jl)”O,OO,TJ‘U‘QJ'3 ||AO*||O,Tj1j2j3

2 2 h|2
+Ch ||AO*||1,Tj1j2j3||¢ ||O,OO,Tj1j2j3 .
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Since ¢™L is a linear polynomial on 7j,;,;,, by the inverse estimate, Holder’s
inequality, and the norm equivalence, we get

L
1675 = " (00 )13 0,715 1805 16,7,
é C||¢h7L - ¢h}L(le)||(2)7q,lej2j3 ||A0* ||(2)1p17—j1j2j3 )

where p > 2 and 2/p+2/q = 1.
By Sobolev imbedding theorems and scaling arguments again, we get

E = Z

Tirizis €7

+cot 0, 1, — 35, P77, + cot 0, 134, — x5, 11 (D)7, }

{ cot 0, 1|x;, — xj, ||2(I)ﬁ;213

m(le J2Js )

J1j273 J1j273
e [V VN [ o e -V [ ] P
On the other hand, we consider
o 2
. h,L 7 g h,L .
(H)ﬁﬁjs = ‘(ZV*¢ ' (ij) A7 e (ajljz 'tj1j2)¢ (ij)) - Zﬂjl]é
| P =% G exp(=ic) = G iy, o (xy,) 2
1%, = %5, | 1%, — %5, | e ”
< (bh’L(X' ) (1 — eXp(—ilejz) i s > ?
N 2 ijl - Xj2|| e
hoL 1 —exp(—icj, j,) Cirj 2
S ¢ 5 (ij) J1J2 — J1Jj2
ijl — Xy H ijl — Xy H
< el ooy 12 | I = %52 1%,

where ¢j1 = ¢h7L(Xj1)a ¢j2 = ¢h7L(Xj2) and
- Cjrj ®j, exp(—icj,j,) — O;
Qg =g By = iz g D2 d1i2) — P
SRR Ik, — x| T T %, — %, |l
Again, by a similar argument as before, we have
By = Y0 {eottlx — x2S,
Tjri2iz €T
+ ot 05, [[x5, — x5, [P35, + cot b, [Ix, — x5, |17 j3}
< ch®| Aot gelle™ )T s -
Let
. 2 2
K = Z {COt 0j, ijl — X2 | |ﬁj1j2|
Tj1d2iz €T

00t 03, [ = X |2 1Biasa | + 00t 03, 1350 = 0 21805, -

Then, by the estimate on ¢", we get the error estimate

‘ (V. + Ag.) 6" |” ds™ - /c‘ < (B + E»)
S*

< chP P Apaf} g (14 P + 2P| Aga 1} 52) 16" 117 s-
for any p > 2 and h small.
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Using mesh regularity and approximation properties of planar triangles 7;, j,,
to spherical triangles 7;, j, j,, it is easy to find that for any two triangles 7;, j,;, and
Tji,jajs Sharing the common edge x;,x;,, we have

m(Fjﬂs

cot 6, +cotfj, — T, — %,
J2 J3

< ch? cot 0, +cot by, ).
J J

Let

K = _ZZ ”xj - ” WkeXP( icjr) — ¥l

J=1ke&x;
= 3 IIXJ xi %1817 -
||X |
j 1 kex; J

Then |I€ — K| < ch?K, and consequently,

K-K| < ch2( ‘/c —/ (V. + Aoy) E|* dS”
S*
+/ V. + o) ¢"E [ ds*)
S*
< (0" s + Aol g 16" 1T s-) -

Thus, we have
‘/ |GV, + Ag.) o[ ds* — K|
< R (L4 || Agulf g )1+ hYP + hYP | Ao |f s )l 0"11F - -
Taking p sufficiently large in (5I4) with (52I3]), we obtain
(5.15) [FE(O"E) = FM ()] < ch,
which directly induces (GI0). O

(5.14)

Now let . be a global minimizer of problem (2.2); i.e.,

)= F.
F(¥s) = Jnin

Let 1™, be an approximate piecewise linear approximation of 1, (the standard
elliptic projection or an interpolant using the averages of ¥, over the Voronoi regions
{V;} as values at the vertices {z;}).

It is straightforward to see that the bounds on the energy functional imply

11 ll1 52 < el
It follows that
Lemma 5.5. Using the definitions given above, we have
F(IMp,) = F(h.) +o(1) as h—0

and

F(IMp.) = FM@2) +o(1) as  h—0,
where P = (1M, (x1), " (x2), . . ., I"pu(x)).
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For any h, let Jh be a minimizer of F; i.e.,

FH@") = min F".

It is easy to see that F7 (") is uniformly bounded.

Let 4" be the approximate piecewise linear approximation of the data Jh in S2.
Then

19" 152 < €
for some generic constant ¢ > 0.

We now prove the convergence theorem.

Theorem 5.6. For any h, let Jh and " be defined as above. Then as h — 0,
there is a subsequence of {{"} that converges to a global minimizer of F in H'(Q),
and

. h _’h _ .
fuoy 7 W = Hr?(lsg)f'

Proof. Let 1, be a global minimizer of F. By definition,
Fliu) < FW") .
For any § > 0, if h small enough, we have, by Lemma [5.4],
Fh) < FHEM) +6.
Thus,
FWu) < FMEL) +6.
It follows from earlier estimates in Lemma [5.5] that, for small A,
Frl) < F(h) +6 .
So,
F(ps) S FW") < Fyu) +20
and
F,) < Fr@") + 6 < Fihs) + 20.
If we let § — 0, we see that {¢"} forms a minimizing sequence of F; thus, it has
a weakly convergent subsequence {t"'} that converges to a global minimizer of F.
Using results in functional analysis, we see that the subsequence also converges
strongly in H!(S?). Moreover, we consequently have
. h _°h T h _ .
Lim (") = lim F(y )—Hrp(lsg)f- O
The above theorem gives the convergence of the discrete approximation under
minimal regularity assumptions on the exact solution. If smoothness assumptions

on the exact solutions can be made, we have the following results, which indicate
the superiority of the SCVT grid.

Corollary 5.7. Given ¢ € H*(Q), let 1/_)% and Y™ be defined as above for a SCVT
grid. Then, for any 6 > 0,

Fr@h) = F() + O(h*%)  as h—0.
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Proof. With the smoothness assumption on v, we can utilize the property of the
SCVT to get that

(5.16) €A = > Chem(Vs)| < eh[Cllase -

Vi, €9

where ¢ = 1(1 — [¢*)? is in H?(S?), and c is a generic constant independent of h.
Note that a scaling argument leads to

(517) Hv‘?w - VSIhw||077~'jlj2jg < Ch||¢”2,%,~1j2j3 ) J = J1,J2, Js;

for some constant ¢ > 0. Then, following the proof of the earlier theorems, we can
get that

|Fh(h) — F()] < ch?7YP  as h—0
for any p > 2, which can be arbitrarily large. ([

We note that if the grid used is not a SCVT grid, only first order estimates of

the type
Fh@")y = F@)+O0(h) as h—0

may be expected since (516) may not be always valid for arbitrary spherical Voronoi
tessellations. Thus, the SCVT allows an almost full extra order of accuracy over the
arbitrary Voronoi-Delaunay grids on the sphere. It is also possible to derive error
estimates for the finite volume approximations using arguments along the lines of
[I7]. We leave this to future works.

6. GAUGE INVARIANT GRADIENT RECOVERY AND FIELD COMPUTATION

Once the discrete solution {t;} is computed, we can readily obtain the scalar
field {|+;|?} which described the local state: the positions {j | [1;| = 0} are called
the vortices as the superconducting carrier density (|1;|?) is zero; on the other
hand, the points {j | |¢;| = 1} represent superconducting region.

Another interesting physical quantity is the supercurrent

(6'1) J, = %{w*v‘sw} - A0s|¢|2 = _%{w*(ivsw + AOsw)} s on S2%.

Since it involves the gradient computation, an accurate scheme is required. One
way is to use the superconvergent gradient recovery technique proposed in [17] for
the SCVTs. That is to do the two terms ¥*V 1 and Ags|1|? separately. After all,
only the gradient term V41 needs better recovery scheme.

However, in order to preserve the gauge invariance, we here propose another
approach for superconvergent gradient recovery which gives an accurate computa-
tion of iVs1) + Apstp and the supercurrent Js while still preserves discrete gauge
invariance.

For any generator x;, let us define an element patch Vi, = ijeijz Tjjrj»; that
is, the union of all spherical triangles in the dual spherical Delaunay triangulation
that contain x; as one of its vertices. We first project Vi, onto the tangential plane
Sy, of S? at x; (Sx, is perpendicular to fiy; at x;). Let €} x,,€x; be any given
orthonormal basis of Sy ;. We now move Sx; to the (z,y)-plane via an affine map
satisfying that ﬁxj is mapped to the z-axis and é’ij to the z-axis and é’27xj to
the y-axis (see Figure B). We then define a map Hy; : Vi, — R? by the above
procedure such that Vi = Hy, (Vx; ).
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z4 N xj
T ,,
Vi

xj x

x —
€5,
J

FIGURE 2. The mapping Hy;.
On eacil planar triangle Ax;-xglxg-z = Hy,(7jj,4,), we uniquely determine a linear
function v, ;. by setting

Vi (X1) =" (x0) = b, 1= 14,51, jo

Then, we compute the gauge invariant approximations to the components of iV 41+
A1) along the xx’; and xx’ directions, respectively:

_ Zw]k exp(—iijk) - 1/)]‘

(6.2) Vij, = L k=1,2.
e llx; — x|l

Clearly, from the vector decomposition and the fact that Ejjl j, 18 linear on

Ax}xg-lx;-z, we know that there exists a unique set {Skl}i,lzl such that

V. trx
(6.3) Vo hjjnin = < 1 512 > < fﬂﬂ_l{? o

S21 S22

where Ex;x; denotes the unit vector from x; to x; for [ = ji, j2. Since x] is the
origin, if we write X;i = (z1,y1) and X;g = (z2,y2), then in fact we can get

Yari Yira xTaT xr1re
S11 = —(=— S12 = ——=—, §21 = — Q ) S12 = Q >

Q

where

T1=\/$%+y%7 re =\/23 4+ Y3, Q= z1y2 — T2y
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Now we set

(6.4) ( DJ;‘“? ) = ( 112 ) ( Vi ) .
Djj1 g s21 522 Vjja
Finally, we approximate iV 19 + Ags1) at x; by
. 1 - S
(65) (szl/J + Aoﬂl))(xj) ~ay = E Z (Djl'jljéel:xj + D?jl]éezvxj) )

Tjjriz CVax;

where ¢ = Card({7;;,, | Tjj.j» C Vx,}). Then we compute the discrete supercurrent
J, at x; by

(6.6) Js(x5) = —R{Y(x))e} -

Next, we consider the computation of the induced magnetic field. Although
for very thin shells, the applied magnetic field, to the leading order, penetrates
through the sample completely (curl Ay = HZ), it is also of interest to study the
higher order corrections, in particular, the next order term H; given by the solution
of the following three-dimensional Maxwell equations [5]:

divH; =0, cwlH; =0, in R?
with interface condition
[H; xn], =J,xn on S%
where n is the unit outer normal to the sphere and [-]s denotes the jump across the
spherical surface (the difference between the exterior value and the interior value),

and H; — 0 at infinity.
The solution H; can be computed via an integral representation: for any y € R3,

1
Hl(y) = /S2 VH X JS(X) de .

The total corrected field is given by H = HZzZ+JdH1, where § represents the thickness
of the thin spherical shell.
It is easy to see that

1 dnr, [yl <,
s2 [ly —x|| drr/lyl, Iyl >

So for any y € R? — §2, we get that

(6.7) G(y) :/S v as :{ 0, [yl <7,

: ly—x| —drr?y/lly[®, lyll >,
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and for any y € S?,

1
G (y) = lim / Ve ——dSx =0,
y—-yilyl<r Js2 - |ly’ — x|

1
GH(y) = lim / V———dSx = —4ny/|y|,
)= Bt o YTy =g 4 = AW
which leads to the jump discontinuity of the applied magnetic field across the
spherical surface.
To accurately compute the H;, we need to resolve the numerical singularity when
y approaches S%. Let us choose x; € {x; }7_1 such that

(6.8)

Ixiy =¥l < Ix = Il forall x € {x;}i) —x;, -
For any y € R? — S2, we compute
Hi(y) ~ Hi(y) = G(y) x Js(x;,)
+ X5, V) (Vly = X171 0x5) x (34(x5) = Js(x5,)) )-

If y € S?, then replace G by G~ and G, respectively, in (63) to get the interior
limit and the exterior limit of Hy(y) across the sphere surface.
Let us estimate the error of the approximation (6.9):

9l =l (3160) = 3.6, ) S

S
= > m) (Vllly =765 x (3s0x) = Talxs,))

J#dy

(6.9)

Hi(y) — Hi(y)

Il
X
=

|
—
4
<
|
»
X
o
®
|
-
!:)N
=
'3

—m(V) (W (ly =l 7)) x (3506x) —Js<xjy>>)>

Ty =l (3400 = )
= L + I
Suppose that J; € (C2 (82))3. It is easy to see that there exists a constant C' > 0
such that for any x € S2,
Vlly = x|~ x (3.(x) = 3.(x))] < C.
We get,
(6.10) || < Cm(V},) < ch?.
On the other hand, using the special properties of SCVT [17], by the Cauchy-

Schwartz inequality, we know that
(6.11) L] <) eh®(mVi) 21 Tsllay; < eh®3s]a60-
J#Jy
By (B10) and (GITl), we see that (G3) gives a high-quality quadrature rule on
the sphere for accurately computing the correction to the magnetic field.
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Figure 3. SCVT with a constant density for n =162, 642, 2562, 10242.

7. NUMERICAL EXPERIMENTS

To solve the finite volume equations for the nonlinear G-L model, the so-called
Nonlinear Conjugate Gradient method [27] is used. Other nonlinear minimization
methods can also be applied, such as Newton’s method or other descent methods.
In the simulation reported here, we take the unit sphere (r = 1) and set € = 0.2.
The spherical centroidal Voronoi meshes with n = 162,642, 2562, 10242 are used;

see Figure [3

TABLE 1. Computational results for H = 15.0.

n 162 642 2562 | 10242

Fh 68.7961 | 73.1503 | 74.1873 | 74.4508
|Fh— 7| |7 0.0761 | 0.0175 | 0.0036 -
9" — " [los2 /19" llos2 || 0.2669 | 0.0662 | 0.0186 -

FIGURE 4. The solution |¢"| for H = 15.0. Top: top view; bottom:
3-D view; left: n = 642; middle: n = 2562; right: n = 10242.
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When the applied magnetic field is absent (H = 0), the global energy minimizer is
given by a pure superconducting solution ¢ = exp(if) for some constant angle 6. In
our simulation, with the initial iteration given by ¢(x) = 0.5exp(i%) everywhere,
a pure superconducting solution ¢ = exp(i7) is found numerically; see the first
picture of Figure[8l For H large enough, we expect to see vortex nucleation; that
is, ¥(x) = 0 at some points x € S?, and due to the symmetry of the sphere,
vortices appear in pairs (with vortex and antivortex on two hemispheres). For
larger and larger H, more and more vortices nucleate (again in pairs). A path-
following approach is adopted here to probe the energy landscape by varying the
parameter H.

To find solutions with vortices, due to the energy barrier [3| 4], sometimes we
intensionally plant some vortex-like structures. For instance, an initial guess of the

FIGURE 5. Supercurrent Jg. Left: top view; right: 3-D view.

i EEREISEEEE } y, Bt i |
SRR R WASERRREL N
EREESEREREE AR RS S o §frdi L g 1 1d

A L es i iR
SEERRES o SRPRORE fEoR £ %8 L LI

| {-;a",-,"r||‘-.-\"_.‘-.;l | L:T.?"f’,‘;’-‘.l'l'l'-'._\.‘-il

4 i‘;”’"“i‘x\\*i I a 1'-’:'1.""!-P"Piii‘!l"lll""'
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FI1GURE 6. Corrected magnetic field H with § = 0.1. Left: on the
plane y = 0; right: on the surface {x | ||x|| = 1.1}.
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TABLE 2. Minimum energy F" vs. magnetics field strength H.

H 0.0 1.0 2.0 3.0 4.0 5.0 6.0
F' || 0.0000 | 2.0863 | 8.2457 | 17.2853 | 19.9073 | 26.3519 | 32.2881
H 7.0 8.0 9.0 10.0 11.0 12.0 13.0
F' || 37.0270 | 41.7372 | 45.4901 | 50.6589 | 53.6079 | 59.3215 | 61.6361
H 14.0 15.0 16.0 17.0 18.0 19.0 20.0
F' || 66.4742 | 68.5107 | 72.8404 | 73.5258 | 78.6327 | 81.0200 | 84.2344

Minimum Energy

90 T T T
14
80 R
701 R
60 R
> 50 i
=
Q
=
w 0+ i
O 0 vortex
30r x 1 vortex B
+ 2 vortices
* 3 vortices
201 O 4 vortices | |
& 5vortices
10F A6 vortices i
7 vortices
“x 8 vortices
% Il Il Il Il Il Il Il I I
0 2 4 6 8 10 12 14 16 18 20

Magnetic Field Strength
FIGURE 7. Minimum energy F" vs. magnetics field strength H.

form
T + 1y
w(xayvz):Tv |Z|> V]'_p27

by 2) = —— |2 < /T 7,
.132 + y2
may be used. For small p, such a function appears to have two vortices at both
ends of the poles.

In order to show the convergence of the numerical solution, we compute the
solution on grids with n = 162,642,2562,10242, respectively. For H = 15.0, a
solution representing seven vortices is found on the four different grids, and the
computational results are shown in Figure Bl and Table[dl. The numerical solution
obviously demonstrates the convergence as a finer and finer grid is used. Since
the exact solution for this case is not known, we take the numerical solution with
n = 10242, denoted by ¥*, as a baseline to which we compare the solutions on other
grids. Let F™* be the corresponding energy of ¢*. The relative numerical errors for
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FIGURE 8. Vortex configurations (density plots of |1|). Top (left
to right): vortex free (H = 0, F* = 0.0), 1 vortex pair (

4, FM = 19.97), 2 pairs (H = 7, F" = 37.03), 3 pairs (
9, F" = 45.49); bottom: 4 pairs (H = 11, F" = 53.61), 5 pairs
(H =13, F" = 61.64), 6 pairs (a) (H = 15, F* = 68.51), 6 pairs
(b) (H =16, F" = 73.33).

H:
H:

both F" and ||¢"||o s> are computed and shown in Table[ and the quadratic order
convergence is observed.

Figures Bland [@ contain plots of the corresponding supercurrent Js computed on
the n = 10242 grid by the discrete gauge invariant gradient recovery scheme and
the corrected magnetic field H with the shell thickness § = 0.1.

Normally, a solution branch is found by path-following with respect to the pa-
rameter H. Jumping onto other solution branches may occur for some critical values
of H, then new branches are probed. Repeating such processes, various solution
branches become known and some of the corresponding configurations are given
in Figure B (top view). The corresponding energy values are computed for each
solution. For various values of the applied magnetic field H, only particular vortex
configurations correspond to global minimizers of free energy. Global minimum en-
ergy values F" and corresponding vortex configurations are shown in Figure[7 and
Table 2l Note that there are two topologically different vortex configurations all
with six vortex pairs (top view) with energy values very close to each other. Nev-
ertheless, the configuration with a vortex pair in the center has a slightly smaller
energy value.

8. CONCLUSION

The recently developed spherical centroidal Voronoi tessellations are applied here
to the numerical solution of a nonlinear problem arising from the study of the vortex
phenomenon in superconductivity, namely, a reduced Ginzburg-Landau model.

In our work, the approximation of the Ginzburg-Landau model for a supercon-
ducting hollow sphere based on the SCVT enjoy many interesting mathematical
and physical properties, ranging from the maximum principle to gauge invariance
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and high order resolution. They also utilize the properties of the SCVT to pro-
vide effective computation of the various solution branches and vortex nucleation
patterns on the spheres. Though standard gauge invariant finite difference meth-
ods have been well studied and used on tensor based cartesian grids, for spherical
geometry, however, the finite volume scheme on the spherical Voronoi tessellations
presented here seems to be the only viable alternative for preserving discrete gauge
invariance.

For the purpose of illustration, a constant magnetic applied field is considered.
The effects of nonconstant fields and the variation in the thickness of the spheri-
cal shell have not been investigated. Other more complicated models such as full
three-dimensional Ginzburg-Landau models have not been considered either. More
detailed studies of the vortex state for superconducting hollow spheres will be made
[18] and compared with existing studies for other geometries such as thin films. Nev-
ertheless, the analysis and the numerical simulations presented here clearly demon-
strate the effectiveness of the SCVT based numerical discretization methods even
for nonlinear problems, especially when the physical and mathematical structures
of the physical problem can be utilized. It is expected that SCVT will also find
other applications related to the computation of physical models on spheres, for
instance, in the simulation of shallow water models and global circulation models.
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