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Mesh generation and algebraic solver are two important aspects of the finite element methodology. In this
article, we are concerned with the joint adaptation of the anisotropic triangular mesh and the iterative
algebraic solver. Using generic numerical examples pertaining to the accurate and efficient finite element
solution of some anisotropic problems, we hereby demonstrate that the processes of geometric mesh
adaptation and the algebraic solver construction should be adapted simultaneously. We also propose some
techniques applicable to the co-adaptation of both anisotropic meshes and linear solvers. o 2005 Wiley
Periodicals, Inc. Numer Methods Partial Differential Eq 21: 859-874, 2005
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. INTRODUCTION

The finite element solution of partial differential equations involves the mesh generation and
optimization, the assembly of discrete algebraic systems using the finite element basis, and the
solution of these systems by some algebraic solvers. It is well known that the performance of
finite element computations depends critically on both the geometric meshes and the algebraic
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solvers. In modern finite element methodology, in particular, within the adaptive finite element
framework, these two aspects are becoming closely related since the performance of method is
ultimately judged by the efficiency of the linear solver and the quality of its output.

Traditionally, the generation of finite element meshes is often exclusively focused on
providing a good resolution of the solutions (thus, to assure the accuracy of the discretization)
[1-8]. Many mesh improvement techniques (in the sense of providing a better control on the
element shape and interpolation errors), including local reconnection schemes, node smoothing,
and adaptive refinement or coarsening, have been developed [2, 3, 6, 9—11]. They usually are
not related to the performance of the linear solvers, but are aimed at matching the shape and the
size of the (triangular) mesh with the smoothness of the local solution. Such a strategy has
remained as a dominating practice in many adaptive algorithms. On the other hand, finite
element discretizations reduce the problem of solving partial differential equations to that of
solving large systems of algebraic equations. Most of the algebraic solvers, in particular linear
solvers, are not directly concerned with the mesh geometry and mesh quality, except the
multigrid methods with semi-coarsening and line-smoothing. Though in practice, the attributes
of the underlying mesh, for instance, anisotropic meshes containing triangles with large angles,
may have a serious effect on the convergence of linear solvers (thus, on the efficiency of the
solution process).

The purpose of this article is to advocate the following simple principle: the mesh generation
and optimization should be based on not only the behavior, or the spatial variations of the
solution, but also the (linear) solver(s) used for computing the numerical solutions; vice versa,
information on the PDEs and the underlying mesh structure should both be taken into account
when designing suitable linear solvers. Such a principle is what we refer to as the mesh and
solver co-adaptation of the finite element method.

As an illustration of such a principle, we consider instances where the solutions of certain
model partial differential equations display anisotropic behavior and thus demand the use of
anisotropic grids in order to provide optimal numerical resolution. Our test problems are
purposefully chosen so that we may investigate the use of several different types of triangula-
tions, both structured and unstructured, as underlying meshes. Meanwhile, we take both the
algebraic multigrid methods and the Conjugate Gradient type methods as representative linear
solvers. One of the important observations drawn from our numerical experiments is that
eliminating elements having bad shapes for the sake of improving the efficiency of the linear
solver may, in practice, be an even more pressing issue than generating suitable meshes for the
optimal resolution targeting the reduction of the approximation error.

Though the model problems considered here are limited to simple cases, the observations one
can make are very generic and they provide insight for more practical problems. Guided by these
observations, we discuss how to reconcile the need for a high resolution mesh using anisotropic
triangular meshes and the need for efficient linear solvers for the resulting linear systems. The
existing algebraic multigrid algorithms are adapted to the given anisotropic mesh with large
angles by modifying the selection of coarse grids, and by introducing local relaxation; the
generated anisotropic meshes are optimized by adding midpoints to the long edges to delete the
large angles. The co-adaptation provides better overall accuracy and efficiency for the finite
element solution on anisotropic finite element grids.

The rest of this article is organized as follows. We first present the model equations and their
discretizations in section 2. In section 3, anisotropic mesh generation methods are briefly
presented, and some element quality measures are discussed. We then discuss the effect of the
large angles in the anisotropic mesh on the performance of several basic iterative solvers
including an algebraic multigrid method. Then, we propose how to co-adapt the iterative solvers
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FIG. 1. Different computational domains (), for the model equation.

and the anisotropic meshes together. Numerical results on the improvement of the numerical
efficiency of the solver after the joint adaptation are given as demonstrations in section 4 and
section 5, respectively. Finally, section 6 contains the conclusions and future directions.

Il. A MODEL EQUATION AND ITS FINITE ELEMENT DISCRETIZATION

To analyze how the properties and qualities of the anisotropic mesh affect the overall accuracy
and efficiency of the numerical solution of PDEs, including the performance of the linear
solvers, we take a simple two-dimensional model problem as an illustration:
—uy, — u,, = 102 — 0.027cos(m(x + y)), inQ, -
u = x>+ 50y* + 0.01 cos(m(x + y)), on 9€). (2.1

The above test problem is a linear Poisson type equation with an inhomogeneous Dirichlet
boundary condition over a domain () to be specified later. The equation is chosen to yield an
exact solution u(x, y) = x* + 50y* + 0.01 cos(w(x + y)), which displays a strong anisotroipc
behavior, with a ratio between the two second-order derivatives u,, and Uy, On the order of 50.
Thus, it demands an anisotropic finite element grid with strong anisotropy, i.e., in our context,
the element sizing in y should be much smaller than that in the x direction (the mesh elements
are stretched in the x direction). Such an anisotropic meshing leads to significant savings in total
number of grid points and the solution costs. Though more complex and realistic problems can
be considered, we limit our attention to the model problem described here for the sake of easy
benchmarking.

The model equation defined above is discretized with the standard linear, triangular finite
elements [5]. We consider the numerical solution on a number of possible computational
domains that include: the unit square ({),) shown in Fig. 1(1), an acute triangle ({2,) shown in
Fig. 1(2), an obtuse triangle ({2;) shown in Fig. 1(3), and a composition of long thin triangles
(Q,) shown in Fig. 1(4).

For the domain ();, we consider the following three types of anisotropic meshes: 1) a
structured triangulation (ST) [as shown in Fig. 2(1)]; 2) a triangulation with crossed triangles
(CT) [as shown in Fig. 2(2)]; and 3) an unstructured Delaunay triangulation (DT) [as shown in
Fig. 2(3)].

For the domains (), and ()5, we consider two meshes: a structured triangulation having
triangular elements whose edges all being parallel to the respective boundary edges of the
domain [see for example Fig. 3(1, 2)], and an unstructured Delaunay triangulation obtained via
standard methods [12-15].

For ), we consider either a composition of two compatible meshes for the two individual
triangles [see for example Fig. 3(3)], or an unstructured Delaunay triangulation of the union ().
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FIG. 2. Different anisotropic meshes for the unit domain.

The motivation for studying the special geometry and the meshes defined above stems mostly
from the following considerations: first, with the different meshes defined on the square domain, we
are able to examine the effect of the mesh topology on the iterative solvers. Second, in light of the
angle conditions imposed on the standard finite element approximations, domains and triangulations
with small acute angles and large obtuse angles may give insights to our investigation on the effect
of the triangles shapes on the iterative solvers. Third, the unstructured Delaunay triangulation is
among the most popular grid generation strategies, and the computation on such a mesh may serve
as a bench-marking test [14—17]. Additionally, compositions of different geometry and different
grids allow us to simulate slightly more complex situations in which either the grid generation is done
with a combination of several different strategies or the solution behavior changes dramatically from
part of the domain to another part of domain. In the following section, various methods for the
generation of the anisotropic finite element meshes such as the ones described above are briefly
presented, along with more extensive discussions on the element quality measures.

For an in-depth discussion on the relation between the mesh and the interpolation and
approximation errors as well as the conditioning of the local stiffness matrices, we refer to a
recent report [8]. We also refer to Babuska and Aziz [1] for a pioneering work on relating the
analysis of the discretization error in the finite element solution with that of the element angles.

lll. ANISOTROPIC MESH GENERATION AND ELEMENT QUALITY

The construction of a directionally stretched mesh for a simple domain is straightforward. For
very complex geometries, such as those surrounding commercial airplanes [18], the unstructured
anisotropic mesh often enjoys the advantage of being better conformed to the boundary, but its
generation is nontrivial and much more demanding.

Over the last two decades, various approaches for unstructured anisotropic mesh generation
have become available. The two-dimensional problem has been well studied [12, 13, 19-25],
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FIG. 3. Structured anisotropic meshes for triangular and compositional domains.
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while much preliminary works in the three dimensional space have also become available [26,
27]. One of the most systematic approaches is the anisotropic Delaunay mesh generation
proposed by P. L. George by the name of the unit meshing method, which uses a modified
Delaunay criterion and the insertion kernel [13, 14]. The classical Advancing-front-method is
also extended to include directional stretching, which mainly depends on the directional points
generation [13, 15]. Other approaches include the advancing-layer or normal methods, which
can be seen as variants of the advancing-front method [22, 23, 25], the local refinement methods
based on the longest-edge splitting and the normalized edge-length computation [19, 23, 28, 29],
the directional enrichment method [25], and ellipses biting or packing, which is the extension
of the sphere biting or packing method [24, 27]. Most of the above methods share a common
feature: the meshing process is controlled under a derived metric (a positive definite matrix or
tensor which usually comes from the Hessian matrix of the computed solution or some other
posterior error estimators) [6, 8, 10, 14, 15, 24, 27]. The anisotropic mesh is generated to provide
best agreement with the anisotropy specified by the derived metric tensor. In turn, this means
that the mesh sizing and the directional stretching, or say, the shape of elements, is closely
related to the spatial variation of the numerical solution.

An element quality measure is used to measure the agreement of the anisotropic mesh with
the metric tensor. Most of the existing measures are concerned with either the geometric shapes
or the approximation properties of the nodal finite element functions (typically piecewise linear
elements). There are many approaches and criteria for developing such quality measures [3, 4,
7, 8, 14, 15]. One of our goals here is to advocate the evaluation of the mesh quality not only
based on their approximation properties but also on how they affect the performance of the
linear solvers. While the former has been extensively studied and various analytic formulae have
been presented, it is still yet difficult to come up with a simple quantity that would characterize
the latter. Nevertheless, as we see later, factors such as anisotropy, small and large angles, and
local connectivity matrices all contribute to the effectiveness of the linear solver.

Let us first recall the following popular quality measure. For more discussions on the topic,
we refer to [8, 14, 15] and the references cited therein. Let 7 be an element of a given
triangulation with three vertices { p, };_,, let D, = | Det(p,p,, pipy)| for {i, j. k} = {1, 2,3}, the
quality of 7 is defined as: Q(T) = min,_,_;Q'(7), where

Q'(1) = c\Det M(p,) DJS  with  S= X pp,Mp)p,p

{ij.k}={1,2,3}

Here, M(p,) is a predefined Riemannian tensor at the point p,. The value of Q(7) ranges from
0 to 1, with the latter corresponding to an “equilateral” triangle (a stretched triangle K whose
mapped triangle is an equilateral triangle when transformed into the isotropic space [13-15,
30]). For the isotropic case M = cl, a constant multiple of the identity, the above quality measure
reduces to the classical measure for the triangle quality in Euclidean space [13-15]. In the
adaptive finite element solution, the matrix M is usually derived from the Hessian matrix of the
computed solution. Obviously, the above quality measure is a typical one related to approxi-
mation accuracy, and there is no obvious relationship to the solution efficiency of the solver.

In Fig. 4, three types of anisotropic triangles are shown: one with small angle and no larger
angle [Fig. 4(1)]; one with a large angle and two small angles [Fig. 4(2)]; and the third one [Fig.
4(3)] with either a right angle or generally an angle close to 7/2. Under the anisotropic quality
measure, the mesh qualities of these three kinds of triangles are, respectively, 1.0, 1.0, and 0.75.
Hence, even with a large angle, the second type of elements still enjoys an “equilateral” quality
in the Riemannian metric. The average qualities for the three meshes given on the unit domain
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FIG. 4. Three types of anisotropic triangles.

Q, are 0.75, 0.6, and 0.9, respectively. For the other triangular domains and the composite
domain (£}, ,), the structured meshes all have average quality 1.0, and the Delaunay-type
meshes 0.9. In the numerical examples presented later, by using these sample grids, it is shown
that the classical quality measure may not be adequate when assessing the effect of meshes on
the overall quality of the numerical solution.

In [1], Babuska and Aziz showed that the accuracy of the finite element solutions degrades
seriously on triangular meshes with larger angles approaching , while elongated triangles with
only small angles do not suffer such a loss of accuracy. In [8], Shewchuk points out that the
same claim does not hold for anisotropic problems. The conclusion is that, triangles with either
very small or very large angles can both perform well in anisotropic circumstances, if they are
oriented properly. This has been further corroborated by other applications [8]. Nevertheless, in
much of the existing anisotropic mesh generation approaches, little attention is paid to the issue
of preventing large angles. Accordingly, even for simple domains, a portion of triangles with
large angles may be generated in the final mesh [8, 12, 13, 15]. In particular, the generalized
Delaunay-type anisotropic mesh often has a high quality in general and offers good approxi-
mations in applications, even with larger angles [8, 13, 14].

The relation between the mesh quality and the condition numbers of the stiffness matrices
generated from the finite element method is more complicated and dependent on the anisotropy
of the underlying PDEs [1-4, 6—8]. Thin elements with only small angles may not affect
accuracy but it may give rise to poor conditioning even for isotropic problems. Of course, for
some iterative solvers, such as multigrid methods, a poorly conditioned stiffness matrix is not
necessarily an impediment [8]. We will not go beyond this observation here as much more
detailed discussions on the relationship between the element shape and the conditioning of the
stiffness matrix have been given in [8].

What concerns us the most are those elements with large angles, or say, the cap-like angles.
On the basis of our numerical examples to be presented in the next section, we find the existence
of these large-angle triangles hampers the efficiency of Multigrid solvers. We propose to go in
two directions. One is to modify the solver (here we take the algebraic Multigrid solver as an
example) according to the given anisotropic mesh, despite the existence of some large angles;
whereas the other approach is to adapt the anisotropic mesh, in other words, to do a posterior
optimization on the mesh, which helps to reduce the number of large-angle elements. This
coadaptation enhances the effectiveness of the liner solvers significantly, which will be dis-
cussed in details in section 4 and section 5.

IV. ITERATIVE SOLVERS AND THEIR MODIFICATIONS FOR ANISOTROPIC
GRIDS

In this section, we hope to exploit the underlying mesh information to get efficient solvers for
the anisotropic grids. We first describe our notation convention to be used to present the results
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of numerical experiments. In all the tables, concerning mesh abbreviation, the letter “T”
represents for triangular meshes, “S” for structured, “C” for crossed, “D” for Delaunay, “A” for
anisotropic; “LA” and “SA” refer to the meshes having many large angles and small angles,
respectively; and digits “0-9” means the different meshes of the same type but with varying
degrees of anisotropy. Regarding the stiffness matrix, N,,, denotes the dimension of the
algebraic system; Cond, the spectral condition number; N the number of iterations for the CG
convergence, defined by [|#¥|/||r°| = 10~°, where r* is the residual vector at the kth iteration and
the same iterative tolerance on the residual is used for AMG; p the asymptotic convergence
factor, that is, the limit of ||*]/|le*™|.

There exist many works on the design of efficient multigrid methods for anisotropic problems
using ideas such as semi-coarsening and line-smoothing [25, 31-35]; still, there are very few
systematic studies on the effect of the triangle shapes or mesh qualities on these iterative
schemes, in particular, algebraic multigrid methods. Here, we mainly discuss the algebraic
multigrid (AMG) and the conjugate gradient (CG) solvers. For a description of the CG
procedures, we refer to [36]. For the AMG, one may read [37-41] for details. We here briefly
recall the outline. For simplicity of illustration, we borrow some of the geometric multigrid
terminology such as coarse grids, which need not be explicitly defined in the implementation,
but are convenient for the algorithm description. The general AMG procedure has two phases:
1) the set-up phase, in which the five components for the multigrid cycle are defined in terms
of the algebraic matrices [42]: the so-called coarse grid (1", the interpolation operator I, |,
the restriction operator I”"' = (I"", )", the coarse-grid operator A™ "' = " *'A™["_ | and the
smoothing operator G™; 2) the solver phase, i.e., the full multigrid cycle. The AMG p-cycle
scheme, denoted by u™ < AMG(u™, f™), is then recursively defined by the following four
steps:

AMG  u" < AMG;W", f")

1. Relax p, times on A™u™ = f™ starting with an initial guess u™.

2. If m = M, go to Step 4; else, set r” = f — A™u™, f™*' = """ " « 0, and
perform p times "' < AMG} " (", f).

3. Set u” «— u" + I u"".

4. Relax p, times on A™u™ = f™ starting with u™.

The AMG V-cycle, defined by AMG,, is combined with a nested iteration technique, resulting
in the corresponding AMGYV algorithm. We emphasize that the terms like coarse grids are for
convenience of reference only and they pertain only to algebraic information. In the following,
some numerical experiments and results will be presented to examine the effect of mesh
anisotropy on the basic iterative solvers.

A. Experiment 1: Effect of Anisotropy

We solve the model problem on domains ), and ()5 with different anisotropic grids.

From the results presented in Table I, it can be seen that, for the AT or the ACT type meshes,
when the mesh size ratio &, : h, increases, i.e., the anisotropy of the mesh aggravates, the
condition number of stiffness matrix becomes larger, the convergence rates of AMGV change
from 0.961 to 0.990 and from 0.238 to 0.342, respectively, for (), and ()5, and the iteration count
of CG increases correspondingly [43]. At the same time, the presence of elements with many
large angles also holds back the fast convergence of the AMG substantially. This presents a
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TABLE I. Numerical results for Experiment 1.

Domain Q, Q, Q, Q, Q5 Q,

Mesh ACT1 ACT2 ACT3 AT(LA)1 AT(LA)2 AT(LA)3
Size ratio 1:22 1:50 1:100 10:1 20:1 50:1

N,ys 9846 9491 9094 11026 11026 11026
Cond, 47551 98816 195068 6894 7616 8029
Neo 652 885 1117 456 478 491
PariGy 0.961 0.987 0.990 0.238 0.311 0.342

dilemma: on one hand we should avoid having too many elements with large angles to prevent
the slow down of the iterative scheme, but on the other hand, if one hopes to provide a good
representation of the solution, anisotropic triangulation may inevitably produce elements with
large angles. The latter has been an intrinsic difficulty of anisotropic grid generation as well as
the anisotropic Delaunay triangulation, which in part, motivates one aspect of the principles
advocated in this article: one should adapt the linear solvers to anisotropic meshes and make
appropriate adjustment based on the mesh structure and element shapes. To this end, the
appropriate selection of coarse grids with respect to given anisotropic triangular mesh and local
relaxation techniques for the AMG will be presented next.

B. Selection of Coarse Grids

For the finite element approximation of the second-order elliptic equation introduced in Section
2, the stiffness matrix A can be expressed as the sum of local element-wise stiffness matrices:

A= 2 A,

a€ll

where I is the set of mesh elements used to discretize the problem and each A, is symmetric
positive semi-definite.

Let g, denote two vectors corresponding to the nodal basis function at the grid point x; in the
finite element space; then we have the nodal set of an element «a:

P,=1{x;: e/Ag; # 0},
the neighborhood element of the grid point x;:
E,={a €T :elAe # 0}
and the nodal neighborhood of i:

N=Ur,

aEE;

The node-wide local stiffness matrices are then given by

A= D A,

a€EE;
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In reference to Fig. 5, for piecewise linear element, we obtain the local equation corresponding
to the grid point “1” as

7
E Cu; =fi,
j=1

where ¢, = 2(holhy) + 2hylh), cpp = ¢15 = 3 (hJhy) = (hy/hy), and ¢y3 = ¢y = €16 = €17 =
=5 (h/hy).

We now examine the specific cases where the model problem is discretized on a regular
triangle, an obtuse triangle, an acute triangle, and their composite domains.

1. Triangulation made of regular triangles.

This type of structured triangulation has been discussed most frequently in the literature.
With (h,/h,) = (2/\/3), the local equation has coefficients satisfying

Cl1CpiC3:CpiCsiCeiC7=~6:—1:—1:—1:—1:—1:—1.

From [42], we know that AMG enjoys fast convergence when coarser grid lines are selected to
be parallel to any one of the three sides of the original triangle.

2. Triangulation made of acute triangles.

As the aspect ratio (h,/h,) << 1, we have
Cl:1CriC3:C4:C5:C:¢7=2:—1:0:0:—1:0:0.
One may draw an analogy between the choice of the above anisotropic grid for our model

problem with an isotropic grid for the anisotropic problem u,, + eu,, = f, which has a 5-point
finite difference stencil of the form

1 — &
| o1 2+e) 1
e )

where ¢ << 1. A detailed local Fourier analysis has been given in [40, 42, 44] about the
anisotropic problem. The geometric multigrid performs a line relaxation in order to ensure



868 DU, HUANG, AND WANG

TABLE II. Numerical results for AMGC.

Domain Q, 0, Q, Q4 Q4 Q,

Mesh ACT1 ACT2 ACT3 AT(LA)1 AT(LA)2 AT(LA)3
Size ratio 1:22 1:50 1:100 10:1 20:1 50:1
Noys 9846 9491 9094 11026 11026 11026
PamGe 0.0208 0.0191 0.0189 0.128 0.162 0.168

sufficient smoothing when a standard coarsening is used. Moreover, an AMG method with a
fixed Gauss-Seidel relaxation can also be applied since the semi-coarsening in the x-direction is
effective.

In another word, the coarser grid lines can be chosen to be parallel to any hypotenuse. As the
computational results below indicate, small angles in the mesh have little effect on the AMG
convergence.

3. Triangulation made of obtuse triangles, as illustrated in Fig. 3(2).

For the case (h,/h,) >> 1, we have
Cl:1CriC3:Cs:C5:C:C7=~06:1:—2:—2:1:-2:-2.

Because of the positive off-diagonal entries in the local stiff matrices, this has always been a
challenging problem for AMG. Some remedies are given in [40, 42, 44], which work well if the
positive entries are relatively small. Otherwise, large positive off-diagonal entries must be taken
into account in the coarsening and interpolation processes.

Here we perform the coarsening along grid lines parallel to the base side, which means the
elimination from the point “2” and “5” (see Fig. 5) in the interpolation. Despite of this improved
strategy, the numerical results given later demonstrate that too many large angles still severely
affect the convergence and the accuracy of algebraic iterative solvers.

4. Triangulation composed with two type of triangles.

AMG coarsening in each part of the domain is automatically adapted to this problem. In
addition, we apply a geometry-based interpolation formula (and thus the coarsening process),
the modified algorithm works effectively in this case. That is to say, by making flexible choices
on the coarse grids and the interpolation formula, we get a much improved solver, which we
refer to as AMGC. For demonstrations, we repeat the experiment 1 with AMGC. The following
computational results are obtained.

As shown in Table II, for some structured anisotropic triangulation on different domains,
significant improvement is made with AMGC. For unstructured anisotropic Delaunay triangu-
lation with large angles, our numerical experiments show that AMGC is less effective, and
alternatively, we propose the local relaxation techniques (LRTS).

C. Local Relaxation Techniques

The above results indicate that the existence of large angles in the underlying anisotropic mesh
is a key challenge to the fast convergence of linear solvers. Though with a Riemannian metric,
the quality measure of these anisotropic meshes may be very good, it does not reflect their
effectiveness in obtaining good quality solutions from the linear solvers.
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TABLE IIIl. Numerical results for Experiment 2.

Domain Q, Q, Q,
Mesh ADT ADT ADT
N,y 11164 15860 9801
Cond, 69530 34103 7212
Neg 978 889 467
PariGy 0.765 0.822 0.215
LRT, 0.441 0.498 0.0912
LRT, 0.370 0.343 0.311

Based on our experience, in a given anisotropic Delaunay-type triangulation, the number of
large angles usually remain relatively small, and these large angles are often not very close to
each other. It is, however, difficult to eliminate these larger angles by local mesh operations as
we see from the later section. For the moment, we define a patch around the element with a large
angle and assume that these patches are well separated from each other. When some extra
smoothing operations are performed inside the local patch, the effect of the large angles on the
iterative solver is then reduced. Certainly this requires extra work load and CPU time, but our
point of departure is to sacrifice local efficiency to gain global efficiency.

The efficient interplay between the smoothing and the coarse-grid correction is a key to any
multilevel methods. Geometric multigrid (GMG) approaches set simple requirements on the
smoother used, and perform fixed coarsening on pre-defined grid hierarchies; algebraic multi-
grid methods use very simple point-wise smoothers without sacrificing convergence, and put
more effort into the coarse-grid correction process. Generally speaking, those error components
which can not be removed by smoothing, need to be efficiently reduced by coarse-grid
correction. As a result, AMG usually performs one pre- and post-smoothing step, but develops
more sophisticated coarsening techniques and operator-dependent interpolation. This is what we
have done in the above subsection, from which it can be seen that anisotropic grids make it
difficult to select the appropriate coarse grids and produce the accurate interpolation operator.
Thus it is not very hopeful to rely on the coarse-grid correction step to remove the effect of large
angles. We then switch to the smoothing process. Care must be taken to differ this kind of local
smoothing from global smoothing used usually in GMG. Furthermore, in practical implemen-
tation, we sweep and smooth not only inside the patches, but also those points who are strongly
connected to the elements with large angles. In general, the smoothing domains are slightly
larger than the patches themselves though they remain localized. The detailed algorithm is as
follows:

Algorithm LRT:

1. Sweep each element i that has a larger angle, and determine its neighborhood N; by strong
connections [42], N = U!_, N..

2. Do s times relaxation of Au = fon N.

3. Perform AMG coarse-grid correction process.

4. Do s times relaxation of Au = fon N.

D. Experiment 2: Model Problem with Anisotropic Delaunay Meshes

We now consider the numerical solution of the model problem on (), ()5, and .
Clearly, AMG with LRT, enjoys faster convergence as the effects of large angles are greatly
reduced through the extra smoothing (Table III).
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V. MODIFICATIONS TO ANISOTROPIC MESHES

While the algebraic iterative solvers must adapt to the underlying problems and the mesh
structures, we also advocate the coadaptation of the meshes to the iterative solvers, in particular,
in reducing the number of large angles. Here we concentrate on the unstructured anisotropic
meshes, especially the Delaunay-type. There are two approaches we can adopt: one is to modify
the mesh generation method; the other is to perform post-processing to the resulting mesh upon
its generation; more details will be given here for the latter approach, while only preliminary
exploration will be made for the former.

A. Modified Approach for Mesh Generation

There are some general mesh generation strategies for avoiding the existence of many large
angles. For example, the advancing-normal or layer methods which generate points in the
normal directions of the front points [15, 20, 22, 23, 25] often lead to resulting elements having
one angle closer to 7/2, shown in Fig. 4. This kind of triangles offer good performance both in
interpolation accuracy and in solution efficiency, even though they do not have ideal mesh
quality values (by the measurement presented in Section 3).

Another possible way to reduce the percentage of large angles is to make some modifications
to the criterion of the Delaunay insertion with respect to large angles. However, for complicated
geometric domains and metrics, the modifications are likely to be quite complex and their
implementations and improvements need to be studied further.

B. Local Operations

For most Delaunay-type anisotropic meshes, the portion of the triangles with large angles
remains relatively small. Moreover, most of these large angles are not adjacent to each other,
and they appear mostly in regions where there are large metric variations. Hence, in the mesh
post-processing step, we may assume that these conditions are met. Then, to eliminate these
large angles, we apply some local operations such as the insertion of additional vertices [19, 28,
29]. That is, we obey the principle that the large angles are to be reduced even with the increase
of redundancy (at the loss of local efficiency) with respect to the anisotropy. Such a sacrifice
does not affect the interpolation or approximation accuracy at the expense of added degree of
freedoms. In this sense, the local operations we consider here are different from local edges
swapping or smoothing [14, 15].

Based on a detailed analysis, we find that there are three typical kinds of local configurations
where large angles exist, see Fig. 6. The first [shown in Fig. 6(1)] contains two elements both
with large angles sharing a common edge. In this case, we add one interior point such that by
trading the initial two triangles with four triangles, no large angles remain in the new triangles.
The second kind shown in Fig. 6(2) is one boundary triangle with a large angle facing the
boundary edge. This is often generated in the Delaunay-type methods with the points generated
via the advancing-front-methods [14, 15]. For this type of triangle, splitting the boundary edge
solves the problem [see Fig. 6(2)]. The third kind, shown in Fig. 6(3), is a configuration where
between two elements having large angles, there are several elements with no large angles. If
the two elements with large angles are sufficiently apart from each other, we give up the local
operations; otherwise, we add points to the elements in between and apply local reconnections
so that the final configuration contains no elements with large angles [see Fig. 6(3)]. Naturally,
there also exist other kinds of local configurations, we leave their treatment for future study.
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(1) (2) (3)

FIG. 6. Different local operations for large angles.

C. Experiment 3: Effect of the Number of Poor-Quality Elements on the
Convergence of the lterative Solvers

To demonstrate the effectiveness of the above local operations, we begin with a triangular
domain (), having structured triangulations. Obviously, there are no large angles, and our
numerical results show a good convergence rate of the AMG. Here, we artificially swap some
short edges consecutively and perform a sequence of computations with different number of
large angles. In Table IV, it is shown that the convergence rate gets worse with the increasing
number of the large angles. The mesh ATS1 refers to the original mesh and ATS2, ATS3, and
ATS4 represent swapping 5, 10, and 20 short edges, respectively. We also use g, to denote the
L? norm of the finite element approximation on the given mesh. It is computed based on the
difference between the exact solution and the final converged solution from the iterative solver.

D. Experiment 4: Effect of the Addition of the Middle Points to Long Sides

For the same problem as in the previous subsection, we now perform the local operations
discussed as above to reduce the number of large angles, also in sequent manner. In fact, the
specific type of local operation is the addition of middle points to the long sides shared by two
elements with large angles. We then perform a sequence of AMG computations to see the effect
on its convergence with a decreasing number of large angles. The computational results are
shown in Table V, and it leads to better results with less large angles and there is no loss of
solution accuracy in our computation. In Table V, AT(SA)S, 6, 7, and 8 mean adding 8, 12, 18,
and 20 nodes in ATS4. The results of Table V demonstrate that our local operation strategy is
effective since p,,,qy 18 significantly smaller while g;> remains to be the same order as before.

Application to practical problems with more complicated geometries and general Delaunay
anisotropic triangular meshes will be further studied in the future.

TABLE IV. Numerical results for Experiment 3.

Mesh ATSI ATS2 ATS3 ATS4
N,y 11026 11026 11026 11026
Cond, 6364 9543 9542 9547
Neo 660 695 704 713
Panicy 0.0527 0.183 0.231 0.251

€, 0.090469 0.090423 0.090364 0.090271
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TABLE V. Numerical results for Experiment 4.

Mesh AT(SA)5 AT(SA)6 AT(SA)7 AT(SA)8
Ny 11034 11038 11044 11046
Cond, 10827 10835 10835 10835
Neo 750 753 760 759
Panicy 0.237 0.233 0.123 0.0815
er, 0.0909 0.0908 0.0905 0.0905

VI. CONCLUDING REMARKS

In this work, we have presented some numerical studies on the effect of anisotropic finite
element meshes on the convergence of some commonly used iterative solvers such as the CG
solver and the AMG iteration. We focus on the relation between anisotropic mesh generation and
the iterative solvers. A central issue throughout our discussion is to answer the question whether
a mesh that is perhaps “good” under some measures related to the element shapes or to the
discretization of solution is at the same time a “good” mesh that allows an efficient solution of
the resulting linear system of equations. Similar issues have been noted also in other works. For
instance, in [8], when discussing the demand for anisotropy with that for the matrix condition-
ing, it was pointed out that while refinement may compensate for the effects of badly shaped
elements on the interpolation and discretization errors, such refinement does not compensate the
effects on matrix conditioning.

Though new modifications to the AMG methods has been presented in this article to improve
their efficiency for anisotropic problems, we also have found that improving the performance of
the iterative solvers is much harder if there exits bad elements in the mesh as seen in the earlier
examples. One remedy we propose here is to sacrifice the efficiency in the resolution to gain
efficiency in the linear solver. Such a fact is also seen from the numerical examples presented
here. For instance, in a contrived example, it has been shown that a few triangles with large
angles slow down the iterative solvers significantly. Based on our experiments, in such a case,
by introducing grid points along the side opposed to the large angles, and re-triangulate, fast
convergence rate can be recovered for the iterative solver. Though such a placement does not
respect the anisotropy of the solution (and thus lack the optimal efficiency for resolving the
anisotropic solution), it nevertheless may eliminate all the badly shaped elements in the new
triangulation and thus make the iterative solver work much faster. In this way, the overall
solution efficiency are greatly enhanced. Consequently, a truly good mesh to be advocated is a
mesh that should be both resolution dependent and also solver dependent.

Our ultimate goal is to build up a framework for adaptive computation, which accounts for
both the accuracy and the efficiency for solving the resulting equations. Thus more research
efforts are expected from two fronts: one on how to improve the grid adaptation to best suit
iterative solvers, and the other on how to tune iterative solvers to work for less structured, highly
nonuniform and highly anisotropic grids.

The authors thank Prof. Jinchao Xu for interesting discussions and the referees for helpful
comments on the article.
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