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Summary. A mean-field model for superconductivity is studied from both
the analytical and computational points of view. In this model, the indi-
vidual vortex-like structures occuring in practical superconductors are not
resolved. Rather, these structures are homogenized and a vortex density is
solved for. The particular model studied includes effects due to the pinning
of vortices. The existence and uniqueness of solutions of a regularized ver-
sion of the model are demonstrated and the behavior of these solutions as
the regularization parameter tends to zero is examined. Then, semi-discrete
and fully discrete finite element based discretizations are formulated and
analyzed and the results of some computational experiments are presented.
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1. Introduction

Superconductivity can be modelled at different scales ranging from the atom-
istic to that visible with the naked eye. The BCS model of Bardeen, Cooper,
and Schrieffer [1] is universally accepted as a discrete, atomistic model
for standard superconductors whose material properties are homogeneous
and isotropic. The Ginzburg-Landau model of superconductivity [7] is a
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mezoscale, continuum, phenomenological, steady-state model that resolves
phenomena occuring in these types of materials on the scale of 100 or so
Å. Although this model cannot resolve at the atomistic scale, it is refined
enough that it can resolve the individual vortex-like structures that occur
in the most useful superconductors in particular electromagnetic and ther-
modynamic configurations. In certain restricted circumstances, Gor’kov [9]
has derived the Ginzburg-Landau model from the BCS model. For details
concerning the BCS and Ginzburg-Landau models and their connection, one
may consult [13] and the references cited therein. Time dependent versions
of the Ginzburg-Landau model have also been formulated; see, e.g., [10].

The Ginzburg-Landau model, although being a continuum model, can-
not be used to model any other than the tiniest of devices. The reason for this
is that the individual vortex-like structures mentioned above are separated
by distance of the order of 100 or lessÅ, so that certainly a superconduct-
ing sample of dimension, say, a millimeter, will contain a huge number of
such structures. Thus, for example, in such a situtation, it is hopeless to
use the Ginzburg-Landau model as the basis of a numerical simulation of
superconducting phenomena. Thus, at the macroscale, i.e., the scale of de-
vices, one should use continuum models that do not attempt to resolve the
individual superconducting vortices, but rather that determine an averaged,
homogenized quantity such as the density of these vortices. Simple mod-
els of this type, e.g., the Bean model, have existed for some time now, and
are very much in use in that community dedicated to the incorporation of
superconductors in the design of practical devices. However, in many situ-
ations, these very simple models are known to provide incorrect results so
that better macroscale models would certainly be of use.

Recently, Chapman and co-workers have developed, in a series of papers
[2], [5], and [6], mean-field models for the motion of vortices in the mixed
state of a type-II superconductor. In these models, the individual vortices
are homogenized to give a vortex density, or vorticity. The case of vortices
in an inviscid fluid was used as a paradigm problem to derive the models
for superconductors. The models were derived by taking appropriate limits
within the Ginzburg-Landau formalism. In this paper, our goal is to study
one these models from both an analytic and computational point of view.

Let the superconducting sample occupy the bounded domainΩ ∈ R
2

having a smooth boundaryΓ . Letω andH represent the vortex density and
the average magnetic field, respectively. Letω0 be the initial vortex density,
H1 be the external applied magnetic field, andJc be the value of the critical
current. Then, the mean-field model of [6] we study is given by the system

ω = H − λ2∆H in Ω × (0, T ) ,(1.1)

ωt − ∇ · (m∇H) = 0 in Ω × (0, T ) ,(1.2)
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ω|t=0 = ω0 in Ω ,(1.3)

H|Γ = H1 on (0, T ) ,(1.4)

m ≥ 0 , and |∇H| ≤ Jc(1.5)

with |∇H| < Jc whenever m = 0 .(1.6)

In (1.1),λ denotes a length scale, known as the penetration depth, which
gives and indication of how rapidly the magnetic field varies in the super-
conductor.

The motion of the vortex-like structures in supercondutors induces an
electric field and therefore resistance. Thus, the ability to suppress such
motion is important to the usefullness of superconducting devices. There
are various mechanisms for “pinning’ these vortices; see [3] and [4] for
a discussion of two pinning mechanisms in the context of the Ginzburg-
Landau model. The specific mean-field model (1.1)-(1.6) accounts for the
pinning of superconducting vortices. For values of the current below the
critical valueJc, the pinning forces are sufficiently strong so that the vortices
are not moved by the passage of the current, and perfect conductivity is
retained. However, at the valueJc, the Lorentz force on the vortices due to
the current are sufficiently strong so that the pinning force is overcome and
vortices move. This phenomona is embodied within the model through (1.5)
and (1.6).

The plan for the rest of the paper is as follows. In Sect. 2, we introduce
a regularization of the problem (1.1)-(1.6) which facilitates the application,
at least in an approximate manner, of the conditions (1.5) and (1.6). In
Sect. 3, we study the regularized problem, including showing that it has
a unique solution. In Sect. 4, we study the behavior of the solutions of
the regularized problem as the value of the regularization parameter tends
to zero. In Sects. 5 and 6, we respectively study semi-discrete and fully-
discrete finite element based algortihms for the numerical approximation of
solutions of the regularized problem and, in Sect. 7, we present the results
of some computational experiments.

2. Regularization

Let Lp(0, T ;W 1,q
0 (Ω)) and H1(0, T ;W 1,q

0 (Ω)) denote the standard
Sobolev spaces of real valued functions of the variables(t,x) ∈ R

+ × R
2.

Then, let
V = L∞(0, T ;W 1,∞

0 (Ω))

and
K = {φ ∈ V : |∇φ| ≤ 1 a.e., φ|Γ = 0 } .
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Let (·, ·) denote the standardL2 inner product inΩ and< ·, · > denote
standardL2 inner product in(0, T ) × Ω, where(0, T ) is a given bounded
time interval.

We suppose the the boundary dataH1 is a constant onΓ , but not necess-
sarily in time. The initial magnetic fieldH0 is determined from the initial
vorticity ω0 by solvingH0 −λ2∆H0 = ω0 along withH0|Γ = H1|t=0. We
may set, without loss of generality, the critical currentJc = 1 by normalizing
H andω by Jc.

Let u = H −H1 andu0 = H0 −H1 and letε be an arbitrary positive
number. Then, we consider the regularized problem

∂uε

∂t
− λ2∆

∂uε

∂t
+

1
ε
β0(uε) = −∂H1

∂t
= g in Ω × (0, T ) ,(2.1)

uε = 0 onΓ × (0, T ) ,(2.2)

and
uε|t=0 = u0 in Ω ,(2.3)

whereβ0 : L4(0, T ;W 1,4
0 (Ω)) → (L4(0, T ;W 1,4

0 (Ω)))′ is defined by

(β0(u), φ) =
∫

Ω
(|∇u|2 − 1)

+∇u · ∇φ ∀φ ∈ L4(0, T ;W 1,4
0 (Ω)) .

Here(ψ)+ = ψ wheneverψ ≥ 0 and(ψ)+ = 0 otherwise. One can easily
verify thatβ0 is a monotone operator. We assume that the initial datau0
satisfies

|∇u0| ≤ 1 .(2.4)

Note that, in terms of our original variables, (2.4) requires that|∇H0 −
∇H1| ≤ Jc, a requirement that can be practically and easily met by, e.g.,
choosing|ω0| sufficiently small andH1|t=0 = 0.

A weak formulation of (2.1)-(2.3) is then given by

(
∂uε

∂t
, φ) + λ2(∇∂uε

∂t
,∇φ) +

1
ε
(β0(uε), φ) = (g, φ)(2.5)

∀φ ∈ W 1,4
0 (Ω).

Remark.We could also regularize the initial condition, e.g., replace (2.3) by

uε|t=0 = u0,ε in Ω .

Then, all the results derived in the sequel remain valid if we assume that
|∇H0| ≤ Jc and that the reqularized initial conditionu0,ε ∈ W 1,4

0 (Ω)
satisfies the conditions

‖u0,ε‖2
H1(Ω) +

1
ε
‖(|∇u0,ε|2 − 1)

+‖2

L2(Ω) ≤ C‖u0‖2
H1(Ω)

andu0,ε → u0 in H1(Ω) asε → 0.
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3. Energy estimates

In this section, we derive some estimates that will be of use in demonstrating
the existence and uniqueness of the solution of the weak formulation (2.5).

Lemma 3.1 Supposeg ∈ L1(0, T ;H−1(Ω)) and u0 ∈ H1
0 (Ω), where

0 < T < ∞ is a given time. Then, fort ∈ (0, T ) and for anyε > 0, there
exists a constant C that is independent ofε such that

‖uε‖L∞(0,t;W 1,2
0 (Ω)) ≤ C{‖g‖L1(0,t;H−1(Ω)) + ‖u0‖H1(Ω)}(3.1)

and

‖uε‖2
L4(0,t;W 1,4

0 (Ω)) ≤ C{‖g‖L1(0,t;H−1(Ω)) + ‖u0‖H1(Ω)} .(3.2)

Proof. Settingφ = uε in (2.5) yields that

1
2
d

dt
(uε, uε)+

λ2

2
d

dt
(∇uε,∇uε)+

1
ε
((|∇uε|2 − 1)

+∇uε,∇uε) = (g, uε) .

Integrating in time, we have

1
2
(uε(t), uε(t)) +

λ2

2
(∇uε(t),∇uε(t))

+
1
ε

∫ t

0

∫
Ω

(|∇uε|2 − 1)
+|∇uε|2 dΩdt

=
∫ t

0
(g, uε) dt+

1
2
(u0, u0) +

λ2

2
(∇u0,∇u0)

≤ ‖g‖L1(0,t;H−1(Ω))‖uε‖L∞(0,t;H1(Ω))

+
1 + λ2

2
‖u0‖2

H1(Ω).(3.3)

It follows that,∀ t ∈ [0, T ] and for anyδ > 0,

‖uε(t)‖2
H1(Ω) ≤ C1(

1
4δ

‖g‖2
L1(0,t;H−1(Ω)) + δ‖uε‖2

L∞(0,t;H1(Ω)))

+C3‖u0,ε‖2
H1(Ω) ,

where the constantsCi, i = 1, 2, are independentε asε → 0. Hence, by
choosingδ sufficiently small, we have that

‖uε‖L∞(0,t;W 1,2
0 (Ω)) ≤ C(‖g‖L1(0,t;H−1(Ω)) + ‖u0‖H1(Ω)) ,

whereC is independnet ofε asε → 0; this proves (3.1).
From (3.1) and (3.3), we have that∫ t

0

∫
Ω

(|∇uε|2 − 1)
+|∇uε|2 dΩdt ≤ Cε (‖g‖2

L1(0,t;H−1(Ω))+‖u0‖2
H1(Ω))
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and ∫ t

0

∫
Ω

|∇uε|2 ≤ C(‖g‖2
L1(0,t;H−1(Ω)) + ‖u0‖2

H1(Ω))

so that, sincez4 ≤ (z2 − 1)+z2 + z2, we have that
∫ t

0

∫
Ω

|∇uε|4 ≤ C(‖g‖2
L1(0,t;H−1(Ω)) + ‖u0‖2

H1(Ω))

from which (3.2) follows. Here, again,C is a constant that is independent
of ε asε → 0. ut
Lemma 3.2 Supposeg ∈ L2(0, T ;H−1(Ω)) andu0 ∈ W 1,4

0 (Ω), where
0 < T < ∞ is a given time. Ifu0 satisfies(2.4), then, for anyε > 0, there
exists a constant C that is independent ofε such that

‖∂uε

∂t
‖

L2(0,t;W 1,2
0 (Ω))

≤ C(‖g‖L2(0,t;H−1(Ω)) + ‖u0‖H1(Ω))(3.4)

and

‖uε‖2
L∞(0,t;W 1,4

0 (Ω)) ≤ C(‖g‖L2(0,t;H−1(Ω)) + ‖u0‖H1(Ω)) .(3.5)

Proof. Note that

1
4ε

d

dt

∣∣∣ (|∇uε|2 − 1)+
∣∣∣2 =

1
ε
(|∇uε|2 − 1)+∇uε · ∇∂uε

∂t

so that settingφ = ∂uε/∂t in (2.5) yields that

(
∂uε

∂t
,
∂uε

∂t
) + λ2(∇∂uε

∂t
,∇∂uε

∂t
)

+
1
4ε

d

dt

(
(|∇uε|2 − 1)+, (|∇uε|2 − 1)+

)

= (g,
∂uε

∂t
)

which implies that

‖∂uε

∂t
‖2

H1(Ω) +
1
2ε

d

dt
‖(|∇uε|2 − 1)+‖2

L2(Ω) ≤ C‖g‖2
H−1(Ω) .

Integrating in time then yields that, using (2.4),
∫ t

0
‖∂uε

∂t
‖2

H1(Ω) dt+
1
2ε

‖(|∇uε(t)|2 − 1)+‖2
L2(Ω)

≤ C‖g‖2
L2(0,t,H−1(Ω)) +

1
2ε

‖(|∇uε|2 − 1)+‖2
L2(Ω)

≤ C‖g‖2
L2(0,t,H−1(Ω))(3.6)
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Hence, we have (3.4).
It is also follows from (3.6) that

‖(|∇uε|2 − 1)+‖2
L∞(0,t;L2(Ω)) ≤ εC‖g‖2

L2(0,t;H−1(Ω)) .

Then, sincez4 ≤ [(z2 − 1)+]2 + z2, combining with (3.1) yields that

‖∇uε‖4
L∞(0,t;L4(Ω)) ≤ ‖(|∇uε|2 − 1)+‖2

L∞(0,t;L2(Ω))

+‖∇uε‖2
L∞(0,t;L2(Ω))

≤ C(‖g‖L2(0,t;H−1(Ω)) + ‖u0‖H1(Ω))

and then (3.5) follows. ut
Combing the above estimates, we can obtain the existence and unique-

ness of the weak solution to the problem (2.5).

Theorem 3.1 For givenε > 0 and0 < T < ∞, letg ∈ L2(0, T ;H−1(Ω)),
u0 ∈ W 1,4

0 , andu0 satisfy(2.4). Then, there exists a unique solutionuε ∈
C(0, T ;W 1,4

0 (Ω))∩W 1,∞(0, T ;W 1,2
0 (Ω)) of the problem(2.5).Moreover,

the solutionuε is uniformly bounded in the space and independent ofε as
ε → 0.

Proof. The theorem can be proved by standard techniques using the results
of previous lemmas. For example, see [12].ut
Corollary 3.1 Under the assumptions of Theorem 3.1, there exists a con-
stantC > 0 that is independent ofε asε → 0, such that

‖β0(uε)‖L2(0,T ;H−1(Ω)) ≤ cε .(3.7)

Proof. The result follows from (2.5) and the previous lemmas.ut

4. Passing to the limit

We now consider the limit of the sequence{uε} asε → 0. Lemmas 3.1 and
3.2 show that the sequence is bounded uniformly inL4(0, T ;W 1,4

0 (Ω)) ∩
H1(0, T ;W 1,2

0 (Ω)) and inL∞(0, T ;W 1,4
0 (Ω)) ∩ W 1,∞(0, T ;W 1,2

0 (Ω)).
Hence, there exists a subsequence of{uε} that converges tou weakly in
these spaces. Without loss of generality, we still use{uε} to denote the
subsequence.

First, by Corollary 3.1, we have

β0(uε) → 0 in
(
L2(0, T ;H1

0 (Ω))
)′

asε → 0 .
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Hence,

| < β0(uε), φ > | → 0 ∀φ ∈ L4(0, T ;W 1,4
0 (Ω))

asε → 0. In particular,

| < β0(uε), u > | → 0 .

Since[(z2 −1)+]2 is convex, the operatorβ0 is semi-continuous and, there-
fore,

< β0(u), u >= 0 .

Thus, we obtain thatu ∈ K.
Next, we show thatu satisfies a variational ineqality. Letφ ∈ K. By (2.5),

(
∂φ

∂t
− g, φ− uε) + (λ2∇∂φ

∂t
,∇φ− ∇uε)

= (
∂φ

∂t
− ∂uε

∂t
, φ− uε) +

(
λ2(∇∂φ

∂t
− ∇∂uε

∂t
),∇φ− ∇uε

)

−1
ε
(β0(uε), φ− uε) .

Hence,
∫ s

0

[
(
∂φ

∂t
− g, φ− uε) + (λ2∇∂φ

∂t
,∇φ− ∇uε)

]
dt

= −Iε +
∫ s

0

1
2
∂

∂t
(φ− uε, φ− uε) dt

+
∫ s

0

λ2

2
∂

∂t
(∇φ− ∇uε,∇φ− ∇uε) dt

= Iε +
[1
2
{‖φ− uε‖2

L2(Ω) + λ2 ‖∇φ− ∇uε‖2
L2(Ω)}

]s

0
,(4.1)

where

Iε =
1
ε

∫ s

0
(β0(uε), φ− uε) dt .

Using the monotonicity ofβ0, we have that, sinceφ ∈ K,

Iε =
1
ε

∫ s

0
(β0(uε), φ− uε) dt ≤ 1

ε

∫ s

0
(β0(φ), φ− uε) dt = 0 .

Therefore,
lim
ε→0

Iε ≤ 0 .(4.2)

As a result, we have the following theorem.
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Theorem 4.1 Let g ∈ L2(0, T ;H−1(Ω)) andu0 ∈ K. Then, there exists
a unique solution of the following variational inequality problem: findu ∈
K ∩H1(0, T ;W 1,2

0 (Ω)) such thatu(0) = u0 and

∫ s

0

[
(
∂φ

∂t
− g, φ− u) + (λ2∇∂φ

∂t
,∇φ− ∇u)

]
dt

≤ 1
2
‖φ(s) − u(s)‖2

L2(Ω) +
λ2

2
‖∇φ(s) − ∇u(s)‖2

L2(Ω)

−1
2
‖φ(0) − u(0)‖2

L2(Ω) +
λ2

2
‖∇φ(0) − ∇u(0)‖2

L2(Ω)(4.3)

∀φ ∈ K ∩H1(0, T ;W 1,2
0 (Ω)).

Proof. By (4.1) and (4.2),

∫ s

0

[
(
∂φ

∂t
− g, φ− uε) + (λ2∇∂φ

∂t
,∇φ− ∇uε)

]
dt

≤ 1
2
‖φ(s) − uε(s)‖2

L2(Ω) +
λ2

2
‖∇φ(s) − ∇uε(s)‖2

L2(Ω)

−1
2
‖φ(0) − u0,ε‖2

L2(Ω) +
λ2

2
‖∇φ(0) − ∇u0,ε‖2

L2(Ω) .

Letting ε → 0, we obtain (4.3).
To show the uniqueness of the solution, supposeu1 and u2 are two

solutions of (4.3), i.e., fori = 1, 2,
∫ s

0

(∂φ
∂t

− g, φ− ui) + (λ2∇∂φ

∂t
,∇φ− ∇ui)

]
dt

≤ 1
2
‖φ(s) − ui(s)‖2

L2(Ω) +
λ2

2
‖∇φ(s) − ∇ui(s)‖2

L2(Ω)

−1
2
‖φ(0) − u(0)‖2

L2(Ω) +
λ2

2
‖∇φ(0) − ∇u(0)‖2

L2(Ω) .

Let φ = (u1 + u2)/2 and add the two equations. Then, we obtain

0 ≥ 1
2

(
‖u2(s) − u1(s)

2
‖2

L2(Ω) + ‖u1(s) − u2(s)
2

‖2
L2(Ω)

)

+
λ2

2

(
‖∇u2(s) − u1(s)

2
‖2

L2(Ω) + ‖∇u1(s) − u2(s)
2

‖2
L2(Ω)

)

=
1
4

(
‖u1(s) − u2(s)‖2

L2(Ω) +
λ2

4
‖∇u1(s) − ∇u2(s)‖2

L2(Ω)

)
.

Therefore,u1 = u2. ut
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5. Semi-discrete approximation

We now consider a finite element discretization with respect to the spatial
variables based on the regularized problem. SupposeSh ⊂ W 1,4

0 (Ω) is a
finite dimensional subspace. Specifically, we may assumeSh is the standard
continuous piecewise linear finite element space. Foru0 ∈ K, the initial
approximationuh

0 is defined as the piecewise linear interpolantIhu0 of u0.
By approximation properties, we have that

uh
0 → u0 in W 1,4

0 (Ω) ash → 0 .

Then, a weak formulation of an approximate solution is given by

(
∂uh

ε

∂t
, φ) + λ2(∇∂uh

ε

∂t
,∇φ) +

1
ε
(β0(uh

ε ), φ) = (g, φ)

∀φ ∈ Sh .(5.1)

In one dimension, we have that

| d
dx

(Ihu0)(x)| ≤ | d
dx
u0(x)| a.e. inΩ .(5.2)

In addition, in two dimensions and forp > 2, there exists a constantC > 0
such that

‖Ihv − v‖W 1,∞(Ω) ≤ C h1−2/p‖v‖W 2,p(Ω) ∀ v ∈ W 2,p(Ω) .

In particular,

‖∇uh
0 − ∇u0‖L∞(Ω) ≤ C h1−2/p‖u0‖W 2,p(Ω).

Sinceu0 ∈ K,

|∇uh
0 |2 ≤ (1 + C h1−2/p‖u0‖W 2,p(Ω))

2 ≤ 1 + c̃ h1−2/p .

Thus,
(|∇uh

0 |2 − 1)+ ≤ c h1−2/p .

Now assume that the initial solution is smooth. Then, for anyε such that
h2−4/p/ε remains uniformly bounded,

1
ε
‖(|∇uh

0 |2 − 1)+‖2
L2(Ω) ≤ C

for some constantC which is independent ofε andh. Then we can get
uniform estimates foruh

ε that are independent ofh and ε by the method
used in Sect. 3. Hence, ash → 0, the sequence{uh

ε } converges weakly to a
limit u∗ in L4(0, T ;W 1,4

0 (Ω)) ∩H1(0, T ;W 1,2
0 (Ω)). We prove in the next

theorem that the limitu∗ is the solution of the variational inequality (4.3).
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Theorem 5.1 Let g ∈ L2(0, T ;H−1(Ω)) and u0 ∈ K. Also, assume, in
the two-dimensional case, thatu0 ∈ W 2,p(Ω) for somep > 2. Then, the
solutionuh

ε of the weak problem(5.1) converges weakly to the solutionu
of (4.3) in L4(0, T ;W 1,4

0 (Ω))∩H1(0, T ;W 1,2
0 (Ω)) ash → 0 andε → 0 if

h2−4/p/ε is uniformly bounded andh/ε → 0.

Proof. By adding and sutractingIhφ(t), ∇Ihφ(t), ∂Ihφ(t)/∂t and
∇(∂Ihφ(t)/∂t), we have that, for anyφ ∈ K ∩ C∞(Ω),∫ s

0

[
(
∂φ

∂t
− g, φ− uh

ε ) + (λ2∇∂φ

∂t
,∇φ− ∇uh

ε )
]
dt

−
{1

2
‖φ(t) − uh

ε (t)‖2
L2(Ω) +

λ2

2
‖∇φ(t) − ∇uh

ε (t)‖2
L2(Ω)

}∣∣∣s
0

=
{

(φ(t) − Ihφ(t), uh
ε (t)) + λ2(∇φ(t) − ∇Ihφ(t),∇uh

ε (t))
}∣∣∣s

0

+
∫ s

0

[
(
∂Ihφ

∂t
− g, Ihφ− uh

ε ) + (λ2∇∂Ihφ

∂t
,∇Ihφ− ∇uh

ε )
]
dt

−
{1

2
‖Ihφ(t) − uh

ε (t)‖2
L2(Ω) +

λ2

2
‖∇Ihφ(t) − ∇uh

ε (t)‖2
L2(Ω)

}∣∣∣s
0

−
∫ s

0

[
(g, φ− Ihφ) + (

∂(φ− Ihφ)
∂t

, uh
ε )

+(λ2∇∂(Ihφ− φ)
∂t

,∇uh
ε )

]
dt

= I1 + I2 − I3 − I4 .

As n → ∞, we have

I1 =
{

(φ(t) − Ihφ(t), uh
ε (t)) + λ2(∇φ(t) − ∇Ihφ(t),∇uh

ε (t))
}∣∣∣s

0
→ 0

by a density argument and the uniform boundness ofuh
ε . Moreover,

I2 − I3 =
∫ s

0

[
(
∂Ihφ

∂t
− g, Ihφ− uh

ε ) + (λ2∇∂Ihφ

∂t
,∇Ihφ− ∇uh

ε )
]
dt

−
{1

2
‖Ihφ(t) − uh

ε (t)‖2
L2(Ω) +

λ2

2
‖∇Ihφ(t)

−∇uh
ε (t)‖2

L2(Ω)

}∣∣∣s
0

=
1
ε

(
β0(uh

ε ), uh
ε − Ih(φ)

)
≥ 1
ε

(
β0(Ihφ), uh

ε − Ih(φ)
)
.

The right hand side is identically zero in one dimension by (5.2), while in
two dimension, we note that

‖(| ∇Ihφ |2 −1)+‖L∞(Ω) ≤ ch‖φ‖W 2,∞(Ω) .
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Hence, we obtain

I2 − I3 ≥ 1
ε

(
β0(Ihφ), uh

ε − Ih(φ)
)

≥ −1
ε
‖(| ∇Ihφ |2 −1)+‖L∞(Ω)‖∇Ihφ‖L2(Ω)‖∇uh

ε

−∇Ih(φ)‖L2(Ω)

≥ −C
h

ε

so that
lim
h→0

{I2 − I3} ≥ 0

if h/ε → 0. Finally, the density argument and the uniform boundness again
yield

I4 =
∫ s

0

[
(g, φ− Ihφ) + (

∂(φ− Ihφ)
∂t

, uh
ε )

+(λ2∇∂(Ihφ− φ)
∂t

,∇uh
ε )

]
dt → 0 .

Therefore,uh
ε converges weakly to the solution of (4.3) ash → 0 andε → 0

with h2−4/p/ε being uniformly bounded andh/ε → 0. ut

6. Fully discrete approximation

We again consider a finite element discretization in the spatial variables.
There are various ways to implement the time discretization. For simplicity,
let us consider the backward Euler scheme.

Given the time step sizeδt, let gn = g(tn) for tn = nδt, n ≥ 1. The
initial approximationu0

h may be obtained by
∫

Ω
(u0

hvh + λ2∇u0
h · ∇vh) dΩ =

∫
Ω

(ω0 −H1)vh dΩ ∀ vh ∈ Sh .

Forn ≥ 1, we have the discrete variational inequality:

find un
h ∈ K ∩ Sh such that for anyφh ∈ K ∩ Sh

(un
h −un−1

h − δtgn , φh −un
h)+λ2(∇(un

h −un−1
h ),∇φh −∇un

h) ≥ 0 .

Rather than working with the regularized problem as in the previous section,
we consider a saddle point formulation for the variational inequalities using
Lagrange multipliers.
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Recall that our problem may be rewritten as:

u− λ2∆u = ω in Ω × (0, T )
ωt − ∇ · (m∇u) = g in Ω × (0, T )

ω = ω0 −H1 in Ω at t = 0
u = 0 onΓ × (0, T )

whereg = ∂H1/∂t, along with the compatibility conditions

m ≥ 0 and | ∇u | −1 ≤ 0
m = 0 if | ∇u | −1 < 0 .

This may be viewed as a saddle point formulation of the variational inequal-
ity where the functionm is the Lagrange multiplier.

In the discrete case, letZh be the space of piecewise nonnegative con-
stants and let

Jn(v) =
1
2

∫
Ω

(|v|2 + λ2|∇v|2 − 2v(un−1
h + δtgn)

)
dΩ

and
L(v, q) = Jn(v) + (q, |∇v|2 − 1) .

Using the Lagrange multiplier theory, an equivalent saddle point formulation
is given by:

find (un
h, µ

n
h) ∈ Sh × Zh, such that

L(uh
n, qh) ≤ L(un

h, µ
n
h) ≤ L(vh, µ

n
h)

for any(vh, qh) ∈ Sh × Zh.

To find the solution, we employ the following Uzawa-type iteration:

1. Setν(0) = µn−1
h . Fork = 1, 2, 3, . . . ,K,

a. determineQ(k) ∈ Sh such that

L(Q(k), ν(k−1)) = min
Qh∈Sh

L(Qh, ν
(k−1)) ,

i.e.,
∫

Ω

(
Q(k)v + (λ2 + δt ν(k−1))∇Q(k) · ∇v

)
dΩ

=
∫

Ω

(
(un−1

h + δtgn)v + λ2∇un−1
h · ∇v) dΩ ∀ v ∈ Sh ;
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b. set

ν(k) =
[
ν(k−1) + ρ(|∇Q(k)|2 − 1)

]+
in Ω ,

where[f ]+ = max(0, f) andρ is a properly chosen relaxation pa-
rameter;

2. Set
un

h = Q(K) and µn
h = ν(K) in Ω .

We now investigate the convergence of the iteration ask → ∞ by using
the idea presented in [8]. First, from the weak forms forun

h andQ(k), we
can easily obtain

Lemma 6.1 There exists a constantC > 0, independent ofk, such that:

‖Q(k)‖1 ≤ C and ‖un
h‖1 ≤ C . ut

The inverse inequality would then imply that:

Corollary 6.1 There exists a constantC > 0, independent ofk, such that

‖Q(k)‖1,∞ ≤ C and ‖un
h‖1,∞ ≤ C . ut

By properties of the saddle point, we have that

(un
h − un−1

h − δtgn , φh − un
h)

+λ2(∇(un
h − un−1

h ),∇φh − ∇un
h)

+(µn
h, |∇φh|2 − |∇un

h|2)
≥ 0 .

Meanwhile, by the definition ofQ(k), we have

(Q(k) − un−1
h − δtgn, ψh −Q(k)) + λ2(∇(Q(k) − un−1

h ),∇ψh − ∇Q(k)

+ (ν(k−1), |∇ψh|2 − |∇Q(k)|2) ≥ 0 .

Letting φh = Q(k) andψh = un
h in the above, and adding the resulting

inequalities, we obtain

(un
h −Q(k), un

h −Q(k)) + λ2(∇(un
h −Q(k)),∇(un

h −Q(k)))

+(ν(k−1) − µn
h, |∇un

h|2 − |∇Q(k)|2) ≤ 0 .

Obviously,|a+ − b+| ≤ |a − b|. Let a = ν(k−1) + ρ(|∇Q(k)|2 − 1) and
b = µn

h + ρ(|∇µn
h|2 − 1). Then,a+ = ν(k) andb+ = µn

h. Thus, we obtain

‖ν(k) − µn
h‖2

0 ≤ ‖ν(k−1) − µn
h + ρ(|∇Q(k)|2 − |∇un

h|2)‖2
0

= ‖ν(k−1) − µn
h‖2

0 + 2(ν(k−1) − µn
h, ρ(|∇Q(k)|2 − |∇un

h|2))
+ ρ2‖|∇Q(k)|2 − |∇un

h|2‖2
0 .
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Using the corollary, we get

‖ν(k) − µn
h‖2

0 ≤ ‖ν(k−1) − µn
h‖2

0 − 2ρ(un
h −Q(k), un

h −Q(k))

−2ρλ2(∇(un
h −Q(k)),∇(un

h −Q(k)))

+C1ρ
2‖∇Q(k) − ∇un

h‖2
0

for some contantC1 which is dependent onC, but independent ofk. There-
fore, if we chooseρ suitably small, we can find a positive constantγ (inde-
pendent ofk), such that

‖ν(k) − µn
h‖2

0 + γ‖Q(k) − un
h‖2

1 ≤ ‖ν(k−1) − µn
h‖2

0 .

Thus, we have the following convergence result.

Theorem 6.1 There exists a properly chosenρ such that

lim
k→∞

‖Q(k) − un
h‖1 = 0 . ut

Note that in the proof, we allow the constantC to depend on the dis-
cretization parameters such asδt andh. How to avoid such dependence will
be studied in future work.

7. Numerical results

The numerical computations were performed using a finite element method
based on a triangular mesh with continuous piecewise quadratic polynomi-
als for the magnetic field and continuous piecewise linear polynomials for
the Lagrange multiplier. Although the theorem in the previous section was
proved under the assumption that the finite element space for the magnetic
field is piecewise linear, it was necessary to use piecewise quadratic elements
in order to compute the vorticity which involves the term∆H. Obviously,
the theorem is still true with the choice of piecewise quadratic polynomials.

In the first example, we tookΩ to be the unit square. We chose a uniform
mesh of size1/14 andδt = 0.05 for the time step size. For the boundary
condition, we used, for givenT > 0,H1(t) = t for t ≤ T andH(t) = T for
t > T , i.e. the external field is linearly ramped up until some timeT and held
constant after that. For the initial vorticity we choseω0 = 0. We computed
approximate solutions for various penetration depthsλ. For λ ≤ 0.5, the
iterations converged successfully with an appropriately chosen parameterρ.
Here, we report results forλ = 0.1, 0.3, and 0.5 for which we usedρ = 0.1,
0.8, and 1.0, respectively. We noticed that after the external fieldH1 became
constant, i.e., fort > T , the magnetic field remained unchanged as well;
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Fig. 1. Contour plots of the magnetic field forλ = 0.1

thus we only report results fort ≤ T . For the three values ofλ we chose
T = 0.2, 0.4, and 0.7, respectively. Figures 1, 3, and 5 show contour plots
of magnetic field with increasing time up tot = T for λ = 0.1, 0.3, and
0.5, repectively. Figures 2, 4, and 6 give the corresponding surface plots
of the magnetic field. The surface plots show that the magnetic field forms
pyramid as time increases. But asλ becomes larger, the formation rate gets
slow. For example, the contour plot forλ = 0.1 at t = 0.2 can be compared
with the ones forλ = 0.3 at t = 0.4 or for λ = 0.5 at t = 0.7. Figures 7,
8, and 9 show the corresponding contour plots of vorticity for each of the
three values ofλ.

Flux penetration into non-rectangular shapes is often more difficult to
study by analytic methods. As the second example, we study the patterns
of the magnetic field and vortex densities for a cross-shaped sample. In our
calculation, we set the length of the arm to be half of its width,λ = 0.1
andρ = 0.3. The set-up forH1(t) is similar to the that for the fist example.
Specifically, we choseH1(t) = t for t ≤ 0.3 andH1(t) = 0.3 for t > 0.3.
The time step size is taken to be0.05. Figure 7 shows contour plots of mag-
netic field as time increases while Fig. 8 gives the corresponding contour
plots of the vorticity field. The creation of vorticity occurs first near the
re-entrant corners of the cross. For later times, in each arm, the magnetic
field again forms half of an up-side-down pyramid and a full pyramid in the
center of cross. Our two-dimensional model describes the behavior of the so-
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Fig. 2. Surface plots of the magnetic field forλ = 0.1
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Fig. 3. Contour plots of the magnetic field forλ = 0.3
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Fig. 4. Surface plots of the magnetic field forλ = 0.3
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Fig. 5. Contour plots of the magnetic field forλ = 0.5

lution for a two-dimensional cross-section of an infinite, three-dimensional
cylindrical domain. It is interesting to observe the differences between our
calculation and the theoretical as well as experimental studies made in [11]
for crossshaped thin films.
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Fig. 6. Surface plots of the magnetic field forλ = 0.5
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Fig. 7. Contour plots of the vorticity forλ = 0.1
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Fig. 8. Contour plots of the vorticity forλ = 0.3
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Fig. 9. Contour plots of the vorticity forλ = 0.5

8. Conclusion

In this paper, we analyzed a mean field model for superconductivity based
on a variational inequality formulation and its discrete approximations. Pre-
liminary numerical experiments on the flux penetration into square and cross
shaped domains are performed. Various generalizations are to be studied in
the future. On the modeling side, one may address issues such as anisotropy,
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Fig. 10. Contour plots of the magnetic field forλ = 0.1
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Fig. 11. Contour plots of the vorticity forλ = 0.1

the inclusion of normal materials, and applied currents. On the numerical
analysis side, a more general convergence theory and error estimates are to
be established. We also intend to carry out more extensive commputational
studies.
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