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Summary. A mean-field model for superconductivity is studied from both
the analytical and computational points of view. In this model, the indi-
vidual vortex-like structures occuring in practical superconductors are not
resolved. Rather, these structures are homogenized and a vortex density is
solved for. The particular model studied includes effects due to the pinning
of vortices. The existence and uniqueness of solutions of a regularized ver-
sion of the model are demonstrated and the behavior of these solutions as
the regularization parameter tends to zero is examined. Then, semi-discrete
and fully discrete finite element based discretizations are formulated and
analyzed and the results of some computational experiments are presented.
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1. Introduction

Superconductivity can be modelled at different scales ranging from the atom-
istic to that visible with the naked eye. The BCS model of Bardeen, Cooper,
and Schrieffer [1] is universally accepted as a discrete, atomistic model
for standard superconductors whose material properties are homogeneous
and isotropic. The Ginzburg-Landau model of superconductivity [7] is a
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mezoscale, continuum, phenomenological, steady-state model that resolves
henomena occuring in these types of materials on the scale of 100 or so
A. Although this model cannot resolve at the atomistic scale, it is refined
enough that it can resolve the individual vortex-like structures that occur
in the most useful superconductors in particular electromagnetic and ther-
modynamic configurations. In certain restricted circumstances, Gor’kov [9]
has derived the Ginzburg-Landau model from the BCS model. For details
concerning the BCS and Ginzburg-Landau models and their connection, one
may consult [13] and the references cited therein. Time dependent versions
of the Ginzburg-Landau model have also been formulated; see, e.g., [10].

The Ginzburg-Landau model, although being a continuum model, can-
not be used to model any other than the tiniest of devices. The reason for this
is that the individual vortex-like structures mentioned above are separated
by distance of the order of 100 or le&sso that certainly a superconduct-
ing sample of dimension, say, a millimeter, will contain a huge number of
such structures. Thus, for example, in such a situtation, it is hopeless to
use the Ginzburg-Landau model as the basis of a numerical simulation of
superconducting phenomena. Thus, at the macroscale, i.e., the scale of de-
vices, one should use continuum models that do not attempt to resolve the
individual superconducting vortices, but rather that determine an averaged,
homogenized quantity such as the density of these vortices. Simple mod-
els of this type, e.g., the Bean model, have existed for some time now, and
are very much in use in that community dedicated to the incorporation of
superconductors in the design of practical devices. However, in many situ-
ations, these very simple models are known to provide incorrect results so
that better macroscale models would certainly be of use.

Recently, Chapman and co-workers have developed, in a series of papers
[2], [5], and [6], mean-field models for the motion of vortices in the mixed
state of a type-Il superconductor. In these models, the individual vortices
are homogenized to give a vortex density, or vorticity. The case of vortices
in an inviscid fluid was used as a paradigm problem to derive the models
for superconductors. The models were derived by taking appropriate limits
within the Ginzburg-Landau formalism. In this paper, our goal is to study
one these models from both an analytic and computational point of view.

Let the superconducting sample occupy the bounded domainR?
having a smooth bounda#y. Letw and H represent the vortex density and
the average magnetic field, respectively. Lgbe the initial vortex density,

H, be the external applied magnetic field, aiide the value of the critical
current. Then, the mean-field model of [6] we study is given by the system

(1.1) w=H-XNAH in02x(0,T),

(1.2) w—V-(mVH)=0 in2x(0,T),
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(1.3) wli=o =wp i 2,
(1.4) H|r=H; on(0,7),

(1.5) m >0, and |VH|< J.

(1.6) with |VH| < J. whenever m =0.

In (1.1), A denotes a length scale, known as the penetration depth, which
gives and indication of how rapidly the magnetic field varies in the super-
conductor.

The motion of the vortex-like structures in supercondutors induces an
electric field and therefore resistance. Thus, the ability to suppress such
motion is important to the usefullness of superconducting devices. There
are various mechanisms for “pinning’ these vortices; see [3] and [4] for
a discussion of two pinning mechanisms in the context of the Ginzburg-
Landau model. The specific mean-field model (1.1)-(1.6) accounts for the
pinning of superconducting vortices. For values of the current below the
critical valueJ., the pinning forces are sufficiently strong so that the vortices
are not moved by the passage of the current, and perfect conductivity is
retained. However, at the valug, the Lorentz force on the vortices due to
the current are sufficiently strong so that the pinning force is overcome and
vortices move. This phenomona is embodied within the model through (1.5)
and (1.6).

The plan for the rest of the paper is as follows. In Sect. 2, we introduce
a regularization of the problem (1.1)-(1.6) which facilitates the application,
at least in an approximate manner, of the conditions (1.5) and (1.6). In
Sect. 3, we study the regularized problem, including showing that it has
a unigue solution. In Sect. 4, we study the behavior of the solutions of
the regularized problem as the value of the regularization parameter tends
to zero. In Sects. 5 and 6, we respectively study semi-discrete and fully-
discrete finite element based algortihms for the numerical approximation of
solutions of the regularized problem and, in Sect. 7, we present the results
of some computational experiments.

2. Regularization

Let LP(0,T;W,%(£2)) and H'(0,T;W,%(£2)) denote the standard
Sobolev spaces of real valued functions of the varialies) € RT x R2.
Then, let

V= L0, T; Wy ™(92))

and
K={¢eV : |Vg|<lae,op|r=0}.
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Let (-,-) denote the standarf? inner product inf2 and< -,- > denote
standardZ? inner product in(0, T') x §2, where(0, T) is a given bounded
time interval.

We suppose the the boundary défais a constant oft’, but not necess-
sarily in time. The initial magnetic field, is determined from the initial
vorticity wg by solvingHy — A2AHy = wq along withHy | = Hj |;—o. We
may set, without loss of generality, the critical currént= 1 by normalizing
H andw by J..

Letu = H — Hy andug = Hy — H; and lete be an arbitrary positive
number. Then, we consider the regularized problem

(2.1) (981;6 - )\QA%ZE + %ﬁo(ue) = —% =g InNx(0,7),
(2.2) ue=0 onl' x(0,7),

and

(2.3) Uclt=0 = ug N §2,

whereg, : L4(0,T; Wyt (2)) — (LA(0, T; W, *(£2)))’ is defined by
(Bowhé) = [ (Vuf = 1)'Vu- V6 Vo e LU0.TW ).
2

Here ()™ = v whenever) > 0 and(+))* = 0 otherwise. One can easily
verify that 5y is a monotone operator. We assume that the initial data
satisfies
(2.4) |VUO| <1.
Note that, in terms of our original variables, (2.4) requires tRatl, —
VH,| < J., arequirement that can be practically and easily met by, e.g.,
choosingwy| sufficiently small andd;|,—o = 0.

A weak formulation of (2.1)-(2.3) is then given by

25) (T, 6) + XAV, V) + ~ (fou). 6) = (g.)

Vo e Wyt(9).

RemarkWe could also regularize the initial condition, e.g., replace (2.3) by
’LL€|t:0 = UQ,e in{2.

Then, all the results derived in the sequel remain valid if we assume that
|VHp| < J. and that the reqularized initial conditiam . € W, (£2)
satisfies the conditions

1 +,.2
JuoelBys oy + (V02 = 1)) <l

andug . — up in H1(£2) ase — 0.
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3. Energy estimates

In this section, we derive some estimates that will be of use in demonstrating
the existence and uniqueness of the solution of the weak formulation (2.5).

Lemma 3.1 Supposgy € LY(0,7; H-1(2)) anduy € HL(2), where
0 < T < s agiven time. Then, fare (0,7") and for anye > 0, there
exists a constant C that is independent stich that

B el e oty < LI r 01y + ol )

and

(3.2) |’Ue||i4(07t;wt)174(9)) < C{llgllprogm-1(2)) + Nwoll g2y} -
Proof. Setting¢ = u. in (2.5) yields that

2dt> Y 2 dt

Integrating in time, we have

2
3 (uelt), uet)) + 5 (Vuet), V)

2
1t 2 + 2
+= (IVue* = 1) | Vue|* ddt
€Jo Jo
2

1
(Vue, V) + E((yvug\2 — 1) Ve, V) = (g, ue) .

t 1 A
= / (9,ue) dt + §(UO,U0) + ?(VUOaVUO)
0

<|lgll 10,61 (2)) 1wl Lo 0,621 (2)
1+ A2
(3.3) t— o7 (-

It follows that,V ¢ € [0, 7] and for anys > 0,

1
Hue(t)H%{l(Q) < Cl(z(;”ﬂ”%l(o,t;f[—l(m) + 5||Ue||%oo(o,t;H1(Q)))
+Cs||ug |

2
HY(82)>

where the constani§;, i = 1,2, are independentase — 0. Hence, by
choosings sufficiently small, we have that

HUEHLoo(Qt;W(}vZ(Q)) < C(HgHLl(O,t;H—l(Q)) + HUOHHl(Q)) )

whereC' is independnet of ase — 0; this proves (3.1).
From (3.1) and (3.3), we have that

t
+
/O /Q (Vuel? = 1) [Fuel? d2dt < Ce (91210 -1 + 180212
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and .
/0 /Q |Vue|2 < C(HgH%l(O,t;H—l(Q)) + ||U0H§11(9))

so that, since* < (22 — 1)T2% + 22, we have that

t
Vuel* < CUllgll71 0,011y + 1ol 7))
0 Jo

from which (3.2) follows. Here, agaird; is a constant that is independent
ofease - 0. O

Lemma 3.2 Supposg € L2(0,T; H~'(£2)) andug € W,*(£2), where
0 < T < oo is agiven time. I satisfieq2.4),then, for anye > 0, there
exists a constant C that is independent stich that

Oue

B 15 oy < U022 + 0l

and

(3.5) H“ﬁ”iw(o,t;wgv“(m) < Clgll L20,4:1-1(22)) + lwoll g (2)) -

Proof. Note that

1d 21 2 4+ Ou,
o | (Vul? = )* [ = =(Vue? = )" Vu - v
so that setting = du./0t in (2.5) yields that
Oue Oue 9, 0Uc _ Oue
(at’ at)JFA(vat’vat)
ii 2 1\+ 2 1\+
o (Va2 = 1%, (IVue? = 1)7)
Oue

which implies that
|2 Ouc 19 1d

2
s ) + 5o (Ve = 1 2 < Cllglly-+
Integratlng in time then yields that, using (2.4),
aue + 2
|| i dt+*|!(!Vus( = 1)% 20

2
< ClgllF2 (00,112 by H(\Vue\Q =1 120
(3.6) < ClgllF2 (04,112
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Hence, we have (3.4).
It is also follows from (3.6) that

2
(Ve = 1) ¥ oo 0,022 < €C||g||%2(0,t;H*1(Q)) :

Then, since* < [(22 — 1)]% + 22, combining with (3.1) yields that

IVuellzoeouzay < 10Vl = D7 w020y
+”V“6HQL°°(0¢;L2(Q))
< Clllgll 204511 (2)) + lwoll g (2))
and then (3.5) follows. O

Combing the above estimates, we can obtain the existence and unique-
ness of the weak solution to the problem (2.5).

Theorem 3.1 Forgivene > 0and0 < T < oo, letg € L2(0,T; H~1(2)),
ug € W01’4, andug satisfy(2.4). Then, there exists a unique solution €
C(0,T; Wy (2)) nWHe2(0, T; W, 2(£2)) of the problen{2.5).Moreover,
the solutionu, is uniformly bounded in the space and independerntaxf
e — 0.

Proof. The theorem can be proved by standard techniques using the results
of previous lemmas. For example, see [12]]

Corollary 3.1 Under the assumptions of Theorem 3.1, there exists a con-
stantC' > 0 that is independent efase — 0, such that

(37) Hﬁo(ué)HLQ(QT;H—I(Q)) < ce.

Proof. The result follows from (2.5) and the previous lemmagl

4. Passing to the limit

We now consider the limit of the sequene } ase — 0. Lemmas 3.1 and
3.2 show that the sequence is bounded uniformlg 460, T'; W01’4(Q)) N
H(0,T; W,2(£2)) and in L>=(0, T; Wy (£2)) 0 Whoe(0, T; Wy (2)).
Hence, there exists a subsequencd«wf} that converges ta weakly in
these spaces. Without loss of generality, we still {igg} to denote the
subsequence.

First, by Corollary 3.1, we have

Bolue) — 0in (LQ(O,T; H&(Q)))l ase 0.
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Hence,
| < Boluc),d>1—0 Ye¢eL(0,T;W;"(2))
ase — 0. In particular,
| < Bo(ue)yu>|—0.

Since[(z2 — 1)*]? is convex, the operatgt, is semi-continuous and, there-
fore,

< Bo(u),u >=0.

Thus, we obtain that € K.
Next, we show that satisfies a variational inegality. Lete K. By (2.5),

9¢ 9¢

—_— — 2 [ [R—
_%_8% B 9 @_ Ou, B
1
_E(ﬁo(ue)aqs_ue)-
Hence,
T[99 ~ 2009 o
/0 {(875 9,0 —ue) + (A Vat,Wb Vue)| dt
510
- _IE+/O §a(¢_ue>¢_ue)dt
+/S )\—Qé(mb—v V¢ — Vue)dt
o 20t tes Ue
1 s
(4D =L+ 516 —udllae) + N2 1IV6 = VuelFa )]
where

1

I = -
€

/0 (50(%), ¢ — ue) dt.
Using the monotonicity offy, we have that, since € KC,

1

€

Ie As (/30(”6)7¢_Ue)dt§ 1/(;8(ﬂ0(¢),¢—ue)dt_0
Therefore,
(4.2) lim I, <0 .

e—0

As a result, we have the following theorem.
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Theorem 4.1 Letg € L%(0,T; H~1(£2)) anduy € K. Then, there exists
a unigue solution of the following variational inequality problem: fine
K 0 HY(0,T; Wy2(£2)) such thatu(0) = uo and

/Os [(% g, —u)+ (AZ’V%, Vo — Vu)} dt

1 A2
< 5l6(s) = u(s)ll2() + 5 1V6(5) = Vuls) T2 ()
1 A2
(4.3) =5 116(0) = w(O) 12 + F1V6(0) = V(0|72 (o)

Vo e KN HY0,T; Wy (2)).

Proof. By (4.1) and (4.2),

/OS [(aij 96— ) + ()\QV%—(?, Vo — Vue)] dt

1 A2
< 5lléls) - ue(s) 200y + 5 IVé(s) - Vaue(s) 720
1 9 A2 2
—§H¢(0) —uoell72(0) ?HVd)(O) = Vel 72(0) -

Lettinge — 0, we obtain (4.3).
To show the uniqueness of the solution, suppoesend us are two
solutions of (4.3), i.e., foi =1, 2,

s .9 0
/0 (%’ —g,¢—ui)+(A2V8—f,V¢—Vui) dt

1 2
< 5llols) - wi(3) 1720y + 5 IVe(s) - V()| 20
1 A2
—5l16(0) — u(0)[72(e) + 5 1Ve(0) ~ Vu(0) 1720 -

Let ¢ = (u1 + u2)/2 and add the two equations. Then, we obtain

L) — () s wis) — uals) o
02 5 (I R, ) + | 12 2, o))

2

A2 uz(s) —u1(s) o u1(s) —ua(s) o
+?<HV#HL2(Q) + ||Vf||m(n))

_ 1 2 )‘2 2
= £ (l1(8) = w2() 2 ) + 1 Va(s) = Vuals) gy ) -

Thereforeu; = uy. O
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5. Semi-discrete approximation

We now consider a finite element discretization with respect to the spatial
variables based on the regularized problem. Suppése W(}A(Q) is a
finite dimensional subspace. Specifically, we may asssitis the standard
continuous piecewise linear finite element space.dmoE I, the initial
approximationu! is defined as the piecewise linear interpol&ht of u.

By approximation properties, we have that

ul —ug  in W (R2) ash—0.
Then, a weak formulation of an approximate solution is given by

oul 5 Oul
(55, 0) + NV

(5.1) Ve Sh.

V6)+ + (Bolul). 6) = (9,)

In one dimension, we have that

(5.2) (IMug)(z)| < ]%uo(x)\ a.e.inf?2.

| d

dx
In addition, in two dimensions and fpr> 2, there exists a constat > 0
such that

11" — vl|yre () < CR2P ollweniy Vo€ WHP(0).
In particular,
IVug — Vol (@) < CB P llugllw2(a)-
Sinceug € K,
|Vu3]2 < (1 + Chl_Q/pHU()Hsz(_Q))z < 1+ 5h1_2/p .

Thus,
(IVul|> = 1)F < e hl=2/P,

Now assume that the initial solution is smooth. Then, for asych that
h?=*4/? /¢ remains uniformly bounded,

1
VU = 1) 2aqy <

for some constan€’ which is independent of and h. Then we can get
uniform estimates for! that are independent éf and ¢ by the method

used in Sect. 3. Hence, As— 0, the sequencéu”} converges weakly to a
limit «* in L4(0, T; W, *(£2)) N H'(0,T; Wy (£2)). We prove in the next
theorem that the limit.* is the solution of the variational inequality (4.3).
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Theorem 5.1 Letg € L?(0,T; H-1(£2)) anduy € K. Also, assume, in
the two-dimensional case, thay € W2P((2) for somep > 2. Then, the
solutionu of the weak problen5.1) converges weakly to the solutian
of (4.3)in L*(0,T; W' (2))NH' (0, T; W, (£2)) ash — 0 ande — 0 if
h?=4/? /¢ is uniformly bounded an#l /e — 0.

Proof. By adding and sutracting”¢(t), VI"#(t), oI"¢(t)/ot and
V(0IM¢(t)/ot), we have that, for any € K N C>(2),

| (G 90—ty + 029590 vl at

{21600 = Oy + 2 1T6(0) — TuO e )|
= {(o(t) = 1"o(t), ul (1) + N(Vo(t) = VI"(t), Vul (1) }|

s h
+/0 [(‘%f — g, 1" —ul) + (A2vagt¢ ViItg— Vu?)} dt

S

1 h h 2 A2 h h 2
(G160 — Ol +—wv1mw—Vmumpmﬁ
s o Ih
0
2o 0I"¢ — ¢)
+(A°V 5
=L+L-I3s—-1,.

0

,Vu?)] dt

Asn — oo, we have
L = {(6(t) — "6(0), ul () + NA(Vo(t) = VI"6(), Tul () }|| -0

by a density argument and the uniform boundnesg'oMoreover,

s h
12132/0 {(8gt¢—g,fh¢)—u) (A2vag¢ VIhg — Vu )}d

Lon B2 N o rh
~{51"(0) — wl (O + FIVI" 60
—VU?(UH%Q(Q)} Z

= (Ao, ul — 1)) =~ (Bol"0),ul — 1"(9)).

The right hand side is identically zero in one dimension by (5.2), while in
two dimension, we note that

1 VI"¢ > =1) || o) < chl|llw2oo(n) -
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Hence, we obtain

1
L~ > - (fo(I"6).ul = I"(¢))
1
> —=||(1 V1" P =1)* |20 ) [V 1" 120 [ Vst

—VI"()|12(0)

. o
€

so that
1. I I >
thO{ 2 3} >0

if h/e — 0. Finally, the density argument and the uniform boundness again
yield

s _71h
142/0 {(ga¢_lh¢)+<({W>u?)

o(I"¢ — ¢)

ot

Thereforeu converges weakly to the solution of (4.3)/as+ 0 ande — 0
with h2~4/? /¢ being uniformly bounded ankl/e — 0. O

+(A\?V ,Vul)| dt — 0.

6. Fully discrete approximation

We again consider a finite element discretization in the spatial variables.
There are various ways to implement the time discretization. For simplicity,
let us consider the backward Euler scheme.

Given the time step sizé&, let g" = g¢(t,) for ¢, = ndt,n > 1. The
initial approximationu?Z may be obtained by

/ (uQvp, + N2Vl - Vo) d2 = / (wo — Hy)vpd2 Yo, € S,
2 9]
Forn > 1, we have the discrete variational inequality:

find u? € K N S" such that for any;, € K N S"

(up —up ™t =0tg"™ , o —up) + N (V(up —up "), Vén — Vup) > 0.

Rather than working with the regularized problem as in the previous section,
we consider a saddle point formulation for the variational inequalities using
Lagrange multipliers.
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Recall that our problem may be rewritten as:

u—NAu=w in2x(0,T)

wg—V-(mVu) =g inf2x(0,T)
w=wy—Hy in2 att=0

u=0 onl x(0,7)

whereg = 0H, /0t, along with the compatibility conditions

m>0 and |Vu|-1<0
m=0 if |Vu|-1<0.

This may be viewed as a saddle point formulation of the variational inequal-
ity where the functionn is the Lagrange multiplier.

In the discrete case, |5 be the space of piecewise nonnegative con-
stants and let

1
To(v) = 2/ (Jol? + X2|V0l2 — 20(u L + 5tg™)) d2
2
and

L(v,q) = Jn(v) + (¢, |Vo]* = 1)

Using the Lagrange multiplier theory, an equivalent saddle point formulation
is given by:

find (uy, u}t) € S" x Z", such that
L(up,qn) < L(ufy, py) < L{vp, 1)
for any (vs, qn) € S* x Z".
To find the solution, we employ the following Uzawa-type iteration:

1. Set®) = pt Fork =1,2,3,..., K,
a. determing)(*) ¢ S such that

£(QW By = min £(Qp, v+ D),
(@) = min, L(Qn,v7)
ie.,

/ (Q(’% + (02 st D)y . Vv) ds
2

= / ((up=t + 6tg™v + N2V~ - Vo) d2 Yo e sh,
9]
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b. set n
J(R) — [V(k—l) +p(IVQ®2 - 1) in g,

where[f]™ = max(0, f) andp is a properly chosen relaxation pa-
rameter;
2. Set
W =QY) and =05 ing.

We now investigate the convergence of the iteratioh as oo by using
the idea presented in [8]. First, from the weak formsd@randQ(’f), we
can easily obtain

Lemma 6.1 There exists a constant > 0, independent of, such that:
KWL <c and  Jupli<C. O

The inverse inequality would then imply that:

Corollary 6.1 There exists a constant > 0, independent of, such that

QW <C  and  [uffice<C. O

By properties of the saddle point, we have that
(uh, = ™" = 3tg" , o — )
A2 (V(up — uf ™), Ve, — Vuj)
+(uh, Vol = [Vui?)
>0.
Meanwhile, by the definition of)*), we have
QW —upt = 6tg", o — QW) + X(V(QW —up™"), Vi, — VW
+ WY w2 — V™2 > 0.

Letting ¢, = Q) and+, = u} in the above, and adding the resulting
inequalities, we obtain

(upy = QW u = QW) + X(V(uj — QW), V(uj; — QW)
D =, [Vupf? — VQWP) < 0.
Obviously,|a* — bt| < |a — b|. Leta = v*=1) + p(IVQ®|?2 — 1) and
b=} + p(|VuR> = 1). Then,at = v®) andb™ = p. Thus, we obtain
1% — pplls < 1% D — i+ p(IVQW P — Va5
= [ — 5+ 205D — i, p(IVQM P — [Vu|?))
+ p°[IVQM? — [Vup 5
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Using the corollary, we get
I ® = 1§ < (1D = 15 = 20(uf; — QM upy — QW)
—2pX*(V(ufp — Q™)), V(upp — Q™))
+C1p*|[VQW — Vi

for some contant’; which is dependent off, but independent df. There-
fore, if we choose suitably small, we can find a positive constar{inde-
pendent of), such that

1 — 1§+ ANQW — i} < ™D — pip 13-
Thus, we have the following convergence result.
Theorem 6.1 There exists a properly chosersuch that
lim QW —uji=0. ©

Note that in the proof, we allow the constatitto depend on the dis-
cretization parameters such@&sandh. How to avoid such dependence will
be studied in future work.

7. Numerical results

The numerical computations were performed using a finite element method
based on a triangular mesh with continuous piecewise quadratic polynomi-
als for the magnetic field and continuous piecewise linear polynomials for
the Lagrange multiplier. Although the theorem in the previous section was
proved under the assumption that the finite element space for the magnetic
field is piecewise linear, it was necessary to use piecewise quadratic elements
in order to compute the vorticity which involves the terif{. Obviously,
the theorem is still true with the choice of piecewise quadratic polynomials.
In the first example, we toak to be the unit square. We chose a uniform
mesh of sizel /14 anddt = 0.05 for the time step size. For the boundary
condition, we used, for givefi > 0, H(t) = tfort < T'andH (t) = T for
t > T,i.e.the externalfield is linearly ramped up until some tifreend held
constant after that. For the initial vorticity we chasg= 0. We computed
approximate solutions for various penetration depthgor A < 0.5, the
iterations converged successfully with an appropriately chosen pargmeter
Here, we report results for= 0.1, 0.3, and 0.5 for which we usgd= 0.1,
0.8, and 1.0, respectively. We noticed that after the externalfigldecame
constant, i.e., for > T, the magnetic field remained unchanged as well,
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Fig. 1. Contour plots of the magnetic field for= 0.1

thus we only report results far< 7. For the three values of we chose

T = 0.2, 0.4, and 0.7, respectively. Figures 1, 3, and 5 show contour plots
of magnetic field with increasing time up to= 7 for A = 0.1, 0.3, and

0.5, repectively. Figures 2, 4, and 6 give the corresponding surface plots
of the magnetic field. The surface plots show that the magnetic field forms
pyramid as time increases. Butagecomes larger, the formation rate gets
slow. For example, the contour plot far= 0.1 at¢ = 0.2 can be compared
with the ones for\ = 0.3 att = 0.4 or for A\ = 0.5 att = 0.7. Figures 7,

8, and 9 show the corresponding contour plots of vorticity for each of the
three values oA.

Flux penetration into non-rectangular shapes is often more difficult to
study by analytic methods. As the second example, we study the patterns
of the magnetic field and vortex densities for a cross-shaped sample. In our
calculation, we set the length of the arm to be half of its width+ 0.1
andp = 0.3. The set-up foi{; (¢) is similar to the that for the fist example.
Specifically, we chosél, (t) = ¢t fort < 0.3 andH;(t) = 0.3 for ¢t > 0.3.

The time step size is taken to b€5. Figure 7 shows contour plots of mag-
netic field as time increases while Fig. 8 gives the corresponding contour
plots of the vorticity field. The creation of vorticity occurs first near the
re-entrant corners of the cross. For later times, in each arm, the magnetic
field again forms half of an up-side-down pyramid and a full pyramid in the
center of cross. Our two-dimensional model describes the behavior of the so-
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Fig. 2. Surface plots of the magnetic field far= 0.1
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Fig. 4. Surface plots of the magnetic field far= 0.3
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Fig. 5. Contour plots of the magnetic field for= 0.5

lution for a two-dimensional cross-section of an infinite, three-dimensional
cylindrical domain. It is interesting to observe the differences between our
calculation and the theoretical as well as experimental studies made in [11]
for crossshaped thin films.
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Fig. 6. Surface plots of the magnetic field far= 0.5
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Fig. 7. Contour plots of the vorticity foA = 0.1
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Fig. 8. Contour plots of the vorticity foA = 0.3
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Fig. 9. Contour plots of the vorticity foA = 0.5

8. Conclusion

In this paper, we analyzed a mean field model for superconductivity based
on a variational inequality formulation and its discrete approximations. Pre-
liminary numerical experiments on the flux penetration into square and cross
shaped domains are performed. Various generalizations are to be studied in
the future. On the modeling side, one may address issues such as anisotropy,
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Fig. 10. Contour plots of the magnetic field for= 0.1

14
12
10

N A O O

N A O O

Fig. 11. Contour plots of the vorticity foA = 0.1

the inclusion of normal materials, and applied currents. On the numerical
analysis side, a more general convergence theory and error estimates are to
be established. We also intend to carry out more extensive commputational
studies.
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