


























(Actually, C; = 1/4.)
Using (3.47), we find that

lo < CCH|E™ + 16+
I
< CH||5t€"+l||2+6||§Z+1||2- (348)

Similarly, we have

At -
< nt+1)2 , € n41||2
I CCHMIPEN P + SorlIE|

n 2eAt .
CHAL||9.£2|° + W|£k+1|2

< CHAH0L + el (3.49)

Here we have used (3.34), (3.22), and (3.47).
For the term Ig, we must bound

(up — atun+1’£n+l) + [(atun+1’€”n+1) _ <8t'&n+1 ’ £n+1>] )

Following the argument used to derive (3.42) and applying (3.47) we find that
Iy < CH®At|ua]|Faqn ons1,z00) + CHOAE |ue[Z2 (e gnayw, ) + €llé2TH[P. (3.50)

Moreover,
Io = (8(u™ — qum™), €71y — (9,(u™! — wut), £
< CCIAtT'RY (L + H)|lud|Fa(en entr 112y + g;(llﬁ"“ll2 + &)
< COAE WAL + H) sl Bagongoss oy + €ll€Z I, (3.51)
and
Lo < CAH1+ H)|luwl|Zsen gm0y + €ll€2HI2 (3.52)

Substituting (3.48)-(3.52) into (3.46), choosing € < %, multiplying by At, and
summing on n, we obtain

m-—1
LHS < C(A*+h*+H®)+CHY 104" |PAt + |10 P Ae?] (3.53)
n=0
where

m-1
LHS = [|&"|F +11€™11P + X &t 1At (3.54)

n=0

Applying (3.45) to the last term on the right of (3.53), we obtain
1E™])2 < C(A£ + h* + HS). (3.55)

Since m is arbitrary, then by the triangle inequality, (3.55), and (3.24), we complete
the proof of the theorem. //



3.2 Extension to many subdomains

In this section, we generalize the scheme presented above to the case of more than
two subdomains. Let

denote interface points between subdomains, with related parameters H; > 0, [ =
1,...,K. We assume Z;, Z; — H;, and Z; + H; are points of é for each I. We also
assume that

%1 < % — H, (357)
and
T+ H <z, [=2,...,K. (358)

We decompose M as

M= (8, M) & (M/(eE, M),
where M is the analogue of M| for Z;. We also define interface functions wy; by

z=@-H) oz - H <z <3,

_ H
wl,l(x) = ﬂi%":?‘, n<z<nn+ HI, (359)

0, otherwise,

and denote by M§, the analogue of M$ for ;. Moreover, for g defined at z;, let
g1 € M§, be given by

Gi(z) = g(z1)wri(z). (3.60)
In this case,
WGz, = (@ > @) = |3:(@) | Hi = lg(z0)|* Hu. (3.61)

Set U° = wu® as before. For each interface, let Ur*! ¢ Ms,. Then Up'(z)) =
U™t(z),l=1,...,K,is found by

(GO, w) + (U, w,) =0, we M5, I=1,...,K. (3.62)

These equations determine U}‘j"l € My, which are the analogues of UFt! above.

Note that they can be solved simultaneously. Next, we solve,
QU™ 0) + (Upt,0:) =0, v e M/ (SE M), (3.63)

which decomposes into subdomain problems which can also be solved simultaneously.



We note that, under the assumptions (3.57) and (3.58),

K K
1" all® <> lladld,, (3.64)
=1 =1
X 2 4 s 2
H;(éz)zll < -H—gl; i1 1%, (3.65)

for § € M$,. We assume At and H satisfy

At 1

< 3.66
H? — 4’ ( )

where H = min; H;. When considering only the L2-stability of the scheme, it is
sufficient that
At < 3

a2 =8
The scheme (3.62)-(3.63) satisfies the following a priori error estimate.

Theorem 2 Assume that u satisfies the smoothness assumptions given in Theorem

1, and (3.66) holds. Then the algorithm (3.62)-(8.63) satisfies
max [[u" — U"|| < C(At + h* + KH{At + k* + H?)), (3.67)
where H = max; H;.

Proof of Theorem 2. The proof follows closely the proof of Theorem 1. The
analogue of (3.31) is

K
. 1

S UBEF I, + 1061 + 5 [Atla€s* I + Auies )]

=1

K
= {(0€™, 0E") + A0, 0(&)2)
=1
+ [}, B+ = @t a6
—(Butt — 7umt), B, EH) — (upt! — B, 047 }
+ (8w = rum), 9™ + (urt! — Jumtt, 8. (3.68)

Multiplying (3.68) by At, summing on n, and applying the arguments used to
bound I — I5 above, with the bounds (3.64)-(3.66) applied where needed, we find
that

m—1 K
s = 3 A [Znater“nz,+nate“+‘||2]

n=0 I=1

1 m—1
+3 [Z AP(|2E2 ) + ||5::||2] (3.69)

n=0
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satisfies

m—-1 K
S$* < (a+e) E||0£"+1||2At+( +—+2e)ZZ|I6t£?“H%,At

n=0 n=0 [=1
m—1
+ 8D AL + CAL |usel |72 (z2y + ChY|uel T2 are) (3.70)
n=0

+ CK HW|Jug|[Z2(ge) + C K HA||uge] |72 g0y + C K HP|ttsoz| | 2210,

where a, €, and § are positive constants. Choosing € = 331—2, a= —, and g = 2, then

the coefficient of the second term on the right of (3.70) is bounded by one, and we
have

m-1
ALY (10712 + At]|0.£2117] < C(A# + h* + KH(h* + A + HY)). (3.71)
n=0

The analogue of (3.46) is

1 K
30 (el + e E) + 5 (Z 10& 1B + 10617 + ez 1P
=1

K ~ ~ ~ ~
=Y {(@™ G + A0, (&) + (B, §) — (@(a)™*, &)
[=1

+ ((w)f — Ju™ ', 1) — (By(w™* — ), G
— (Ut — Gt £In+1)}
+ (8t(un+1 _ 7run+l),£n+1) + (u?+l 6 un+1 £n+1)
K
< CKH &I + MO + 1 | DI + e @2
+ CE HOA Y |u| |24 gty + CI{zH?AﬂIuttHL2(t",t"+1;L°°)
+ CR*AtYK*H? + KH + 1)||ut||§2(t,, 41, 172)

+CAt(I{H + 1)||utt||%2(tn'tn+1;p + ﬁ— max |€?+1l2.

< CKH||8:L™|? + CK HAt||0:62 )2
+ CK*HO At [l Lo m gnrr,wz ) + CKCH A [uge] |72 (1n gnt1,1.00)
+ CRIALNK?H? + K H + 1) [ue] Zan oot a5
+CAUKH + 1)||uel |Fa(en gnta,10) + €l |22 (3.72)

Here we have employed arguments similar to those used to bound Is — I o above,
and applied (3.64)-(3.66) and the inequality (3.47). Multiplying above by At, sum-
ming on n, and applying the estimate (3.71), we find

1€™][2 < C(A + h* + K2HY AL 4 h* + HY)).
Invoking the triangle inequality and (3.24) completes the proof of Theorem 2. //
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4 Two-space-dimensional Domain Decomposition

In this section, let @ = (0,1) x (0,1), and let u(z,y,t) satisfy

86—"; -~V - (DVu) =0, (z,y)€Q, t€(0,T], (4.1)
’d(.’l), aO) = uO(x, y)’ (:C,y) €, (42)
u(0,y,t) = u(l,y,t) =0, ye€(0,1), te(0,T], (4.3)
u(z,0,t) = u(z,1,t) =0, z€(0,1), t€(0,T). (4.4)

Here V = (53-;, 8%), and D = (D;;(z,y)) is a smooth, symmetric, positive definite,
two-by-two matrix, satisfying,

D.I< D < DI, (4.5)

for positive constants D, and D*.

4.1 Basic scheme for two subdomains

We consider dividing the domain € into two subdomains, (0,Z) x (0,1) and (Z,1) x
(0,1).
Denote by
5z:0=$0<l‘1<...<$61\]1+1=1

a partition of (0,1) into intervals of length A? = z;41 — z;, ¢ = 0,..., N;. Similarly,
denote by &, a partition of (0,1) into intervals of length AY = y;41 —y;, 5 = 0,..., Ny,
and let 6 = 6, ® 6, define a partition of §2 into rectangles. Let H > 0 be defined as
in Section 3.1, and assume Z (= zx), T — H, and z + H are all points of é;.

We let M C H'(Q) denote the space of continuous functions on {2, bilinear on
each rectangle defined by é, and zero on 0(2, and note that a basis for M is the tensor
product {vs,1(z),...,vs, N, (2)} ® {vs,1(¥),.--,vs,n,(¥)} of hat functions defined as

in (3.5), with respect to the partitions 6, and é,. We define spaces Mr, Mg, and
M analogous to (3.6)-(3.8); for example,
Mg = {ve M| v(z,y) =0 for z > z}, (4.6)

and we write W € M as

Ny k-1 Ny N
W(z) = Y Y Wivsi(z)vs,;(y) + D > Wijvs, i(2)vs, i(y)
j=11=1 7=11=k+1
N,
+ > Wijvs, k()vs,;(y)
i=1
= WL(.’E) + WR(:E) + W[(.’E); (47)

hence, Wi, € My, Wr € Mg, and W; € M.
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We define interface functions wy; by
wr,j(z,y) = wi(z)vs,,j(y), 7=1,..., Ny, (4.8)
where wy is given by (3.12), and set
MG$ =span {wrs,...,wrN,-1} (4.9)
For g defined at (Z,y), y € (0,1), let
§(z,y) = 9(2, y)wi(2). (4.10)

Hence, for W € M, W = Z?]:”l Wiswr(z)vs, j(y) € M. Also note that M§ C M.
In this section, the elliptic projection 7u € M is defined by

(DVru(-,t), Vv) = (DVu(-,t), Vo) = —(w(-,1),v), ve M, te[0,T]. (4.11)
Our domain decomposition approximation U™ € M to u™ is given by the following;:
U° = 7. (4.12)
Forn=0,..., M —1,
(0.0, w) + (DVU™, Vw) + At(DpdUr w,) =0, we M§,  (413)

where, in this case, (-, -) is an approximation to (-,-) using the trapezoidal rule in z,
that is,

~ 1
QU™ | w) = H /0 BU™(Z, y)w(3, y)dy. (4.14)

Thus, the interface values U ,ZTH, J=1,..., N, —1, are found by solving a tridiagonal

system of equations. This determines U}*'; Up*! and UL are determined by
(Q,UpY!,v) + (DVUF, Vo) = —(8,UFH,v) — (DVUF, Vo), v e My, (4.15)
and
(B U, v) + (DVURT, Vo) = —(8,U7,v) — (DVUFY, Vv), v € Mpg. (4.16)

As in one space dimension, these equations decouple, and can be solved in parallel.
We assume, for concreteness, that A¢ and H satisfy

At 1
2 lPulles < ¢ (4.17)
When considering only stability, a more favorable constraint with upper bound of
5/12 can be assumed.

The algorithm satisfies the following estimate:

13



Theorem 3 Assume (4.17) holds, and assume u is smooth such that ||u||r2(w2),
||ullpeo(wz,) and |luyl|z2(Leo) are bounded. Then U given by (4.13)-(4.16) satisfies

mgx”u”—U"ll < C(At + h* + HR?|Inh| + H?), (4.18)

where h = max(max; hf, max; h¥), and C depends on the smoothness of u, D., and

D*, but not on h, H, or At.

Proof of Theorem 3: Again, we compare the discrete solution with the elliptic
projection wu. Estimates of the form (3.24) and (3.25) hold. We will also use the
following L estimates, which, for smooth D, are extensions [4] of estimates in [3]
for Laplace’s equation:

llu = 7ullc0 < Chlullz,eo, (4.19)

and

1
Hu — mufleo < C'h21n7;||u||2,oo. (4.20)

Let n = u — 7wu, then adding (4.13), (4.15), and (4.16), and applying (4.11), the
error { = U — nu satisfies £ =0, and forn =0,..., M — 1,
(0", w) + (0™, v+ w) + (DVE™, V(v + w)) + At(Dp0idy ™+ wy)
= (Dv(én-H - €n)’vw) + (6iﬁn+l s ’LU) - (atun+1 - u?7w)
— [(@am+t, w) — (Bt w)] + (8™, v) — (Bt = upt,v)

+ (0™ w) — At(Dypdmuy ™, w,), (4.21)

where w € M$, and v € My, ® Mp.

Similar to the one dimensional case, we again divide the proof into two steps.
First, setting w = 9,§"*! and v = 9,6+ = 9, (™ — ™) in (4.21), we find

8
S" = ZE,, (4.22)
I=1
where
o 1
§* = 10 + 1867 + Lol Dhwerp
At 1 1 ~
FEUDIVaE P + AdIDRAE I (4.23)

The terms E;, { =1,...,8 will be analyzed one by one. First,

Ey = (DV(™ - ), Vo)
é_’f : w12, L : Fnt1|2
< 5 (alDEvagH|P + | DEvad ), (4.20)
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where 0 < o < 1. Consider the last term. Using (3.34), which also holds in this case,
and the fact that D is symmetric positive definite,

1 ~ L ~ 1 ~ ~ ~
IDEVAESIE = IDLAEMIP +IDRAEY P +2(Duddr™, )
L. 1 T .
< (14 DIDRAEIP -1+ IDRAE
2(14+ A n n
< LX) D ligd 1 + (1 + IDRAE P (1.25)

where A > 0. Thus,

alt . At(1+ ) n
o< 22 nivaetp+ 20 0L aé g
+-2-;(1 + :\‘)”Dzzatﬁgﬂnz- (4.26)

Differentiating (4.11) with respect to t, and applying the estimate (4.20) for n,
E, = (a ~n+1 £n+1)
CHAt™ /th/ lue(Z,y,t) — TuyE,y,t)*dydt + €]|0:L7|%
< CHAE™ - B (Inh)?|fwel [Fam enirwz) + €107 |- (4.27)

IN

By time truncation error analysis,

Es = —(8u™! —ul, 8,6")
< CHA|uge|72(pn gns1,000) + €l10™H || (4.28)

Now consider
B = (Qu™,08™) = (™, 08)
1 Z+H
- / ZM”* [Hatu( y) — / wi(2)du™(z, y)de| dy.

z—H

Similar to the one-dimensional case, by Taylor’s expansion in z,

E4 S CHsAt_l“utH%Q(tn’tn-}-l;Wgo) + 6||at£~n+1 ”?LI' (4'29)
Moreover,
Ey = (3t77n+1,8t(£n+1 - én+1))
< CRAAT wl[Lagen gnsr ey + €ll O™ |* 4 €][8:6™4 |5, (4.30)
E, = _(atun+1 n+1 a (§n+1 gn+1))
<

CAtHutt”L2(t",t"+1;L2) + €18, |17 + €] |07 |31, (4.31)
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and
E; = (at€n+1’at£n+1)
1 .
< BlloEmH 1P + @Hatﬁn“llfq,

where 0 < 8 < 1. Here we have used (3.33), which also holds in this case.

Finally, consider Es,

Ey = —At(D223t77~UZ+1» 3t6~2+1)
_ —At(D22at(7r~uZ+1 _ ﬂZ+1)’ atg;l+1)

—At(Dypoyantt, 9,60t
Es1 + Eg.

By (4.19),

t"+1

Eg,

AN

< CHR|ug[Z2pn mt1,wa ) + €AtHD2523t€~Z+1||2;
and, integrating by parts in y,
Egy = At((D220; ~n+1)y, 0:€mt)

< CHAtII(D22uty)y||§,2(t",tn+1;L°°) + fllatgnHH%I-

C [ NDR((Fu - w),) | + eAtl DEAE I

(4.32)

(4.33)

(4.34)

(4.35)

Substituting (4.26)-(4.35) into (4.23), multiplying by At, and summing on n, we

obtain

-1

oAt ] At 1
E STAL < —= 3 At||DIVOEH P + (2_a(1 +3)+ eAt) S At|| D232

n=0 n=0 )‘ n=0
At(1 4 ) 1 ml n
+ (WllDullm test 66) ,;, At||D£™ |1
m—1
+H(B+26¢) D A3+ CH||ul|Fowa
n=0

+C HR (Inh)?||usl T2 wa,) + C HAE | Juse| |72 (00
+ChY il 7202y + C A ||u] |72 (12
+0Hh2At||utH%2(W2 ) + CHAt2||(D22Uty)y||%2(l,°°)'

Choosinga:}z,ﬁ—é A=2 ande< L

3 s and noting that

307

Hh*  HA?

HR*AL < + 5

then, under the condition (4.17), we have
S < C(H® + h* + A2 + H(Inh)?hY),

16
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where

m—1

3 & 1.
§ = ALY DI + 1€ + At DROE I

n=0
+||D2VE™| 2. (4.38)

Setting w = £"*! and v = €71 — {71 in equation (4.21), we have

Gn = AYDVE, VEH) 4 (gt £
+ (u? _ atun+l,£n+1) _ [(atun+1 ’ £n+1) _ (atun+1,£n+l )] + (atnn+1’£n+1 _ £n+l)
— (Bt =t = ) 4 (967 E) — Ab(Dagdirut 6

8
S A, (4.39)
=1

where

&m 1 en n 3 fn L oem
5 = 30 (||§ 12 4 )¢ +1||2+At||D§2£y“II2) +||DzverH|?

At x 1
+5- (110 1% + 1€+ At DRAE M I?). (440)

Again, we need the estimates on all the terms Ey,...,Es. Most of the estimates are
very close to the estimates for the terms Fi, ..., Eg above, except for the terms E,, Fs,
where summing by parts is used. Thus, we state some of the results without giving
all the details.

Multiplying by At, summing on n, summing by parts on n, and following argu-
ments similar to those used for E; above,

m-1 m—1
At Er = —AtS AYDVER, VHEH) 4 AY(DVE™, VE™)
n=0 n=1
At m—1 At2 m—1 N
< S X IDVelE+ S X IDEvad A
n=1 n=1
+CAL||DIVE™||? + eAt||DIVE™ |

At m—1 : m-—1 . 1 .
S 2 IDEverP oAty (a8 At + Acphad P

=1 n=0

IA

~ 1 .
+CAL|DIVE™ |2 + €| |E™ |13 + eAt]|DLE™ |2 (4.41)

Here we have used the analogue of (4.25) to bound At||DZVE™||2.
By (4.20),

o €  ~
E, < CH2At_1h4(1nh)2||ut||%2(tn,tn+1;wg°)+§||fn+l||12q- (4.42)
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Note that by using a one dimensional imbedding result, we have for v € M,
/01 v (Z,y)dy < /01 (C /01 vﬁ(w,y)dw) dy
= Cllvll?,

and, consequently,

I8l < CHllvll™
Moreover, since M € H} (),

|lo|? < C|IVoll*.
Thus, by (4.44) and (4.43),

Ez S CH2At_1h4(1nh)2||ut||i2(tn,t"+1;Wgo) + €“V€n+1”27
E3 S CHzAtlIuttlliﬁ(tn’tn-i-];Loo) + 6||v£n+1||2’

and, by the argument used to bound E4 above, and (4.43),
E4 S CHGAt_lllutII%z(t",t""'l;wgo) + 6||V£n-i-l||2'
For the terms E5 and Fg, we use (4.44) and (4.45) to deduce that

Es+ Es < C(1+ HR* AT ugl|Z2(en gt
+C(1 4 H)At||ug| T2 (i mt1,12) + €l [VE]2

Furthermore, by (4.43),

E; < CH||OL™|? + €] |V 2.

(4.43)

(4.44)

(4.45)

(4.46)
(4.47)

(4.48)

(4.49)

(4.50)

Finally, adding and substracting (D013, Eg“), multiplying by A¢, summing on
n, summing by parts on n, and integrating (Da,iy, atégﬂ) and (Dnﬁ;”,fg‘) by parts

in y, we obtain

m—1 m—1
At ; Ey = At ZO At(Da(fy — ty), 0:6,*")
+AY( Do (i — am), &)
m—1
< C(Ath? + A%) 3 [Ju]] oAt
n=0

1. ~
+C(Ath*H + AL)|[ul[Zoows,) + AIDRHET P + €ll€™ |1

m—1 . 1 5
+OH Y (108 5 a + A2 DEAE .

n=0

18
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Choosing € = ¢(D,) sufficiently small, summing (4.39) on n, substituting the above
estimates on F; through Eg, and hiding appropriate terms, we obtain

m-—1 1 .
P < ot B)S [lad 1A+ AIDEA& P

n=0

m—1

+CAL||DIVE™M? + CH S ||16:£™H|PAt + CH?(Inh)*h*||ue| |32 (w2 )
n=0

+OH A JunF2(poey + CHOlwil 220wz ) + Ch|Juel 22z

+C A |uge|F2 12y + C(AL + R [ullf ooz, - (4.52)

Finally, applying (4.37), we find that
I€™]2 < C(AE + h* + H® + H*(Inh)?hY). (4.53)

By applying the triangle inequality and (3.24), this completes the proof of (4.18). //

4.2 Many subdomains

An extension to a multiple strip decomposition is now straightforward. In particular,
we assume a decomposition into K + 1 subdomains (Z;, Zi41) X (0,1), 1 =0,..., K,
with Zo = 0, Zx41 = 1, and 7;, [ = 1,..., K, interior interface points with parameters
H; > 0, each satisfying the constraint on H given above. As before, we assume
z; — Hy, z;, and z; + H) are points of §,, and we assume (3.57) and (3.58) hold. At
each interior interface, we solve explicit equations of the form (4.13). These equations
decouple and can be solved in parallel, as can the interior equations, which are of the

form of (4.15).
We have the following result.

Theorem 4 Assume that u satisfies the smoothness assumptions in Theorem 3, and

At 1
||D11||oo—ﬁ3 <3

where H = min; H;. Then, the multidomain algorithm satisfies
max llu" —U™|| < C(At+ h*+ KH(At + h? + R¥|lnh| + H?)),  (4.55)

where H = max; H;.

(4.54)

The proof of Theorem 4 is similar to the proof of Theorem 3, just as the proof of
Theorem 2 was similar to the proof of Theorem 1, and is omitted.

When considering only L?-stability, we require that
)

ﬁ.

Remark: The estimate (4.20), which is used in the proofs of Theorems 3 and 4,
is a “worst-case” approximation to the actual error at the interface. The resulting
term in (4.55) is of order K Hh?|Inh|. The constant K is related to the number of
subdomains, and in practice is bounded by the number of processors. The parameter
H goes to zero with h and At, thus, under reasonable assumptions on K and H,
K H|Inh| also goes to zero with h, or is at least bounded as b — 0.

At
ﬁHDnHoo <
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5 Numerical results

We conclude by presenting some numerical results for the two-dimensional scheme
analyzed above. We consider two problems on © = [0,1] x [0, 1]:

Problem 1:
—Au=0, (z,y)€Q, te(0,T], (5.56)
u(o Y, ) L, U(l, y7t) =0, ye& (O’ 1)’ te (O’T]a (5'57)
u(z,0,t) = u(z,1,t) =0, z€(0,1), t€(0,T] (5.58)
u(z,y,0) =0, (z,y) € Q. (5.59)

Problem 2:
- Au = f(z,y), (z,y) €, te€(0,T], (5.60)
u(z,y,t) =t, (z,y) € 09, (5.61)
u(z,y,0) = 16z(1 — z)y(1 — y), (z,9) € Q, (5.62)

where f(z,y) = 1+ 32(z(1 — z) + y(1 — y)), which has solution u(z,y,t) =
t+16z(1 — z)y(l —y).

We compare our scheme for 1, 2, 4, and 8 subdomains. These runs were per-
formed on an Alliant FX/8 computer, at the Advanced Research Computing Facility,
Argonne National Laboratory. This computer has a shared memory architecture with
8 processors. The scheme for 1 subdomain was equivalent to the standard backward-
in-time Galerkin method. The discrete system of equations generated by the method
was solved using preconditioned conjugate gradient iteration, with diagonal precon-
ditioning. Therefore, the timings of the runs are effected not only by parallelization,
but by the number of iterations required to converge the conjugate gradient routine in
each subdomain. Hence, it is possible to obtain speed-up by more than the expected
factor when subdividing the problem.

In these runs, a global 80 by 80 uniform mesh was employed. The time step
was .001. In the decomposition, 7; = I/(K + 1), { = 1,..., K, where K 4+ 1 is the
number of subdomains. Timings for the scheme as the number of subdomains varied
are presented in Tables 1 and 2. The times reported were averaged over several runs
performed at 0% capacity (we were the only users); 20 time steps were taken. We
also report the number of conjugate gradient iterations, averaged over time and the
number of subdomains, that is, if ¢/ represents the number of conjugate gradient
iterations required in subdomain [ at time t", we compute

M K+1
7= M(K+1 2 24

n=1 [=1

where M is the total number of time steps (M = 20 in this case). This number
should in general decrease as the number of subdomains increases, since the number
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[ Problem 1 J

# of s.d. | CPU time (sec) | aver. no. of c.g. iter.
1 71.1 23
2 44.5 23
4 22.2 17
8 11.2 10

Table 1: Timings for Problem 1

| Problem 2 |
# of s.d. | CPU time (sec) | aver. no. of c.g. iter.
1 87.5 28
2 43.5 26
4 23.0 24
8 17.6 19

Table 2: Timings for Problem 2

of unknowns per subdomain decreases as we subdivide, and since the number of
iterations for convergence using preconditioned conjugate gradient is dependent on
the number of unknowns.

By examining Tables 1 and 2, we see that the algorithm performs quite well,
especially in the 1-4 processor range, and does well even for 8 processors for Problem
1. These results are not meant to be conclusive, and the performance of the scheme
will certainly vary from one machine to another.

Solutions for some of these runs are plotted in Figures 1 and 2. In Figure 1, we
compare the fully implicit solution with the domain decomposition solution with 8
subdomains, at t = .02 and y = 1/2, for Problem 1. In Figure 2, we compare the
true solution with the domain decomposition solution with 4 subdomains at time t
= .1 and y = 1/2 for Problem 2.
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