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Abstract In this paper, we discuss the vortex structure of the superconducting thin films placed in
a magnetic field. We show that the global minimizer of the functional modelling the superconducting
thin films has a bounded number of vortices when the applied magnetic field he, < He, + K log|loge|
where H., is the lower critical field of the film obtained by Ding and Du in SIAM J. Math. Anal.,
2002. The locations of the vortices are also given.
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1 Introduction

Consider a three-dimensional superconducting thin film that is symmetric with respect to the
(21, 22)-plane. Thus the superconducting domain is given by Q5= x (—da(x), da(zx)), where
a(x) is a given smooth function in Q and a(z) > ap > 0 for all z € Q and € is a bounded
smooth domain in R2?. Making integral averaging along the direction of z3-axis and sending
d to zero, Chapman and Du [1] modeled this three-dimensional Ginzburg-Landau model of

superconductivity as a two-dimensional one by minimizing the following functional in H'(Q, R?)

1) = [ ale) |[9asu? + gz 0= ). (1)

where Ag(x) is a given smooth magnetic potential vector, Ag(z) = (Aj(z), A2(z)) (or denoted
as a 1-form Ag(x) = A}(z)dz; + A3(x)dzz), which satisfies
div(a(z)Ag) =0, curlAg = hey, in Q, (1.2)
and
Ap-n=0, on 09, (1.3)

where h,, is the applied field which is applied vertically to the (z1, z2)-plane, and n denotes the
outward normal to 9Q, VA, u = Vu—1iAgu, u is the complex superconducting order parameter
such that |u|? represents the number density of superconducting electrons (Ju| = 1 corresponds
to the superconducting state, |u| = 0 corresponds to the normal state), x = % is a material

parameter which determines the type of superconducting material; kK < % describes a type-I

superconductor, and k > % describes a type-II superconductor.
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Let u be a critical point of the functional .J,. u satisfies the Euler-Lagrange equation which
is also called the simplified Ginzburg-Landau equation

{ —(V —iAyp) - a(z)(Vu —iAgu) = %u(l —[ul?), inQ

Onu =0, on 0N.
In [2], by finding the local minimizers in
1
D%, = {u € H'(Q,R?) : F,(u) = 5/ a(z)|Vul* + %(1 — |u|*)? < M|Ing| } (1.5)
Q

we found the lower critical magnetic field (where “critical” means the first phase transition in

which vortex appears in the superconductor)
H., =kqllnel+O(1), (1.6)

(1.4)

where kq = 57 i éi @@ with & the solution of the following problem:
1
e 1
le(a(:c) V§0> , in §, (17)
50 = Oa on Of).
Defining
A= { € Q. [6o(w) /a(a)| = max to(y)/aly)|} (18)
and assuming
mlixxa(x) < 2rnAina(a:)7 (1.9)

we proved (in [2]) the following theorem:

Theorem 1.1  There exist k§ = O.(1) and k§ = 0.(1), such that
H., =kq|lne|+ k5 (1.10)
and g = eo(M) > 0 such that for e < gq, the following holds:

(1) if hew < He,, a solution of (G.L) that is minimizing J,(u) in DS, exists, and satisfies
s<lu <1

(i) if Hey + k5 < hew < He, +O0:(1), a solution of (G. L) that is minimizing Jo(u) in DS,
exists, it has a bounded positive number of vortices a; of degree one, such that

dist(a$,A) — 0, ase — 0. (1.11)

However, the assumption (1.9) seems unnatural for general cases of superconducting thin
films.

Our aim of this paper is to rule out the assumption (1.9) and to prove that for any global
minimizers, there is a bounded number of vortices only under the assumption that the applied
field is near the first critical magnetic field H, .

Our main results are the following two theorems:

Theorem A Let lna(z) be a real analytic function. For any K > 0, there exist e > 0 and
M > 0 such that for he, < H., + Klog|loge|, € < gq, the global minimizer of (1.1) is gauge

equivalent to an element in DY;.

Theorem B Let Ina(z) be a real analytic function. For any K > 0, there exist eg > 0,
C > 0 and a > 0 such that for he, < H., + Klog|logel|, € < o, the vortices (a;,d;) of the
global minimizer of (1.1) have the following properties:

(1) di >0, Vi

(2) 2di<C;

(3) dist(a;, A) < C|loge|~“.

The main idea in the proof is to give much more careful analysis on the lower bounds of the
energy. Compared with [10], because of the freezing of the variable A, we no longer have the
London equation which is crucial in the proof of [3]. We deal with this difficulty as in [4] by
introducing a function h (see Section 2). The ideas in [3] are also used.
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2 Lower Bound of the Energy

First of all, we give the definition of vortices, this definition is somewhat different from that in
[5], see [3, 6-10] or [2, 4]. Modifying the proof of [3, Proposition 1] (see also [11], [12]), we can
prove

Proposition 2.1  For any K > 0, there exist ¢g > 0, C' > 0 such that for any ¢ < &g,
hee < K|loge| and any u satisfying J,(u) < K|loge|?, there exist a finite family of disjoint
balls B; = B(a;,7;), i € I such that

1
(1) {x Du(z)] <1 — |log€|2} C U; By, (2.1)
1
(2) ;r < (g " (2.2)
) 3 [ a@eIVe — AP 2 rala)ail( el ~ Clogllog) —o(1),  (23)

where a; is the center of the vortices and r; is the radius, d; is the winding number of |“7‘ on
the boundary of B;.

Remark Here and in the following, o(1) means lim. g o(1) = 0.

This proposition gives the definition of the vortex. In this definition, the vortex is slightly
different from that in [5], in this definition the radius of vortex is larger than that one in [5].

Proposition 2.2 (Lower bound for the energy of critical points)  For any K > 0, there exist
gg > 0, C > 0 such that for any € < eg, hex < K|loge|, if u is a critical point of J,(u)
satisfying J,(u) < K|loge|?, and (a;,d;) are the vortices defined in Proposition 2.1, then there
holds:

Ja(u) > hZ,Jo+ 7Y a(a;)|d;|(|loge| — C'log|loge|)

1 1

+5 /Q m\v(h — hew€o)|? + 2mhes 2} di&o(a;) + o(1). (2.4)

where Jo = Jo,(1)/h%, = 3 [ ‘Zé’)‘?, h is so chosen such that

fﬁvlh = (iu, V a,u), (2.5)

&o(x) is the unique solution of (1.7).
Such a function in (2.5) can be found by the unique solution of the following problem:
1
—div (th> = curl(iu, Vu) — curl(Ao|ul?) (2.6)
with h = h,, on the boundary.
In order to prove this proposition, we introduce some lemmas. Denote 2 = Q\ U;B;. As in
[4], it is not difficult to prove the following lemmas:

Lemma 2.1  For u as in Proposition 2.2, then one may find 4 such that
(1) |a|=1 on 2, @ and rup have the same degree on 0B;, fori € I
(2) Denote @ = pe'?, u = pe'?. Then |[p(V — Ag) — p(VP — Ao)lr2() = o(1);
3) Ja(a) < Ja(u) +o(1).

Lemma 2.2  For any p < 2 we have

’ - div<$Vh) + hey — 27r;di5ai < o(1). (2.7)

W—1L.r(Q)
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Proof  First of all, it follows from the definition that
1
—div (ﬁ Vh) = curl(iu, Va,u) = curl(iu, Vu) — curl(Ag|u|?)
a(z

= curl(iu, Vu) — curlA4g 4 curl(A4y(1 — |ul?))
= curl(iu, Vu) — hey + curl(Ag(1 — |ul?)), (2.8)
since h., = curlAy.

By Lemma 2.1, we may assume |u| = 1 on 0. Let ¢ be such that

1 1 1 1 1
__|__:17 -+ = =-. 2.9
q p q q 2 29)

For any £ € W,'%(Q), we have (noting that 3>, r; < W)

‘ / Ve (iu, Vu)
Ui B;

2=

<IVull 2@ V€l Loy (| Ui Bil) " < Che||VE| Loy <ZTZ>

)

o(D[IVE|[zs(0)- (2.10)
Integrating by parts, we have
/fcurl (1w, Vu) /Vl &(iu, Vu). (2.11)
Q

Hence, it follows from above inequality that
H / Ecurl(iu, Vu) —|—/ V+E(iu, Vu) <o(1). (2.12)
Q Q W—1p(Q)

On the other hand, since |u| = 1 on Q, then curl(iu, Vu) = 0 on Q. Tt follows from Stokes

Theorem that
/Qng.(iu,Vu)z/ (zu 8u> Z/(S‘B , (zu 87> (2.13)

Td; /aBm(éé(ai>)<iu, gﬁ)‘ = ‘Z/B Ve - (iu, Vu) + (€ — €(a;))eurl(iu, Vu)|.

Noting that ¢ > 2, W,'%(Q) embeds in some C%7 with 0 < v < 1, and |curl(iu, Vu)| <
|Vul?, then

S [ 1€ = steeuri(in, Vool < ainr)€leo 3 [ 190

. . C
< (min ) ey oIVl ooy < OBZ (min ) €l o < g ey (215)

~ o

(2.14)

Therefore we have

‘ /ng - (iu, Vu) — QﬂZdiﬁ(ai) < o(l)HfHWOLq(Q). (2.16)
In summary, we have proved
curl(iu, Vu) — 27 Z d;&(ay) < o(1). (2.17)
i W ()

Similarly we have

’/Qﬁcurl((l = [uf*)Ao)| = ‘ /QVLﬁ((l = [u?)Ao)| < o(1)[|VE[ 2 (- (2.18)
It follows from ||Ag||re < Che, that
leurl((1 —[ul*) Ao) w100y < o(1). (2.19)

But, by (2.8), we have
1
—div(ﬁVh) + her = curl(iu, Vu) — curl((1 — |u|?) Ay) (2.20)
a(x
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We may end the proof of this lemma by multiplying (2.20) by &.
Now we are in a position to prove Proposition 2.2.

Proof Since

—ﬁVJ‘h = (iu, V a,u) = p* (Vi — Ayp), (2.21)
then .
m\vm? < pH Ve = Ao> + [Vpl* < |Vu —iAgul*. (2.22)
Hence

1) = [ @IV idaul + Lo - WP 2 LB+ g [ Lvae @)

However, it follows from Proposition 2.1 that

Jo(u,U;B;) > WZa(ai)|di|(| loge| — C'log|logel|) — o(1). (2.24)
Let f = h — hes€o. Then i
3 | IV =5 [ VS eVl = 5 [ S IVIP RV + 20,V - e
:%/§2$|Vf|2+%/ﬂj(%)|vﬁo|2+/ﬁ;(e;)Vf'VSO
> fié'zJo+%/@$|V(h—hezho)\“#/g~2 (Zj)wvgo (2.25)

Substituting (2.24) and (2.25) in (2.23) we get
Ja(w) > hZ,Jo+ 7Y ala:)|di|(|loge| — C'log |loge])

1 L _ 2 hex . 0
+ 2/@@(1‘)|V(h h’e’ﬂho)| +/Qa(x)vf va‘i’ (1) (226)

For the fourth term on the right hand side of (2.26), we have from Lemma 2.2 that

/Qﬁw-vgo /§0d1v< Vf) A{—div(ﬁVh)—&-hm]fo
= Qdeifo ai) + o(1). (2.27)

We finally get
Ja(u) > B2, Jo + WZa(ai)\dim loge| — C'log|logel)

1 1 )
t5 /Q mlv(h — hex0)|” + 27hey Z di&o(a;) + o(1). (2.28)

Proposition 2.2 is proved.

Lemma 2.3  Let u be a minimizer of J,(u). Then
1 1
T % a(ai)\di\(|10g€|—Clog|log€|)+§/Qm|V(h—hemfo)|2+2whm % di&o(a;)<o(1). (2.29)

Proof  Since u is a minimizer, we have J,(u) < J,(1) = h?,Jo. This combined with the lower
bound in Proposition 2.2 yields the conclusion.

3 Proof of Theorem B

Now we are in a position to prove Theorem B.
Firstly, we prove that the vortices are close to the set A. This is a consequence of the
following lemma which implies (3) of Theorem B (see [3]).
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Lemma 3.1  Assume that Ina(x) is an analytic function. Then the set A, the critical points

of % is a finite set of points {p1,pa,...,pn}. In particular, the set A where 50((;)) attains its

mainumum is finite and there exist § > 0, N > 0 such that for every p € §2

Solp) . &o(z)
) ZH}% a(2) + odist(p, A)V. (3.1)

Proof  According to the proof of Lemma 4 of [3], it suffices to prove that (1.7) admits a solution

&o such that i’((m)) is analytic. Let & = 5“( I)) It is not difficult to see that &; is the solution of

(1.7) if and only if £(z) is the solution of the following equation:

—A{ —=VE¢-Vina(z) —EAIna(z) =0, in 2 (3.2)
with £ = 0 on 0. Under the assumption of Lemma 3.1, Equation (3.2) with the zero Dirichlet
boundary condition admits an analytic solution. In other words, under the assumption of

Lemma 3.1, (1.7) admits a solution & so that %’((f)) is analytic. Now we may use the proof of

Lemma 4 of [3] to verify our claim.
Applying the maximum principle to problem (1.7), we know &y(z) < 0 on Q. So, de-

noting m = ming (50((1:)))’ then it follows from |{p(z)] = —&o(x) that m = ming (io((;”))) =
— maxgq % < 0. We rewrite (2.29) as
1 1
NEAIG! — Clog|l - — — 2
S atan)dl(logel = Clog logel) 5 [ 205190~ hesto)
+ 2ﬂheIZdia(ai)€O(ai) < o(1). (3.3)
. ala;) —

Denote I = {i € I :d; <0}, Iy = I\ 1., D =} ala;)ldil, Dy = >, -ala;)|dil,
= Yucoa(ai)ldi|. Then D = Dy + D_. 1f d; <0, then d;*32 > 0. 1f d; > 0, then

d; %)((;1)) > —|d;| maxg ‘%’((f)‘ = m|d;|. We get from (3.3)
mD(]loge| — Clog|logel|) + 2mrmDhey < 0(1). (3.4)

In the following, we prove the uniform boundedness of D.
Let C; be a circle completely included in Q with radius ¢ and circling a ball B;. On Q,

|u| =1, we may write u = €', then

1 1. _ L=
—mv h=Vp—Ap, in Q. (3.5)
We have 8§
1 0 /
= — dx, 3.6
Lo " (36)
1 oh 7(,0 B B % B
Ltam(%/ / a /BtcurlAO/CtaT hex/BtdZ'
&p / 1 0&
_ g - =50 3.7
C, 87’ ( ) 3 ( )
Therefore,
1 of op
Lt ( )5 = Lt 77_ = 27Tdt, (38)

where d; is the winding number of u on Cy. Let ag = ming a( ). We get by Holder inequality

Qtd’% - ;/ (1) (gD ' (39)

It follows from Lemma 3.1 that A = {pl,pg, ...,Dn}, a finite set and for some 0 < o < 1
there holds
Ipi — pj

5 > a< dist(p;, ON2). (3.10)
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Let C;+ be a circling centered at p; with radius ¢ and circling a ball B; ;. Denote
E={0<t<a:¥Y1<i<n,C;, CQ}.
It follows from the above discussions that

us 1
d?, < 2 3.11
wgtte =g [ IV (3.11)
Hence 1
L 2
wg <y [ I (312)
Since a; is close to A, we have from Lemma 3.1 that for ¢t > |loge| ™ zx,
> a(a;)ldis] = D(1+ o(1)) + o(1), (3.13)
hence )
= V2> D2 +o(1). (3.14)
2 /uc " a(fc)
On the other hand, >, r; < |loge|~'°, then
dt « dt
/ Sy / 1 ar (3.15)
{teE,t>|loge| 2N } t |loge|™ 2N +|loge|—10 t
Then ) )
= [ ——|Vf]? > CD?log|1 1). 1
5 | oy IVIP = CD%log oz +o(1) (3.16)
We get
—~CDlog|loge| + CD?log|loge| < o(1). (3.17)

This implies that D is bounded uniformly in e.
Finally, we prove that all the vortices have positive winding numbers. In fact, it follows

from the fact H., = —%, hex < He, + Clog|loge| and (3.4) that
mD(|loge| — C'log|logel) — mDy(|loge| + Clog|loge|) < o(1). (3.18)
Therefore,
log | log €|
D_<CD,—/————— 1 3.19
< CD L o), (319)

and then it follows from the bounedeness of D and a(z) > a > 0 for some constant a > 0 and
any = € () that
D_=0 (3.20)

for € < g¢, since D_ must be a nonnegative integer. In other words, d; > 0 for all 7 and € < g.
Theorem B is proved.

4 Proof of Theorem A

Now we give the proof of Theorem A.

Proof of Theorem A Since we have

Jo(u) = Fy(u) + %/Qa(x)\uF\AOF —2(a(z)Ao - Vu,iu) (4.1)

and
Tu(w) < Joh, = 5 [ a(o)l A (42)

then

Fu(u) < %/Qa(x)(l—|u\2)|A0|2—|—2(a(a:)A0-Vu,iu). (4.3)
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However,
3 [ @)1= )40 = of0); (1.4)
we only need to prove that
‘ /Q (a(z) Ao - Vu, )| < C|logel. (4.5)

This inequality is true. In fact, we may assume that |u| = 1 on Q. Since a(x)A4y = V¢ in Q
where £ = 0 on 0Q and ||{|| g3(q) < Ches, then

/ (a(z)Ao - Vu,iu)
B U; B; )
while on €2, we denote u = e'¥ to get
: I
axA-Vu,zu:/VJ‘§~V = / - =2m d;&(a;) + o(1). 4.7
J @t Vi = [ 9reve =3 [ €08 <o Saelan +o) (1)

In this inequality, [|£||z ) < Che, and ), |d;| is uniformly bounded, so we have

‘/Q(a(x)Ao - Vu,iu)

This implies that u belongs to D{, for any M > C. Theorem A is proved.

< ClU; Bil M| Aol ooyl 1 @) = o(1); (4.6)

< Cher < Cllogel. (4.8)

Final Remark After this paper was submitted, there have been published some other related
papers on the analysis of the behaviors of the minimizers to some Ginzburg-Landau models for
the applied fields near the lower critical fields. We refer to the references [13]-[16]. The authors
are grateful to the referee to introduce to them these references.
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