SIAM J. MATH. ANAL. (© 2002 Society for Industrial and Applied Mathematics
Vol. 34, No. 1, pp. 239-256

CRITICAL MAGNETIC FIELD AND ASYMPTOTIC BEHAVIOR OF
SUPERCONDUCTING THIN FILMS*

SHIJIN DING!' AND QIANG DU#

Abstract. In this paper, we discuss the vortex structure of the superconducting thin films placed
in a magnetic field. The discussion is based on a system of simplified Ginzburg—Landau equations.
We obtain the estimate for the lower critical magnetic field Hc,, in the sense that it is the first
critical value of heg, the applied field, for which the minimal energy among vortexless configurations
is equal to the minimal energy among single-vortex configurations; moreover, it corresponds to the
first phase transition in which vortices appear in the superconductor. We also discuss the location
of these vortices and the asymptotic behavior of the local minimizers.
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1. Introduction. Consider a three-dimensional superconducting thin film that
occupies the domain Qs = Q x (—ba, da), where ) is a bounded smooth planar domain
and a € C*°(Q) is a function measuring the variation in the film thickness. Assume
that a(xz) > ao > 0 for all z € Q; by taking integral averages along the vertical
direction and setting é going to zero, it was shown in [10] that the three-dimensional
Ginzburg-Landau model of superconductivity [16, 26] defined on €25 may be reduced

to a two-dimensional one given by the minimization in H'(Q) of the functional

1

(1) Iaw) = 5 [ ate) |[Vagul + 50~ 2],

where Ag(x), the in-plane component of the magnetic potential, is determined by

div(a(z)Ag) =0, curlAg = he, in
Ag-n=0 on 0.

(1.2)

Here, he, is the external magnetic field which is applied vertically to the (x1,z2)-
plane, n denotes the outward normal to 9, u is the complex superconducting order
parameter with |u|? representing the density of superconducting electrons (ju| = 1
corresponds to the superconducting state, |u| = 0 corresponds to the normal state),
Va,u=Vu—1iApu, and € is proportional to the coherence length.

Let u be a critical point of the functional J,(u) in H!(Q) which satisfies the
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240 SHIJIN DING AND QIANG DU
Euler-Lagrange (or simplified Ginzburg-Landau) equation

(V= iAg) - a(x)(Vu — iAgu) — @u(l ~Juf?) in Q,
Opu =10 on 0f2.

(1.3)

The points where the zeros of u appear, with their topological degrees, are called
the vortices of the map u. Understanding the vortex structures in the solutions and
describing the vortices as h., varies is of great physical relevance and mathematical
interests. Discussions on the vortex state in the thin film geometry have been given
in [1, 16, 17, 19, 20, 26]; in particular, the variation in the film thickness is thought
to provide an effective vortex pinning mechanism [10]. For works related to the
mathematical analysis of the various pinning mechanisms, we refer to [2, 3, 4, 6, 10,
11, 12, 15].

In [7, 8], rigorous mathematical analysis of vortex solutions has been done for
a similar problem with a(z) = 1, Ay = 0 and Dirichlet boundary condition u =
g: Q0 — S' of degree d. It was proved that, asymptotically, minimizers have d isolated
vortices of degree one and their locations are determined by minimizing a renormalized
energy. This result was extended to the case a(z) £ 1, Ay = 0 with the same Dirichlet
boundary conditions in [6] and [15] independently, and the vortices of the minimizers
were shown to be located at the minimum of a(z). Some results similar to those in [7]
were obtained in [9] for the original Ginzburg-Landau functional J(u, A),

1

1
J(u,A) = 5/9 [VAu2 + [curlA — e, |? + —

262 (1 - |U‘2)2 ’
with her = 0 and the gauge invariant Dirichlet conditions (a name given in [22]).
This work was later extended in [14] to the case where a weight (thickness) appears in
the functional J(u, A); the corresponding renormalized energy was presented in [13].
Similar analysis based on the functional (1.1) was also presented in [18]. All the
available results substantiate the pinning effect of the thickness variation; that is, the
vortices turn to stay where the film is thin.

Recently, the minimizers of J(u, A) with nonzero applied fields with natural
boundary conditions were studied in [5, 18, 23, 24, 25, 21, 22]. In this case, there
is no a priori bound on the number of the vortices for the minimizers in H' x H!.
To overcome this difficulty, i.e., to have an a priori control on the numbers of the
vortices, in [23, 24], the local minimizers of the functional

L1 )2

1
J(u,A) = 7/ [|VAu|2 + |curlA — heg|? + 522
Q

2
in the set Dy were studied, where
Dy ={(u,A) € H'(Q) x H(Q): F(u) < M|lne| }

and F(u) = Ji(u) = J(u,0) with Ag = 0. The minimizers were shown not to be
on the boundary of Dy, hence the Ginzburg-Landau equations (the Euler-Lagrange
equations for the functional J) are satisfied. Such analysis also provided estimates on
the lower critical magnetic field H,,, the locations of the vortices, and the asymptotic
behaviors of the minimizers. The lower critical field H., may be defined as the value
of hey for which the minimal energy among vortexless configurations is equal to the
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minimal energy among single-vortex configurations. For h., < H.,, it was shown
in [21] that the global minimizer (in H' x H') of Ginzburg-Landau functional .J(u, A)
is the vortexless solution found in [23]. For the case H., < her < H,,, in [22], it
was shown that as ¢ — 0 the energy minimizers have vortices whose density tends
to be uniform and proportional to h.,. For other discussions, we refer the reader to
[2] and [25] and references therein.

In this paper, we study the minimizers of the functional (1.1) in the set

(1.4) DYy ={ue H'(Q): F,(u) < M|ln¢| },

where F,(u) = J,(u) with Ag = 0. The main techniques of this paper come from
[23, 24]. We also present the estimate on the lower critical magnetic field H., and
discuss the impact of the thickness function a(x) and the given applied field curlAg
on the vortices: their number and their locations. These new results have not been
stated even in the physics literature. Our results also provide rigorous theoretical
justification of the pinning mechanism due to the thickness variation based on the
simplified Ginzburg—Landau model.

Let us introduce a few notation. By (1.2), there is a function & € H?() such
that

a‘(x)AO(‘r) = VLS = (_51?2751’1) in €.
Using the scaling £ = £yhe,, we have from (1.2) that

—div( 55 Véo) = —1 in Q,
=0 on 0.

(1.5)

By the maximum principle, we may easily see that —C < & < 0 for some constant
C > 0 and & is a smooth function that depends only on Q and a = a(x). Let

(16) A= {0 loe) ) = malea(s)/a)] |

To state our main results, the following assumption is made.
ASSUMPTION 1.1. Assume that the constant M in (1.4) is chosen so that there
is a positive integer n € N such that

M M

) .
T max a(x) ™ min a(x)

(1.7)

C (n,n+1).

The above assumption on the existence of n € N with the desired property (1.7)
is needed in proving (see section 6) that the minimizer of J,(u) in DY, is in D¢, (not
on 0D%,) and thus the minimizer is a solution of (1.3). Under the above assumption,
we have the following theorem.

THEOREM 1.1. There exists k, =

g0 = go(M) > 0 such that

@ a5 = O(1), k5 = o(1), and

(1.8) H., =kq|lne| + k5,

and, for e < g, the following holds:
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(1) If hew < H,,, there ezists a solution u. of (1.3) which minimizes Jq(u) in D%,
and it satisfies 1/2 < |ue| < 1.

(ii) If He, + k5 < hex < He, + O(1), there exists a solution u. of (1.3) that
minimizes Jo,(u) in DS;. The solution has a bounded positive number of vortices bs
of degree one such that

(1.9) dist(b;,A) — 0, ase — 0,

and there exists a constant o > 0 such that dist(b, b5) > a fori#j.

REMARK 1.1. The main differences between our results and those in [23, 24] are
as follows: first, Agy is determined a priori, and it satisfies (1.2) and curlAg(x) =
O(|lne|) so that no London type equation is used; second, with a variable weight
a = a(x) in the functional, methods developed in [6] (see also [13]) and in [23] are
needed to derive the energy lower bound.

REMARK 1.2. [t follows from the proof of Theorem 1.1 that the number of the

vortices, under our assumption, is bounded by

M miny a(x)
mmaxp a(z)’ maxp a(r) —ming a(z) |

Nmin{

REMARK 1.3. From (1.6) and (1.9), one may conclude that the distribution of the
vortex locations are influenced both by the pinning effect due to thickness variation and
the effect of the applied magnetic field. A similar phenomenon has also been explored
in [2] with normal inclusion serving as pinning sites.

Let us discuss briefly Assumption 1.1 and the results of Theorem 1.1. The pa-
rameter M in (1.4) is chosen such that

M/(m m/z\ixa(x)),M/(w m/&na(x)) C(n,n+1)

for some positive integer n. For A defined by (1.6), it is easy to see that the above
assumption can be equivalently replaced by

(1.10) m{iixa(x) < 2m/éna(x).

Note that if A consists of only one point, or if a(x) satisfies

max a(z) < 2mina(z),
Q Q
then (1.10) is automatically satisfied. With suitable choices of the domain Q and the
coefficient a(x), it is indeed possible to make A a single point. A couple of simple
examples are in order; let = B(0, Rp) be a two-dimensional disc of radius Ry and
r = |z| for z € Q. Let v(z) = &(x)/a(z); (1.5) for £ may be rewritten, in the polar
coordinate system, as

v//(r) + v/(r)/r +0 (r)(In a(r))/ +v(r)Alna(r) =1 in (0, Ry),

1.11
(1 v’ (0) =0, wv(Rg) =0,

where v(r) and a(r) represent the functions v and a in the polar coordinates.
2
Ezample 1. If a(r) = e~ 7, then A = {0}.
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Since Alna(r) = —1, (Ina(r)) = —r/2, we have

"

o' (r) + (1/r —7/2)0'(r) — v(r) = 1 in (0, Ro).

One may verify that v(r) = z(r)/2(Ro) — 1 is nonpositive in [0, Ry, where

+o00
1 1
.2 3 2(n+2) 2n+5
Ary=rtr +;<4n+1(n+2)!T T g )

v(r) is a solution of problem (1.11). Since z(r) is strictly increasing in [0, Rg], so is
v(r). We know |v(r)| takes its maximum value only at 0, that is, A = {0}.

Ezample 2. If a(r) = 2(1 + ), then A = {0}.

In fact, let &(r) = 373 + 3r% — (3R + 3 R3). Then & (r) is nonpositive in [0, Ry,
&(Rp) = 0, and & is a solution of (1.11). & = &y(r) is strictly increasing in [0, Rg], so
is @ = a(r). Therefore |{o(r)|/a(r) takes its maximum value only at {0}, so A = {0}.

For both of the above examples, depending on Ry, the thickness function a may
take on values of different magnitude at different locations in the domain B(0, Ry). It
is interesting to note that the coefficient a(z) takes its minimum value at the boundary
in Example 1 but at the origin in Example 2. Based on the analysis given in this paper,
near H.,, the solution of (1.3) with a single vortex in {2 will have its vortex pinned
near the origin in both cases for small enough ¢ even though the origin is the thickest
position in Example 1. This illustrates that the vortex pinning phenomenon may be
affected by the competition between the applied field and the thickness variation.

We now state the second main theorem.

THEOREM 1.2. For a solution sequence u, = u., of (1.3) given by the part (ii)
of Theorem 1.1, up to a subsequence, there exist d points ¢; € A such that u,, — u,
weakly in WP (p < 2) and strongly in HL (Q\ UL, {c;}), where u, is a solution of

—V - (a(2)Vuy) = a(z)us| Vu.|? in Q\ U {c},

(1.12) %1;* =0 on 012,
lus| =1 a.e. on S.

It is easy to see that the local minimizers in D}, may not be the solution of (1.3)
(if it is on the boundary of D$,). However, the vortex structure is only well defined
for solutions that satisfy |Vu| < C/e. For this reason, similar to [23], we introduce a
regularization as follows.

Let u) € H'(Q,R?) be a minimizer of the following minimization problem:

) 1 1 v —ucl* ue|?
1.1 —|Vu|? =
iy i o) |G+ o]+ [P

where u. € Dﬁ/[ u) is, in some sense, a regularization of u. in D and an a priori
bound on the number of the vortices of u) can be obtained. ThlS in turn leads to
a description of the vortices of u.. More careful examination of the minimizers u.
of J,(u) in D%, shows that they are actually not on the boundary of D9,, and hence
they solve (1.3). For brevity, in the rest of the paper, unless explicitly stated to avoid
ambiguity, the subscript € is dropped from the notation u. and u?; i.e., v and u” are
used instead.
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This paper is organized as follows. In the next section we shall give some basic
estimates for J,(u) and for the regularization Y. The main ideas are to define the
vortices of u” and to expand the energy J,(u). Using the idea of [23] and the estimate
in [6], we may then give the lower bound for the energy. In section 3, we shall provide
estimates to the critical magnetic field. In section 4, the proof Theorem 1.1 is given,
and in section 5 we shall prove the convergence of the sequence of the minimizers, i.e.,
Theorem 1.2.

In the following discussion, we always consider the case h., < C|lne| for some
positive constant C' and assume that the Abrikosov estimate H., < C|lne| holds.

2. Preliminaries. In this section we present technical estimates which can be
proved by a slight modification of the results in [6, 23]. The detailed proofs are
omitted. We begin by defining

(2.1) P =)= [ svep < on,
LEMMA 2.1. For u € D$, minimizing Jo(u) in D$,, we have
(2.2) Ja(u) < ChE,,
(2.3) /Q a()|V agul? < Ch2,,
(24) Tz [ @)= uf?)? < O,
Proof. Taking v =1 as a comparison function leads to the results. 1]

For any 4 with J, (@) < Ch2,, let n = |@|. Since

a(z)|Vu — iAoul* = a(z)[|Vul? + iAo (u*Vu — uVu*) + |Ag|*|ul?],

where u* is the complex conjugate of u, we have the following lemma.
LEMMA 2.2. For any @ with J,(@) < Ch2,, we have

ex’

gumza@+§AZ%WW+memm—@ﬂw+du

LEMMA 2.3. For @ € D%, such that J, (@) < Ch2,, there exists u € D, such that

ex’

(2.5) lul <1,

(2.6) Fo(u) < Fo(a),

(2.7) Ju(u) < Ju(@) + o(1).

If, in addition, u € W is a minimazer of J, in W, then, as € — 0, there holds
(2.8) Fo(u) = Fy(a) + o(1),

(2.9) Jo(u) = Jo (@) + o(1).

LEMMA 2.4. Foru € DS, we have u” € H3(Q) (for any 0 < v < 1) which solves
(1.13) and satisfies

(2.10) -V - (a(z)Vu) = @u'y(l — W) + —,
(2.11) Fu(u?) < Fa(u) <

(2.12) Y| < 1,|Vu| <
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This implies that u” € D$,. Taking u as a comparison function in (1.13) gives
1
/ 262’y|u7u’y|2+Fa(u,\/)SFQ(U)SM|1H€‘
Q

so that |[u —u7||z2(q) < Ce7|In e|z. Since |[Vu| < g, the vortices are well defined in
the following sense.

LEMMA 2.5. There exists A > 0 and points aS (i € J1) in Q with CardJ; < ChZ,
such that

1
[u7| > 3 in Q\ Uz B(ai, Ae).

Proof. We know from [7] that there exists pg > 0 such that

;2/ (1= 22> e Vi€ .

B(aZ \e)

Using exactly the same arguments given in [7], this implies that CardJ; < Ch2, since
Jo(u) < Ch2,. 0

The balls B(a$, \e) are called “bad” discs and af together with its degree d
is called a vortex of “size” Ae. We now pay attention to the minimizer u”. Al-
though a weight is added to the functional on w?, i.e., (1.13), the proofs of the fol-
lowing four lemmas on the properties of u” can still be obtained directly from the
corresponding ones in [23] and [24] by replacing the energy density with e.(u) =
2a(2)[|[Vul? + & (1 — [u]?)?]. We omit the details.

LEMMA 2.6. For any 0 < v < 8 < 1, u¥ has no vortex (i.e., |u¥| > 1/2) in
{x € Q;dist(x,00) < P},

LEMMA 2.7. For small enough €, CardJ; is uniformly bounded by a constant N
which is independent of €. Let 0 < v < 3 < u < 1 such that i = pN*t! > 3. For ¢
small enough, there exists a subset J C J1 and a radius p > 0 with Ae < et < p <
el < 8 such that

|| >1/2 in Q\ U;esBl(as, p),
|u’| >1—2|lne|~? on dB(das,p), i€ J,

/ ec(u?) < CB.w)/p, i€,
0B(a3,p)
a5 —aS| > 8p, i£jed.

Denote d; = deg(u”,0B(a5, p)). We have the following lemma.

LEMMA 2.8. For small enough € and u € D, |d5| = O(1) for alli € J.

Assume for the moment that |Vu| < C/e which is true if u is shown to be a
solution of (1.3); then, in the sense of [7], the vortices of u are well defined and there
exists the same uniform bound on the vortex number. One may also have bigger
vortices of size p (where “bigger” means p > Xe), (b5,¢5), such that u satisfies the
same conclusions as in Lemma 2.7 for u?. As in [23], we may compare (a5,d5) (the
vortices of u7) with (b5, ¢§) (the vortices of u) by the minimal connection between the
vortices.

LEMMA 2.9. For small €, there holds dist(a,b) < Ce|In¢]

For the definition of dist(a,b) and the proof of this lemma, we refer to [23]. The

following lemma gives the splitting of the energy J,(u) as in [23].
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LEMMA 2.10. For any U satisfying (2.2)—(2.4), let u be associated to @ as in
Lemma 2.3 and u” be associated to u by solving the minimization problem (1.13) with
vortices (a;,d;) satisfying Lemma 2.7. Then we have

Ja(u) = Fy(u) + %/Q $|V§\2 + QWZdif(ai), as € — 0,
ied

where & = he&o and & is the unique solution of problem (1.5).

Using this splitting, we have the following lemma.

LEMMA 2.11. The constant J° in (2.1) is asymptotically equal to the minimal
energy among vortexless configurations; i.e., infy,. 7—p} Jo(u) = J° 4+ 0(1) as € — 0.

Let e.(u) = 3a(z)[|[Vul® + 522(1 — [ul?)?] and Q, = Q\ UicgB(a;, p), where
B(a;, p)’s are defined in Lemma 2.7. We have the following lemma.

LEMMA 2.12. Assume that J = {1,2,...,k}; then

1
5/ a(@)|Vu|? > 7Y a(a)d | Inp| + W ((ar, dv), ..., (ag, di)) + O(1),
Q2 e
where
W((Cl1, dl), ey (ak, dk)) = —T Z a(ai)didj In |ai — aj| — T Z leo(az)

i#jeT ieJ

and Ro(z) = ®o(x) — D ic 7 ala;)d;In |z — a;| with ®o(x) solves

7div(ﬁvq)o) =27 Ziej diéai m Q,

Py =0 on 0.

In the following lemma, we give a few more precise lower bounds on Fy(u?).
LEMMA 2.13. For e and p satisfying Lemma 2.7, we have

Fo(w) 2wy a(a;)[d| np| + |di]| In(p/e)|

eJ
(2.13) +W((a1,d1),...,(&k,dk))+O(1),
(2.14) Falu?) > 7S afar)ldil [ In(p/e)] + O(1).

ieJ

3. Obtaining the critical magnetic field H.,. Using the splitting and the
lower bound of J,(u), we now estimate the critical magnetic field H.,.

LEMMA 3.1. Let hey = ko|Ine| + o(|1Ine|) and @ € DY, be a minimizer of Jq(u)
in DY, and {(a;,d;) : i € J} be the vortices of uY. For e small enough, if J # 0,
say, J ={1,...,k}, then

(i) d; > 0 for any i € J, and

(ii) dist(a;, 0Q) > a > 0 for some positive constant «, and consequently

(iil) W((a1,dq),- .., (ak,dr)) > C for some constant C.

Proof. We divide the proof into two steps.

Step 1. We first prove that, for e small enough, d; > 0 for i € J. Since @ € D,
is a minimizer of J,(u), it follows from Lemma 2.11 that J,(u) < J° 4 o(1), i.e.,

Fo(u) + J° + 2hes Y _ di€o(a;) + o(1) < J + o(1).
ieJ
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Therefore

(3.1) Fu(u) < =2mhes Y di€o(as) + o(1)
i€J

or equivalently (noting that £, < 0 in Q)

€o(z)

Fo(u) < 27(kq|Ine| + o(] Ingl)) max a(2) Z ala;)d; + o(1)
d;>0
< 7|lne| Z a(a;)d; + o(| Inegl).
d; >0
This inequality implies
(3.2) Fo(u") < Fo(u) < wllne| > a(a;)d; + of|Ingl).

d; >0
Combining (3.2) with (2.14) in Lemma 2.13 we obtain
(3.3) (1 — ) (Z a(ai)|di|> |Ine| <= (Z a(ai)dl) |Ine| + o(| Ingl)
i€ d;>0
since e < p < e”. This implies
(34) (1=p) Y alag)lds| < p Y alai)d; +o(1).
;<0 ;>0
We estimate the first term on the right-hand side of (3.4). By (2.11), (2.14),
pYy o ala)d; < py alag)|di| < Mp/(w(1 = p)) + o(1).
d;>0 i€J
Substituting this into (3.4), we get
> aan)ldil < Mp/(x(1 = p)*) + o(1).
d; <0

This means {i € J; d; < 0} = 0 if one chooses p small enough.
Step 2. We prove (ii) and (iii) in this step. It follows from Step 1 that

—m Y a(a;)did; In|a; — a;| > O(1)
i#]
and then

(35) W((al,d1), R (ak, dk)) > -7 Z diRo(ai) + 0(1)
€J

247

For the proof of ||Ro|lp =) < C, similar to [23] and [6], it suffices to prove that
dist(a;, 012) is uniformly bounded from below. Indeed, it can be shown as in [23] that

(3.6) [ Ro(2)|| o () < CBlIne| +O(1).
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Therefore we deduce
(3.7 W((a1,dr), ..., (ak, di)) > —CpBlInel.

On the other hand, we know from (3.2) and (2.13) (in view of d? > d; > 0) that

Fa(u’y) < Fa(u) < _27Them Z difO(ai) + 0(1)7

ieJ
F,(u) > WZ a(a;)di|lne| + W((a1,dy),. .., (ag,dr)) + O(1)
eJ
> 7Y a(a;)d;| Ine| — CBlIne| + O(1).
i€J

Putting these two inequalities together and using

[Ine]

hex = ka|Ine| + o(|Ine|) = 2maxq |§o(z)/a(z)|

+ o(|Ine]),

we get

§o(x)
a(z)

50 (ai) “+ max

ala;) Q

(38) 27Thex a(ai)di |:
ieJ

] < CPB|lne| + o(| lngl).

Since d; > 1 and a(a;) > ap > 0 for i € J, the above implies

(3.9) i?((j'i)) + max %((;)) <Cp max ?((;)) ‘ Vie J.
Taking 3 > 0 such that C8 < 1/2, we get
(3.10) %((Zf)) < f% max i)((;)) <0.

Since & = 0 on I, we thus have dist(a;, dQ) being uniformly bounded from below.
So, || Rol|ze(0) < C. This implies W > O(1) uniformly by (3.5). 0

Now, let Dy = {u € D$,;; J = 0}, and we have the following lemma.

LEMMA 3.2. Suppose maxga(x)m < M. There are k5 = O(1), k§ = o(1), and
go > 0 such that, for he, = |Ine|/(2maxq |o(x)/a(z)|) + t, there holds

(i) if t < k5 and @ is a minimizer of J, in DS, then J =0 and

Jo (@) = inf J, (u) = J° + o(1);
Do
(i) if t = k5, there isu € Wﬂh a simple vortex and Jo(u) < infg-Jo(v);
(iii) ift > k5+Fk5, there is u € D, with a simple vortex and Jo(u) < infz=Ja(v).
Proof. Let J° be as in (2.1). We have

Jo(u) = Fy(u) + J° 4 27he, Z dio(a;) + o(1).
1€J

Clearly, J° = inf5-Ja(v). If J # 0, then we consider two cases.
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Case 1. hep < (1—p*)ky|Ine| for some 0 < p* < 1. Since p > e* for some p > 0,
it follows from Lemma 2.13 that

(3.11) Fo(u) > Fy(u”) > (1 - u)wZa(aiﬂdiH Ine| + O(1),
i€eJ
and then
Jo(u) > J° +7(1 — p) Z a(a;)|d;||lne| — 2mhe, Y  a(a;) %)((;i)) +O0(1).

ieJ 1€J

Hence, Jq(u) > inf5-Jo(v) as long as

§o(a;)
rhes Y a(ald] | < (1= pw Y alagldi|Ine| +O()
€T i€J
which may be valid if we take p < p* since
|Inel

hew < (1—M)2max|§0( )/a(z)]’

Case 2. t < k5 with |t| = o(|In¢|). Then, by Lemma 3.1, we have
W((a1,d), ..., (ak,dy)) > C
for some constant C, thus, by Lemma 2.13, we get

Fo(u) > Fy(u?) > 7Y a(a;)|d||Ine| + O(1).
ieJ

Then, similar to Case 1, we have J,(u) > inf5-J,(v) as long as

[Ine]

“ = Tmax|&(2)/alo)

h +0(1).

This verifies conclusion (i) in the lemma.
Next, let k, = 1/(2maxq |o(x)/a(x)]). As in [23], set

Zf = {t € R; there exists u € D¢, with at least one vortex
and J,(u) < inf J, for hey = kq|Ine] —|—t} .
{g=0}

In the following, we prove Z¢ # () which would allow us to define k§ = inf Z¢ and
to prove that there exists k§ = o(1) such that [k§ + k5, +00] C Z°.
Let ¢ € Q such that |{5(c)/a(c)| = maxq [€o(x)/a(z)|. Consider the problem

1

3.12 Ve(c :minf/ a(z)|Vul|?,
(3.12) =iy [ aw@iva

where W = {u € H'(Q\ B(c,e),5"),deg(u,dB(c,e)) = 1 }. Similar as before,
ve(e) = wa(e)| Ine| + O(1).
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Let u be a minimizer of problem (3.12) which is well defined on Q\ B(c, ). Extending
u to the whole domain Q by defining it on B(c,¢) as in [23] and denoting it by u, we
may get, as similarly done in [23],

1
Fo(@,Q) = Fy (1@, Ble,2)) + f/ a(2)|Vul2 < K + a(c)r|Ine|.
Q\B(c,e)

_ 1 _ 1
FOr hcm = W|ln€| +t = 7W‘ln€| +t, we haVe

Jo (@) < Fy(@) 4+ J° + 2mhes&o(c) + o(1)
=K —27|&(c)|t + J° + o(1).

This implies ¢t € Z° when 27|§o(c)[t > K +o(1). So, Z¢ # () and k§ = inf Z¢ <
K/27|&o(c)|+0(1). On the other hand, he, < kq|lne|+O(1); we thus know k5 > O(1)
which gives k§ = O(1).

Finally, we prove that there exists k§ = o(1) such that [k§ + k5, +00] C Z°. In
fact, let ¢t € Z° and, for hep,1 = ko|Ine| + ¢, Jo(u) < infz; Jo(v) and u” has vortices

(ai,d;). Assume t >t and hes2 = ko|Ine| + t'; we have

k
Ja(u) = Fa(u) + J° + 2hesn »  &o(as)di + o(1)

i=1

k
< Jalw) + o) = (£ = ) 2rléo(ar)ld:

Thus, if t — ¢ > k§ = o(1), then J,(u) < inf{s_g} Jo, ie., [k§ + k5, +o0] C Z°.
In summary, we have deduced that H., = k,|Ine|+ k§ for the lower critical field.
This completes the proof of the lemma. 0

4. Proof of Theorem 1.1. By Lemma 3.2 and the bounds in Lemma 2.3 and
Lemma 2.11, we see that, for h., < H.,, the minimizer of J, in D, has no vortex
and it is in the interior of D¢,, thus the first part of Theorem 1.1 follows.

To complete the proof of Theorem 1.1, we need the following lemmas.

LEMMA 4.1. Let hey = ko|Ine| + o(|Ine|) and @ € DS, be a minimizer of J,(u)
in D%, {(ai,d;)}s_, are the vortices of u”. Thend; =1 for anyi € J = {1,...,k}.

Proof. Using the lower bound on W proved in Lemma 3.1 and returning to
Lemma 2.13, we have

2|1 Va2 +0(1) < )i 1 Inel).
WZa(al)dJ np|—|—7r2:a(al)dZ n +0(1) <7 Z a(a;)d;|Ine| + o(] lnel)

ISV ISV d;>0

This gives

m Y alai)(d} —di)|lnp| < of|Ine]).
[ISVA

Therefore we have from p > e that

pyala)(df —di)lne] < ala;)(df —dy)|lnp| < o| lnel),

ieJ SV
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which implies

umﬂina(x) Z(d? —d;) <o(1).
ieJ

This inequality is impossible if there is a d; > 1 for small . So when ¢ < g, we have
d; =1 for all i € J. The lemma is proved. |
We are now closer to a complete proof of Theorem 1.1. Consider

He, + k5 < hey < kqo|lne| 4+ O(1),
where

He, = kollne| + 45, ko =1/(2max [€o(x) /a(a)),

Xiﬁ&'

yeQ

k5 =0(1), and k§ = o(1). Let

§o(7)
a(z)
The proof of Theorem 1.1 can be obtained by proving the following three lemmas.

LEMMA 4.2. Let u € DY, be a minimizer of J,(u), and let (a;,d;) (d; =1 for all
i € J) be the vortices of uY. Then

A:{x,xEQ:

(4.1) dist(a;,A) — 0, ase - 0Vie J,
(4.2) dist(a;,a;) >a>0Vi#je€ J.

The first result is also true under the assumption he, < kq|Ine|+ o(|Ingl).

Proof. If J # 0, we have from Lemma 4.1 that d; = 1 for all i € J. Now
let d = Y ,c,di = CardJ = deg(u?,09). It follows from Step 1 in the proof of
Lemma 3.1 and from Lemma 2.13 that

Wiay,...,ap) +7 3 ala;)|lne[+ O(1) < Fu(u?) < —27hes Y _ &(as) + o(|Inel).
i€J i€J
Then

§o(z)
a(x)

ohes S ala;) (50(““

ieT a(ai)

Dsmmw.

+ max
Q

Hence we have

€o(x)
a(z)

Z (50(6@ + max

ieJ a(a:)

)<l

This implies the first conclusion
dist(a;, A) = 0, ase - 0 Vi € J.

Moreover, since W(ay,...,ar) > O(1) and

Wiay,...,ap) +7 3 ala;)|lne[+ O(1) < —2rhe,m Y _ &(as) + O(1),
i€J i€eJ
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we have W(ay,...,ar) < O(1) if hey < kq|lne| + O(1). Therefore we conclude that
|a; — a;| remains bounded from below uniformly, since as in [7] we could prove that
W — 400 if |a; — a;| — 0 for some i # j. Lemma 4.2 is proved. |
LEMMA 4.3. Let M, n satisfy Assumption 1.1, and let @ be a minimizer of J,(u)
m W; then @ satisfies (1.3) and u = u, where u is defined by 4 as in Lemma 2.3.
Proof. 1t suffices to prove that @ is not on the boundary of D$,. Since we have
proved that W is a bounded quantity and dist(a;, a;) > o > 0, we get

m Y ala;)|Ine[+ O(1) < —2mhe, > Lola;) + O(1)
i€J i€eJ
=2they ) alaq) [So(as)/alas)| + O(1)
ieJ
< Z a(a;)|Ine| + O(1).
i€J
This inequality and Lemma 2.3 yield that

Fa(u) = Fo(ii) + o(1) = 7Y a(a;)| Ine + O(1) < M|Ine| + O(1).
ISV

So, > icrala;) < M/m. It follows from Lemma 4.2 that as € — 0, a; — ¢; € A. Then,
for £ small enough, d < M/(mmg), where mg = (3_,c 7 a(c;))/d and

M M M
€ ; . C (n,n+1).
My T max a(x) 7 min a(x)

Thus, M/(7mmg) is not an integer which implies d < M/(mmg4). Hence 7, ; a(a;) <
M for € < gp. Thus, there is a positive number n > 0 such that

Fo(@) <7 afa;)|Ine| +O(1) < (M —n)|Ine],
ieJ

which means that @ is not on 9D¢,. The lemma is proved. ]
REMARK 4.1. It follows from the proof of Lemma 4.3 that d < M /(7 maxy a(z)).
Otherwise, since we also have dminy a(z) < Z?Zl a(a;) < M/, this implies that

M M
de , - C (ny,n+1);
T max alx)” min a(x)

then d is not an integer. This leads to a contradiction.

Now we may continue the proof of Theorem 1.1 with the following lemma. Once
u is a solution of (1.3), we may show that |Vu| < C/e. Then u has bigger vortices of
size p: {(b;, i) }ics. The following lemma compares what we call the bigger vortices
of u (i.e., the vortices of ) with the real vortices of u. Its proof follows easily from
the same arguments given in [23].

LEMMA 4.4. For sufficiently small €, we have

(i) if u is a solution of (1.3) such that J,(u) < ChZ_, then |u| < 1 and there
exists a constant C > 0 such that |Vu| < C/e;
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(i) if u is a solution of (1.3) such that uY has no vortices (i.e., |u¥| > 1/2) and
Ju(u) < JO, then u has no vortices on Q (|u| > 1/2);

(iii) if u is a solution given in Theorem 1.1, then its vortices (of size p) satisfy
the same conclusions as those of u”;

(iv) if, in addition, {a;}icy are the vortices of uY of degree one, then the vortices
{bi}icg are also of degree one and Lemma 2.7 (on u?) is satisfied by u.

The following lemma shows that the real vortices of u remain far from the bound-
ary.

LEMMA 4.5. If u € D%, is an energy minimizer satisfying (1.3), then, for any
0<B<1,ul >1/2 on {z € Q: dist(x,00) < eP}. Moreover, u has no zero degree
vortez.

Finally, since dist(a;, 0€), dist(b;, 9Q) remain bounded from below by a positive
constant and dist(a,b) < Ce7|Ing|, we have for small € that R? is a hole of null
multiplicity. This implies > . ¢ = >, ¢ = Cardjl, and the b;’s tend to the a;’s
with the same multiplicities. However, inf;4; |a; — a;| < C| Ine|~2; comparing with
dist(a,b) < Ce7|Inegl, the b;’s must be of multiplicity one, and ¢; = 1 for all i € J.
Theorem 1.1 is proved.

5. Proof of Theorem 1.2. In this section we derive the convergence of u. and
the limit equation of (1.3). The case d = 0 is again trivial to consider; we omit the
details. Now, for H., + k§ < hey < H, + O(1), let us consider a sequence &, — 0
and denote u,, = u., an associated solution of (1.3) given by Theorem 1.1.

We also denote {b;};cs the real vortices of u,, (see Lemma 4.4) of size Ae, and
{bi}ic 7 c 7 its vortices of size p, exactly as we did for u7. (Again, the superscript e
in the notation of b; is removed.) This means

[un| >1/2 on Q\ Uie 7 B(b;; Ae) and on Q\ U, B(bi, p),
Uieg B(bi, Ae) C Uiej/B(bivp)'

Extracting a subsequence if necessary, we may assume that Card 7 "=d>1and
br ¢ el forieJ .
Here, we put back the superscript ¢,, to avoid ambiguity. First, we prove that
|Ine,|Vu, — 0, strongly in LP(Q) Vp < 2.

In fact, we may rewrite (1.3) as

(5.1) ~V - (a(z)Vu) + 2ia(z)Ag - Vu = a(x)u ||Ao|® + = 1—|uf)|.

S

This equation is equivalent to the following system if we write locally u = pei¥®:

~V - (a(2)Vp) + a(2)p|Vl* — 2apAq - Voo = a(x)p(| Ao + 15£).

(5.2)
—V - (a(z)p*V) + a(z) Ay - Vp* = 0.

Define

p=max{p,1 —|Ine[™*} >1—|lne|™, K={recQ,p>1—|ne*};
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then Vp = Vpon K, and Vp=0on Q\ K. It follows from

1 1
S [0-0r< 5 [0-pP<clnep

that meas(Q \ K) < Ce?|Ine|'.
Multiplying the first equation in (5.2) by 1 — 5, and integrating over {2, we get

2 /K a(2)p|Vpl? < C /Q a()(1 - D)pllAol? + | Ao Vul] < CI[1 — Pl o | Inef2.
This inequality, together with the fact 0 <1 —7 < |Ine|~4, yields

/ |Vp|? < C/|lnel> — 0.
K

On the other hand, we have for p < 2

p/2
/ w<</ |Vp|2> meas(€2 \ K)' /2
Q\K Q\K

< Ce®7P|Ing|'' 1 < C/|Ine|?* — 0.
Combining the above two estimates, we have
C
. heeVplP < ———— .
(53) [ et < s =0

Now we rewrite the second equation of (5.2) as

~V - (a(x)p*Ve) = f(z),

where f(z) = —a(x)Ag - Vp?. Since a(z)Ag = her V& is a smooth function, we have
[ 1f@P < ¢/
Q
Hence we have
(5.4) / |hea Vip|P < C/|Inel?>™P — 0.
Q
The estimates (5.3) and (5.4) yield
/ Ihew Vul” — 0.
Q
It follows that, for any smooth test function ¢ € C§°(2),
(5.5) 21/ a¢pAy-Vu = 2i/(¢vL§0) - (hex V) — 0
Q Q

since we may take (¢V+&y) € L9(R) for any q > 2.
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Let s be a positive integer. As in the proofs of Lemmas 2.12 and 2.13, by solving
an auxiliary problem, we may get

/ a(x)|Vu,|* > 7a(b;)|In p| + O(1) vieJ
B(ci,+)\B(bi,p)
and
/ ee(un) > mwa(b;) n? 4 o(1) VieJ .
B(bi,p) €
These two inequalities yield
/ e (un) > wa(b))|Ine| + O(1) Vie J .
B(Ci’%)

On the other hand, we have

d d
F,(u) < WZa(am Ine|+ O(1) < WZa(bi)| Inel 4+ O(1),

where we have used dist(a,b) < Ce7|Ine| (see Lemma 2.9). We finally get

/ |Vu,|? < C.
B(ci, 1)

Extracting a subsequence if necessary, there exists u, such that
(5.6) Uy — u, weakly in H'(Q\ UL, B(c;, 1/5)).

By standard diagonal extraction, we may find a subsequence such that this is true for
any positive integer s. |u,| = 1 follows from

/(1 — |un|?)? < Ce?|Inel’
Q
Taking the cross product of (5.1) with u, we get
Up X [—=V - (a(x)Vuy,) + 2ia(x)Ag - Vu,] = 0.
Using (5.5) and (5.6), we have from the above that u, solves
uy % (V- (a(z)Vu,)) =0 in D (Q\ U{e;}).

Now it is easy to get the limit (1.12) from the above inequality. Theorem 1.2 is proved.
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