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Abstract

A model for superconductivity in thin films having variable thickness is derived through an
averaging process across the film. When the film is of uniform thickness the model is identical to a model
for superconducting cylinders as the Ginzburg—Landau parameter tends to oo. This means that all
superconducting materials, whether type 1 or type II in bulk, behave as type-II superconductors when
made into sufficiently thin films. When the film is of non-uniform thickness the variations in thickness
appear as spatially varying coefficients in the thin-film differential equations. After providing a formal
derivation of the model, some results about solutions of the variable thickness model are given. In
particular, it is shown that solutions obtained from the new model are an appropriate limit of a sequence
of averages of solutions of the three-dimensional Ginzburg—Landau model as the thickness of the film
tends to zero. An application of the variable thickness thin film model to flux pinning is then provided.
In particular, the results of a numerical calculation are given that show that the vortex-like structures
present in superconductors are attracted to relatively thin regions.

1. Introduction

Type-II superconductors are characterised by the appearance of vortex-
like structures of superconducting current. When a transport current is
applied to (or induced in) the superconductor these vortices experience a
force which causes them to move. This movement dissipates energy and
leads to an electrical resistance, and is therefore undesirable in applications.
Thus the immobilization of vortices at “pinning sites” has been the subject
of much recent research. Many methods of pinning vortices have been
proposed, including introducing impurities, dislocations, grain boundaries
—in fact any inhomogeneity—into the material.

Many experiments are performed on thin film superconductors in
applied magnetic fields which have a component perpendicular to the film,
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and it is this configuration which is the subject of the present paper. By
taking advantage of the fact that the film is very thin we are able to derive
a simplified model in which the variations in film thickness appear as
spatially varying coefficients. It is then hoped to use this model to study the
effect that these spatial variations have on vortex motion and vortex
pinning.

We will find that all superconductors, even those that are type-1
materials when in bulk form, behave as extreme type-1I materials when the
film is thin enough (which will be quantified later); see [9, 11, 12, 13, 14, 15].
In Section 2, we introduce the Ginzburg—Landau theory of superconductiv-
ity and derive the thin-film model using the methods of formal asymptotics.
In Section 3, we justify the formal procedure rigorously. In Section 4, we
present the results of some preliminary numerical calculations. In Section 5,
we discuss the time dependent version of the variable thickness thin film
model. Finally, in Section 6, we present our conclusions.

2. Formal derivation of the thin-film model

Our analysis is based in the Ginzburg-Landau theory of superconduc-
tivity. For a more complete introduction to this theory the reader is referred
to [3, 4] and the references therein. Here we merely state the dimensionless
Ginzburg—-Landau equations as

<%V~—iA>2‘P=(\‘{’|2—1)‘P inQ, (0
(curl)2A = 5”; (PVP* — P*VW) — [$P4 i O, 2)
(curl)?’4 =0 in R}\Q, (3)

with boundary conditions

[curl 4] =0, 4
[4] =0, (5)
n~<;1c~V—iA>‘P=O on JQ, (6)
curlA > H,, as |x|—o0. (N

Here ¥ is the complex superconducting order parameter such that [¥[?
represents the number density of superconducting electrons (|¥|=1 corre-
sponds to the superconducting state, |'¥| =0 corresponds to the normal
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state), 4 is the magnetic vector potential which is such that the magnetic
field H is given by

H =curl A, (8)

Q is the domain occupied by the superconducting material, n is the unit
outward normal to 6Q, [ - | denotes the jump in the enclosed quantity
across 0Q, * denotes complex conjugation, and x is a material parameter
which determines the type of superconducting material; x < 1/,/2 describes
a type-I superconductor, A > 1 /\/5 describes a type-II superconductor.

Equations (1)—(7) are gauge invariant in the sense that they are
invariant under transformations of the form

A—A+Vw, YWY,

We may rewrite the equations in terms of real variables by introducing the
gauge invariant potential
Vi
Q=4—-——, (9)

K

where W = fe” with f and y real (and y is taken to be zero in R*\Q). This
leads to the following set of equations:

L= —r+fleP in e, (10)
div(/?Q) =0 in Q, (11)
(cur)?Q = —f?Q in Q, (12)
(curD?Q =0 in R\Q, (13)
H =curl Q, (14)
[curl O] =0, (15)
n-Q0=0 ondQ, (16)
%1[ =0 on 09Q, (17)
H-H,, as |x]|—o0. (18)
Note that (11), which was derived from (1), now follows immediately from
(12).

We are now in a position to begin our derivation. We consider a
three-dimensional thin film that is symmetric with respect to the (x, y)-
plane. (Nonsymmetric thickness variations can be treated in an analogous
manner.) Thus, the superconducting domain is given by

Qs = {(X, y: Z) € R3:(x:y) EQO, "Sd(x»J’) <z< Ed(xay)}a
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where d(x, y) > d, >0 for all (x, y) € Qy and Q, is a bounded domain in R?.
We consider the formal asymptotic limit as ¢ — 0 with « fixed. The existence
of the various limits and the validity of the limiting processes that arise in
this derivation will be justified in the next section.

We will find that it is more natural to work on the length scale 1/«, and
we rescale accordingly:

X =—, H=«xH', H., =xH,,,.
K

We write equations (10)—(18) in component form, dropping the primes:

V= —f+fl0f inQ, (19)

V- (ffQ) =0 inQ, (20)
0H;, 0H.

of X273 YRR ;
(ay aZ > f Ql m Q{:) (2])

H H

(- P)=ro. ma. (22)
0z

xz(aHz o )-ro, wo, (23)
0x

curl H=0 in R®\Q,, (24)

curl Q = H, (25)

where H = (H,, H,, H;) and Q =(Q,, Q,, 0;), with boundary conditions

0

-0 on o0, (26)

Q- n=0 ondQ, (27)

[H] =0, (28)

H-H,, asx— 0. (29)

Defining

_ 1 ed

g = E[ gdZ,

we integrate equations (21)—(23) from —e&d to ed to obtain

K? w OH;

2d[H] -‘a-);‘”f 0, (30)

K2 8 Z A —

U4, =50 1 P, (3D

¢H, COH\ e
( H) =f*Qs. (32)
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Since H is divergence-free we also have
1 oH, 0H
—[H A = T T2
Denoting the leading order behaviour by the superscript (0) we find
that, on letting ¢ — 0 in (30)—(33) (assuming that f, Q and H are bounded)
we have

[H{"]5* =0, (34)
[HP]5~ =0, (35)
[H®)5 =0. (36)

Thus the current in the film is insufficient to affect the applied field at
leading order, and the solution for H© is simply

0
HY=H_,.

This was to be expected since if the current density is bounded then the total
current is of order .

We may now use equation (25) to solve for Q@ up to the addition of
a gradient:

Q(O) = (ZHext,2: XHeXt,3 - ZHext,l s 0) + VW, (37)
where H, = (Hext1, Hexins Hexi3)- Integrating (19) from —ed to ed yields

LT - -7+ FlOT (38)
2ed| 0z | .4 ’

where V is the two-dimensional Laplacian operator. By (26) we have
of

= (+ed) = +eVd- Vf(+ed);
0z

hence
1 [of 1/1 1
@[Eled_EQZVd Vf(ed)+dVd Vf(—sd)).

At this stage we let ¢ —0. Now, in the limit ¢ -0, f( +ed) — f©, since both
tend to f(x, y, 0), so that equation (38) becomes

%lﬁ . (d?f“’)) — (f(O))3 _f(O) +f(0)|Q_(O)|2. (39)

(Note that_ we have presumed the relations ( FON3 = (£©  and
FOIO9P = (f|OP)@; these are justified in the next section.) A similar

b

analysis on (20) gives
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;{ 7 - (d(F)209) —0. (40)
The boundary conditions on (39), (40) are
7(0)
o 0, (41)
on .
0 n =0, (42)

where n is the unit outward normal to €.

Finally, since Q© = QO(x, y, 0), 0© is known up to the addition of a
gradient. Moreover, since curl H® = 0, equation (32) implies O = 0; thus
we in fact know Q© up to the addition of the gradient of a function of x
and y:

Q(O) = (O? XHext,Sa 0) + VW(X, y) (43)

Equations (39)—(42) are then eough to determine f© and w.

Having determined f© and O©® we may determine the correction to the
applied magnetic field by proceeding to the next order in equations (21)—
(23). This gives

H=H, +:H"+ - (44)
with H satisfying

div HO =0, (45)

curl HV =0, (46)

[HO A 2157 =4, (47)

where j is the superconducting surface current given by

O =~ (70 (48)

2. Complex formulation of the thin film model

If we set
0" =4~V

say, where 4 = (0, xHy 5, 0) and x is a function of x and y, then, writing
=f© e we obtain the following equations for P

E(V—iff) d(V— i) = ([Ff - )P, in Q, (49)

n-(V—id)¥ =0, on 0Q,. (50)
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Before continuing, we make a remark about the form of equations
(49)—(50). In the case in which the film is of uniform thickness, so that d is
constant, the equations become

(V—id)®¥ = (¥ - D¥ in Q, (51)
n-(V—id)¥ =0 on dQy, (52)

with 4 = (0, xH, 3, 0). These are exactly the equations that were obtained
in [2] for a superconducting cylinder in an axial applied magnetic field of
strength H.,, 3, in the limit as the Ginzburg—Landau parameter x — co. This
is because the current density is in that case order 1/x?, and so again does
not affect the magnetic field to leading order. In fact, we see from equations
(30)—(31) that the important parameter is ¢/x?, which measures the magni-
tude of the total current. Providing this parameter is small the leading order
magnetic field will simply be the applied field. Thus, for all values of x,
when ¢ is small enough the film will behave as a type-II superconductor,
since the equations that govern its behaviour are identical to those for a
cylinder in the extreme type-II limit. This means that even type-I materials
will form vortices when made into thin films; see {9, 11, 12, 13, 14, 15].

3. Rigorous proof of the convergence

We begin this section by introducing some notation that will be used
below. Throughout, for any non-negative integer £ and domain & < R,
n =2 or 3, H(2) will denote the Sobolev space of real-valued functions
having square integrable derivatives of order up to k. The corresponding
spaces of complex-valued functions will be denoted by #*(2). Correspond-
ing spaces of vector-valued functions, each of whose components belong to
H*2), will be denoted by H(2), ie., H(2) =[H2)]". Norms of
functions belonging to HY2), HY(2), and #*(2) will all be denoted,
without any possible ambiguity, by | - |« or || - [|. The latter notation will
be used when there is no chance of confusion. For details concerning these
spaces, one may consult [1]. We will also use the

H(R®) = the closure of the set C§(R%)

12
under the norm (J VA dx dy dz) ,
R3

and

H(div, R®) = {4 € H(R%): div 4 =0)}.
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3.1. The Ginzburg—Landau free energy

The nondimensional Gibbs free energy postulated by Ginzburg and
Landau for a sample of superconducting material is, up to an unimportant
additive constant, given by

G.(¥, A) = L (% (|- 1>+ Ki \% —!—A>‘I’ 2) dx dy dz

+ J lh — H,,.|* dx dy dz, (54)
R3

where & =curl 4 and H,,, is the constant external field. The physical state

is thus described by (W, 4) which is the minimizer of ¢. Such a minimizer

satisfies the Ginzburg—Landau equations (1)—(7).

_In light of the discussion given in the previous section, we define

Ay = (Ao,l, Ao, 0) by
div AS =0, (54)

curl 4, = H,;,.

For example, for constant H,,, we may take Ao(x,y,z) =
(zHext2s XHexy 3 — zH ey 1, 0) as before. We can then define an equivalent
formulation of the free energy:

~ 1 ; N
%(‘P,A)zLE(l‘{’]2—1)2+|iV‘P+A‘P+AO‘P dx dy dz

+ La lcurl AP dR. (55)

We consider the following variational problem

(D min 978(‘1’, A).

¥ e HI(Q,), A e H(R3)
Using a gauge transformation, the above problem is equivalent to

(ID) min G(¥, A).

¥ e HY(Q,), A € H(div,R3)

Let (Y., 4,) denote a minimizer of QZ(‘P, A). Note that (¥, 4, + 4,) is
then a minimizer of 4,(W, A).

3.2. Uniform bounds

Here, we derive some uniform bounds, independent of ¢, for the
minimizer (\V,, 4,). First, since (¥, 4) = (0, 0) is feasible for (II), we get:
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Lemma 1. For any ¢ >0,
1 ~
- Y(¥,,A,) <2 J d(x, y) dx dy.
Qo

Thus, we get:

Corollary 1. For any ¢ >0,
1 1/2
—ﬁ IVA, | L2@s) < ﬁ(J d(x, y) dx dy>
Q

Proof. Since for any 4 € C§(R?) with divA4 =0,

ot =5 [, 4]+ o
L) (e oo
L[5 e o

= ”VA Hizm%a
we have the norm equivalence
HCUI’I A ||%2(R3) = ||VA H%}(R'j) VA € H(le, R3) I:]

Now, we introduce the scaled variables z = &Z,
\i’s(xa Y, 5) = \Ps(x’ Vs 82))
/L(x, Y, Z) = As(x’ ) 82),

Ay(x, 3, ) = Ao(x, y, £2),
The domain Q, in terms of scaled variables is then given by

Q, = {(x,7,2) e B:(x, ») € Qo, —d(x,y) <Z <d(x,))}.

Also, we let

- J 0 ~ 0
V=<8—x’5);> and V—O_E'

Using the change of variables, we may restate the earlier bounds as:

Corollary 2. For any ¢ >0,

- 12
HVA.s HLZ(R3) < \/§<J‘ d(x, y) dx dJ’> )
Qo
1 .~ 1/2
, VA, | 2@ < ﬁ(Lﬂ d(x, y) dx dy) )
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Using a standard interpolation inequality [10]
e[|y < €| VA, 22w

we get,

Corollary 3. There exists a constant ¢ > 0, such that for any ¢ >0,

H/?s oy <c.

_ Now, we consider the restriction on Q,, or, in the scaled variables, to
Q,. First, earlier estimates imply that:

Lemma 2. There exists a constant ¢ > 0, such that for any ¢ >0,

— o~ 1/2
VA, | 2@, < ﬁ(J d(x,y) dx dy> ,
Qo

1 -~ 172
- VA, | 2@, Sﬁ(L d(x, y) dx dy> :
0

and

||er |s@y) <c.

By the imbedding LYQ,) o LX), we have the following result:
Proposition 1. There exists a constant ¢ > 0, independent of ¢, such that:
|4, @y <c.

Next, we consider the order parameter. By Lemma 1 and Proposition 1,
we get:

Proposition 2. There exists a constant ¢ > 0, independent of ¢, such that:
7,

220, =,

1 an
E HV‘P5 32@21) <c.
Meanwhile, similar to [4], we can show that:

Lemma 3.

2

@y <1

Hence:
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Corollary 4. There exists a constant ¢ > 0, independent of &, such that

2. | @y <c.

3.3. Compactness and convergence

By Corollary 1, we have

Corollary 5. As ¢ -0,

VA, -0 in L*(R>.
In particular, the above result implies curl A4, -0, which means that the
magnetic field approaches the constant field H.,,, as ¢ —0.

For the scaled variables, we use the estimates in Corollary 2. The weak

compactness of L*(R? implies that there exists a subsequence g —0 as
k — oo such that

VA, =~ 0=(0), 0,,05) in LR,

where Q; is the weak limit of V/Lk,j. Now, we prove:

Proposition 3. As ¢, -0,
V4, — 0 in L(R).
Proof. Since (1/e) ]W/L | 2@ is bounded, independent of ¢, we get
VA, —0 in LR
as ¢ —0. So O} =0 for j =1, 2, 3. On the other hand, since
curl Vf;gk =0
in the sense of distributions, we have
curl 0; =0, j=123.

This implies that Q; = Vg, for some scalar functions g;, j = 1, 2, 3. However,
since 0} =0, we have g =g;(x,y). Meanwhile, we must have Q=
Vg, € L(R®). This implies that for any j, g; must be a constant. Hence,
0,=0,j=1,2,3. O

Using Proposition 1, we get

Theorem 1. There exists a subsequence {¢, } with & —0 as k — co such
that

A, —0 in H'(Q).
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Proof. By Proposition 1 and 3, we have
~ . LA
A, —V in H(Q)

for some constant vector V. Using the boundary condition, we get V =0,
SO

A, —0 in H(Q,). O
After further extracting a subsequence, we have

Corollary 6. As k -0,
A, -0 in LYQ)),
VA, -0 in LX),

1
J A, (x,y,d(x,y)t)dt >0 in L*(Q).
1

Now, we turn to the order parameter. Using the bound on H‘i‘g [ #1@p)s
we get that there exists a subsequence {&, } with g —0 as k — co such that

Y, —~¥ in#(Q).
Here, we have used the same notation for the subsequence as for the mag-

netic potential. From Proposition 2, we have W‘f’g I o230, so ¥ =
Y(x, y). Thus, it follows that:

Theorem 2. There exists a subsequence {¢, } with ¢ —0 as k — oo such
that

P, ~P ="y inaQ),
V¥,

»udy 0,

P, > =P(x,y) in LAY,
The last result in fact implies the almost everywhere convergence:

Corollary 7. As k — o0,

2

' =~ —
_J‘ ] ‘{]sk(xn Vs d(x’ J’)T) dt —Y¥ in %1(90)7

1 _
5[ Y, (o, y, dx, y)r)dt >V in LHQ).
1



422 S. J. Chapman et al. ZAMP
3.4. Passing to the limit

In order to obtain partial differential equations satisfied by the limiting
function ¥, we examine the weak form for ¥,:

J m{<£V+A£+JO>lPE- <—£V+A£+EO>¢*}dxdydz
+f R{|P, P~ DY.0* dxdydz =0 Vo € #(Q). (56)

Setting ¢ = ¢(x, y) € #'(Qy) and letting & —0, we now pass to the
limit in each of the terms in the above weak form. For simplicity, we will
use ¢ to denote &,.

(1) Using Theorem 2 and Corollary 7,

1

R J (Y. —DVY.¢p* dxdyd:z
2e Jo,

_ f : < J (9,5, 7, dx, DO = 1) - P,x, 3, dx, 1)0) dr)
~d(x, y)p*(x, y) dx dy
- f e NPk P — 1T )67 e . (57)
(i) By Corollary 7,

f A, - Ayp* dx dy dz

e

1
2¢

:f %U (3 d(x, )0+ (Hyx — Hyed(x, 3))?)
Q0 1

- Welx, y, d(x, y)7) df} ~d(x, )¢ *(x, y) dx dy

—*J d(x, YYH3x*P(x, y)p*(x, y) dx dy. (58)
Qo

(ii1)) By Corollary 6,

1 AY, Ayp*dx dydz =

J AW, Ayp* dx dy dz -0,
2e Jo, 5,

D] =
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(iv) Using Theorem 2 and Corollary 7,

ij Ly A,d* dx dy dz
2e o K

'3

1o
J _J LV (x, y, d(x, )1)
902 -1 K

' ( H,ed(x, y)t

*
Hiyx — H,ed(x, y)r) d(x, y)p* dr dx dy

1

o
_ J ! J L%, (x, y, d(x, y)7)
02 J 1K

. < H?d(x, y)t

*
 Hed(, y)r> d(x, y)¢* dv dx dy

. 1
N j L(v J B,x, v, d(x, v)e) de
QO 2K —1

— J 1 V¥, (x, y, d(x, »1)Vd(x, )t df)

O %
<H3x> d(x, y)p* dr dx dy

[ == 0
50 : ‘ *
+ LO » V¥ <H3x) d(x, y)p* dxdy +0

[ 0
—) —_ . *
J;O d(x, y) > A4 <H3x> ¢* dx dy.

(v) Similar to (iii), by Corollary 6, we have
1 _

— | AW, A4,0* dxdy dz —0.

2e Jo,

(vi) By Corollary 7,
1

— i
o . _ *
% Le AP, < K>V¢ dx dy dz

HL d(x,y)<[£x>‘f’~<—£v¢*>dxdy

(vii) By Corollary 6,

1
—J A, - A, ¢p* dx dy dz — 0.
2e Jo

423

(59)



424 S. J. Chapman et al. ZAMP

(viit) By Corollary 6,
1 r
2¢
(ix) By Corollary 6 and Theorem 2,
L

LY

O AW, <——’%Vq{>*>dxdydz—>0.

Y

éwg - A,¢* dx dy dz —0.
(x) By Corollary 7 and Theorem 2,

1 i . . .—_ ._
Lyy,. (—dib*)dxdydza[ ivw-<—iv¢*)dxdy.
K 0, K K

28 Jo K

Hence, ¥ satisfies the weak form:
J d(x, y)?R{(i % +B’0>f1‘1 : <— L4 EO>¢*} dx dy dz
Q4 K K
+j Ao, R{PP - DFPo* dxdy =0 Vo e #(Qy), (60)
(o
where
_ B, _ 0
A0—<0) and BO~<H3x)'
Thus, we obtain the following equations for ¥:
1 - _ - _ _
C—Z,(V—iBo)-d(V—iBO)‘I’=(|‘P|2— DY in Q, (61)

n-(V—iB,)¥ =0 on 8Q,. (62)

Hence, we have shown that the weak limit of the average of solution of the
three dimensional Ginzburg—-Landau equations is, as the film thickness
tends to zero, the solution of the thin film equation (49)—(50). We state the
result as follows:

Theorem 3. Let {W¥,, 4.} be a sequence of minimizers for the three
dimensional Ginzburg—Landau functional (55). Then, there exists a subse-
quence {g, } with & —0 as k — oo such that

1 (fsd ] .
Eé;’,_gdAg" dz -0 in L),
and
1 (fed _ -
: 1
“2—8;,“_8‘1 \'ngdZA\P in # (Ql)s

where ¥ is a solution of the thin film equations (49)—(50).
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4. Numerical results

Approximate solutions of the thin film equations (49)—(50) have been
obtained using a finite element method for both the constant thickness and
variable thickness cases. Details concerning the finite element discretization
are similar to those found in [4, 5, 6] for the full Ginzburg-Landau
equations (1)—(3) and therefore we omit them here.

Due to the necessity of resolving phenomena at the scale of the vortices
one can only compute with material samples of very small size. Figure 1
shows the distribution of vortices in a square thin film of constant thickness
and having sides equal to 30 coherence lengths. To be more specific, Figure
1 shows the level curves of the magnitude of the order parameter; for the
sake of clarity, i.e., to display the vortical structure, we only plot the level
curves for values between 0 and 0.5. The applied field i1s perpendicular to the
film and has magnitude given by 0.5. (Recall that we have scaled the
magnetic field by x and that the Ginzburg—Landau parameter does not
enter into the leading order thin film equations (49)—(50). In terms of the
variables appearing in (1) —(3), the applied field we use has magnitude given
by 0.5x.} Away from the boundaries, the hexagonal structure of the vortex
lattice is clearly evident.

Figure 2a shows the distribution of vortices in a square thin film of
constant thickness and having sides equal to 20 coherence lengths. Again,
the magnitude of the applied field is 0.5. We next introduce some thinner

@
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Figure 1
Level curves of the magnitude of the order parameter for a superconducting sample having sides equal

to 30 coherence lengths.
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Figure 2
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e. Variable thickness film (d = 0.1).

f. Figs. 2b and 2e superimposed.

Level curves of the magnitude of the order parameter for superconducting samples having sides equal to

20 coherence lengths.

regions into the sample. Figure 2b shows a square sample having sides equal
to 20 coherence lengths in which there are ten square regions each having
sides equal to one coherence length. In Figure 2c, we show the vortex
distribution for the case where the thickness function d =0.5 in the ten
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Figure 3
Leading-order supercurrent field.

regions, with d =1 elsewhere. Comparing Figures 2a and 2c, one sees that
vortices are attracted, i.e., pinned, to the thin regions; this becomes more
evident in Figure 2d where we have superimposed Figures 2b and 2c.
Figures 2¢ and 2f are figures analogous to Figures 2¢ and 2d for the case of
d=0.1 in the ten thin regions. Again, the thin regions clearly attract
vortices.

Correction to the magnetic field

To leading order, the magnetic field is given by the external field. The
first-order correction to the magnetic is determined from leading order
superconducting surface current j& by (45)—(47). Figure 3 gives a vector
plot of this current, which is determined from (48), for the sample and field
configuration that led to Figure 2a. The shielding current running along the
boundary of the sample, and the current circulating around each vortex core
are clearly depicted.

The solution of (45)-(47) for the corrected field HV is given by

H(x, y, z) =f

Q,

1
V*(?) X JO ) dx ' dy, (63)
0

where

r=(x—xV+(Qy—y)+z%
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b. Total magnetic field for ¢/x? = 0.1.

Figure 4
Correction and total magnetic field above the vertical midline of the sample.

Figure 4a shows the correction to the field H'” in a portion of the
(x, z)-plane above the horizontal mid-line of the sample, i.e., for a fixed
value of y half-way up the sample. The sample and applied field configura-
tion are those that led to Figure 2a. The field correction was obtained from
(63) by a Reimann sum approximation to the integral. The midline is
depicted at the bottom of the figure so that the portion of the plane
displayed extends beyond the sample on each side. Due to symmetry, the
y-component of the field vanishes on that plane. In Figure 4b, we display
the complete field H® + ¢H" for ¢ =0.1. We see the pinching of the field
lines into the four vortices that intersect with the displayed region.

5. Time dependent model

It is relatively easy to extend the preceding analysis to a time-dependent
setting.

In the time-dependent case we have to allow for a non-zero electric field,
and we therefore introduce the electric scalar potential, ¢, which is such that

0A
E= “EZ—W’ (64)

We also choose here to fix the gauge of 4 by requiring that
div4 =0.
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The following time-dependent version of the Ginzburg—Landau equations
has been derived by Gor’kov and Eliashberg [8]: for 1 >0,

aaa—lf +aiWh = (V—id) W +¥(1 — |[¥P) in O, (65)

—x*(curl)?4 — K2<%j— + V¢> = é (P*VY — YVP*) + [PP4  in Q.
(66)

We wish to allow for the possibility of passing an electric current through
the sample, and therefore the external region will comprise a region D of
normally conducting material representing the electrical contacts (which we
also assume to be of thickness order ¢), as well as the vacuum region
R\D uQ. In D we have normal conductivity, giving

V2 =0, (67)

(curl)?4 + O'(%j‘ + V¢> =0. (68)

In the vacuum region R*\D uQ we simply have
(curl)?’4 = 0. (69)

The boundary conditions on the interface between Q and D will be the
continuity of 4, H, ¢, o d¢/dn, where o is the conductivity of the normal
region (scaled with the normal conductivity of the superconducting region,
so that ¢ = 1 in Q). The boundary conditions on the other boundaries of Q
are as before, with the extra conditions that d¢/on =0 on dQ\6V U D,
o 0¢/on =1, on 6D\OQn 3D, and [o 0¢/on] =0 on QN ID on the elec-
tric potential, where I, is an externally imposed current and [ - ] represents
the jump in the enclosed quantity across the indicated surface:

The derivation of the thin film model proceeds in a similar way to
Section 2, and we omit the details. We assume that the current density in the
electrical contacts is also one, in which case the magnetic field is again equal
to the applied field to leading order. We find that (49), (50) become

—u 0; —ai /¥ +}Z(V— iA) - d(V~id)¥ = ([P - DP i Q,

(70)

n-(V—id)P =0 on 99Q,. (71)

We are left with the problem of determining ¢. Taking the divergence of
(66) gives

Vi =divj, inQ, (72)
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where j is the superconducting current
jo= 5;—2 (WVW* + FVW) — B4,

Integrating from —ed to &d gives

V- (dVd) =V (dj,) in Q. (73)
Similarly
oV - (dVp) =0 in D,, (74)

where D, denotes the projection of contact region D onto the (x, y)-plane.
The boundary conditions on these equations are

%’? =0 on 0Q\éDyNIQy, (75)
o

0= I« on 0Dy\0Dy 08, (76)
[a %} =0 on 0QuN0ID,, (77)

where [ - ] represents the jump in the enclosed quantity across the indicated
surface. Hence we have the coupled system (70)—(71), (73)—(77) to solve
for ¥ and ¢.

6. Conclusions

We have analysed the behaviour of the Ginzburg—Landau model for a
superconducting film in the limit as the film thickness tends to zero. We
began with a formal asymptotic analysis to derive a thin-film model, and
then justified this formal procedure with a rigorous study of the Ginzburg-
Landau free energy.

When the film is of uniform thickness the model is identical to the
model recently derived in [2] for superconducting cylinders as the
Ginzburg—Landau parameter x — co. This means that all superconducting
materials, whether type I or type II in bulk, behave as type-I1 superconduc-
tors when made into sufficiently thin films.

When the film is of non-uniform thickness the variations in thickness
appear as spatially varying coefficients in the thin-film differential equations.
It has been suggested that such inhomogeneities would serve to “pin”
vortices, i.e. that vortices would preferentially be sited at places of relatively
low thickness. Our preliminary numerical calculations, presented in Section
4, show that this is indeed the case.
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