DERIVED BRACKETS AND COURANT ALGEBROIDS

ABSTRACT.

Dedicated to Jim Stasheff on the occasion of his 65th birthday

1. DERIVED BRACKETS

In this Section we recall the definition of derived brackets [12], and show that
derived brackets naturally satisfy axioms of Courant algebroid.

1.1. Derived brackets and the de Rham differential. The definition of the
derived bracket is motivated by the following basic example [2] due to Vinogradov.
Let P be a manifold, and X(P) = I'(T'P) be the Lie algebra of vector fields on P. The
idea is to extend the Lie bracket on X(P) to sections of the bundle E = TP & T*P.

Observe that sections of E act on the space of differential forms Q(P) by exterior
multiplication and by contraction, respectively,

(1) (X +&) pi=uX)p+EAp

where £ € T(T*P) = QY(P), X € T(TP) = X(P) and p € Q(P). This action turns
Q(P) into a Clifford module of the Clifford bundle C(E), where E is equipped with
the stanadard bilinear form:

(2) (X1 +&6, X0+ &) = %((51,X2>+<€2,X1>),

and the Clifford generating relation is zy + yz = 2(z, y).

Using the de-Rham differential d : Q*(P) — Q**1(P) one can form the derived
bracket [12] on sections of E:
(3) e1<ey:=[[d,e],es], Vey,eo e (TPOT*P),

where both sides are viewed as operators on Q(P). Moreover, a straightforward
calculuation yields that

X1 4Xs = [X1, Xa] VX1, X € X(P)
(the usual Lie bracket on vector fields)
X<a¢é=Lx¢ VX eX(P), £ €QY(P)
£aX =—Lx&é+dE,X), VX eX(P), £€QY(P)
Ei<axia=0 V&, &€ QY(P).
Define the (skew-symmetrized) derived bracket:

(4) fener} = gler s — e 9e2) = 2 ([[d, e, ea] — [, ea], ),

Then, one obtains:

[X,6) = Ix€ — 5dl6, X), ¥X € X(P), £ € O'(P),
1
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while the bracket between one forms and between vector fields remain unchanged.
This skew-symmetrized bracket coincides with the bracket obtained by Courant in
his study of Dirac structures [3].

1.2. Generating operators. Motivated by the above example, we consider a real
vector bundle £ — P with fiber V' of dimension 2n equipped with a symmetric
nondegenerate bilinear form (-, -) of signature (n,n). One can associate to £ a bundle
of Clifford algebras C(F) — P with fiber C(V), the Clifford algebra of (V, (-,-)),
with the generating relation zy + yzr = 2(z,y), Vo, y € V. Let S — P be an
irreducible Clifford module, that is, a bundle vector bundle with fiber the irreducible
representation of C(V'). The Clifford action of section of C(E) on sections of S
induces an isomorphism I'(C(E)) = End(I'(S)). The natural Z,-grading of I'(C(F))
induces a Zs-grading on the operators on S. Functions on P are even with respect to
this grading, and they act on I'(.S)) by multiplication, f : s — fs, where f € C*°(P)
and s € I'(S). The graded commutator [-, -] on the space of (graded) operators on
I'(S) is defined by formula,

[Ll, LQ] - L10L2 - (—1)1112_[120[/17

where L; and Ly are operators of degree [; and [y respectively and {15 = 0, 1.
In our consideration, the key role is played by certain first order linear differential
operators on I'(S) which we call generating operators.

Definition 1.1. A first order odd differential operator D on I'(S) is called a gen-
erating operator if it satisfies the following properties,

e For any function, f € C*(P),

(5) [D, [l e T(Ci(E)) = I(E).

e For any two sections e, e € I'(E),
(6) [[D,e1],es] € T'(E).

e The square of the operator D is a smooth function on P,
(7) D? € C>(P).

Remark 1.1. Properties of a generating operator D in Definition 1.1 resemble those
of a Dirac operator on Spin-bundle of a Riemannian manifold. For instance, similar
to (5), the commutator of a Dirac operator with a function on the base is given by
formula [D, f] = c(df), where c(df) stands for the operator of the Clifford action of
the 1-form df on spinors.

Example 1.1. An example of a generating operator is given by the de-Rham differ-
ential d as in Section 2.1, where £ =TP & T*P and S = A*T*P with the Clifford
action (1). Then, [d, f] = df € T'(F) and d* = 0 are obvious, and a straight-
forward calculation shows that indeed [[d, e1],es] € T'(E). In other words, d is a
Dirac generating operator in the sense of Definition 1.1.

Given any section a € C(E) of the Clifford bundle we denote
Da = [D,a).

The following lemma lists some useful formulas.
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Lemma 1.1.

(8) D(Da) =0, VYaeC(E),
(9) Dley, e5] = [Dey, es] — le1, Des], Vey,es € T(E);
(10) [Df,e] = [De, f], Vfe€C®(P),ecT(FE).

Proof. Note that D(Da) = [D,[D,a]] = i[D?a] = 0,Va € C(E), which im-
plies Equation (8). Equation (9) follows from the graded Jacobi identities for the
operators e, es and d. For Equation (10), we note that [f,e] = 0 and, hence,
0= D[f,e] = [Df, e|] + [f, De]. 0

Given a bundle F and a generating operator D one can construct a derived bracket
on sections of E [12] and an bundle map p: F — TP.

Definition 1.2. [12] The derived bracket {-,-} on sections of E associated to a
generating operator D is defined by formula,

(11) el <1€2£[D61,€2],
the map p: E — TP is given by,
(12) ple)f =2(Dfe)=[Df, €,

where e € I'(E).

Definition ?? is inspired by the example of Section 1.1. By Equation (10), the
anchor map can be alternatively written as p(e)f = [De, f].

1.3. Derived brackets. The main result of this Section is the following:

Theorem 1.3. The vector bundle E equipped with the scaler product (-,-), the an-
chor map p as in Equation (12) and the bracket on section of T'(E) as in Equation
(11) satisfy the following properties:

e For any ey, ez, e3 € I'(E),
(13) e<(ep1<ey) = (e<er)dex+ e <a(e<er);
o for any e, es € I'(E),
(14) pler < ez) = {peq, pe2};
o for any ey, ey € I'(E) and f € C>(P),
(15) e1<q(fez) = f(er<ez) + (pler) fez;
o for anye € I'(E),
(16) e<de = D(e,e);
e for any e, e, es € T'(E),
(17) ple)(er,ea) = (e<er,es) + (e1,e<e2).
Proof. We start with (13). The left hand side reads,
e<(ey1 dey) = [De, [Dey, es]].
The first term on the right hand side can be written as,

(e<eq) <ey = [D]De,eq],es] = [[De, Deq], e,
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and for the second term we get,
e1 < (e<ey) = [Dey, [De, es]].
Equation (13) follows by the graded Jacobi identity.
Next we turn to the properties of the map p,
p(el>p<€2>f = [Delv p<€2)f] = [Dela [Dfa 62}]7

and for the commutator of p(e;) and p(ez) we obtain,

[p(er), pe2)]f = [Der,[Df,ea]] — [Dey, [Df, eq]]

= [Del7 [va 62]] + H[Df7 Del]? 62] = [va [Delv 62]] = p(el < 62)f.

Here we have used the graded Jacobi identity and equation (10).
Equation (15) follows by the following calculation,

€14 (fe2) = [Dey, fes| f[Den, ea] + [De, flea = fler <ea) + (pler) fe.
Equation (16) follows by

e<de = [De,e|] = %D[e,e] = D(e,e).

Finally, using Equation (??) and (?7?), we obtain,
1 1
ple)(er, ez) = Q[De, le1, e2]] = 5([[D6, e1], ea] + [e1, [De, es]]) = (e <er,ea) + (e1, e <eq)

which coincides with (17). This completes the proof of the Theorem. O

2. COURANT ALGEBROIDS

2.1. Courant algebroids. According to Theorem 1.3, the derived bracket is a
Loday (also called Lebiniz) bracket in terms of [12].
Now consider the skew symmetrized derived bracket

(18) {ei,ea} = %({617 es} — {e1, e2}) = %([Dela@] — [Deyg, e1]).

According to Proposition 2.6.5 [17], Theorem 1.3 implies that E is indeed a
Courant algebroid.
Let us recall the definition of Courant algebroids below.

Definition 2.1. [14] A Courant algebroid is a vector bundle E — P equipped with
a nondegenerate symmetric bilinear form (-,-) of signature (n,n) on the bundle, a
skew-symmetric bracket [-,-] on T'(E) and a bundle map p : E — TP satisfying the
following properties:

e For any ey, ey, e3 € I'(E),
(19) Cycligs{{e1, ea},e3} = DT (eq, €9, €3);
e for any ey, eq € I'(E),
(20) pler, ea} = [per, peal;
e for any ey, ey € I'(E) and f € C>(P),
(21) {e1, fea} = fler, ea} + (pler) f)ez — (1, €2) D f;
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o for any f.g € C=(P), (Df,Dg) =0, i.c.,

(22) poD = 0;
e for any e, ey, e5 € ['(E),
(23) p(e)(el, 62) = ({6’ 61} + D(ev 61)7 62) + (617 {6, 62} + D(€7 62))7
where T(ey, ez, e3) € C®(P) is defined by:
1
(24) T(e1,es,e3) = 3 Cyclyos({€1, €2}, €3),
and D : C*(P) — I'(E) is the map defined by
1
(25) (Df.€) = 50(e)].
Remark 2.2. e The following equivalent formula for 7" will be useful (see
Equation (11) in [14]) in our later discussion.
1 1
(26) T(e1,ea,e3) = ([e1, ea], €3) — §p(€1)(62, e3) + 5;0(62)(63, e1).

e Consider the unskew-symmetrized version:

{e1, 62]~> ={ey, e} + D(ey, e2).

Then the Courant algebroid axioms are equivalent to Equations (13)-(17).
More precisely, Equations (13), (15) and (17) are equivalent to Equations
(19), (21) and (23) respectively, and Equation (14) is equivalent to the com-
bination of Equations (20) and (22).

As a consequence, Theorem 1.3 implies the following

Corollary 2.3. For any Dirac generating operator, the vector bundle E equipped
with the scaler product (-,-), the ancor map p as in Equation (12) and the skew-
symmetrized derived bracket on I'(E) as in Equation (18) becomes a Courant alge-
broid.

2.2. Examples. Next we will give a few interesting examples of Dirac generating operators
and their induced Courant algebroids.
The simplest one is the following:

Example 2.1. Let ? be a Lie algebra with a non-degenerate ad-invariant symmetric
pairing (-, -). Take D = —2. 3" fipe’ele”, where {e1, -+ ,e,} is a basis of 0 with dual
basis {e', -+ ,e"}, and fijr = ([es, 5], ex). Indeed, if C € A*0* denotes the Cartan
element C(u,v,w) = ([u,v],w), Yu,v,w € 9, then D = —C under the standard
identification Cliffo = A*d. Hence, for any u,v,w € 0, ([[D, u], v], w) = (t,t,C, w) =
C(u,v,w) = ([u,v],w). Thus it follows that [[D, u],v] = [u,v]. A simple calculation
yvields that D? =7?f,;;f“%*. Hence D is indeed a Dirac generating operator in our
sense, whose induced bracket coincides with the orginal one we start with. This is
of course what one expects.

In particular, if 0 = g @ g* is the double of a Lie bialgebras (g,g*), and Ag* is
taken as the spinor of Cliffd, it is simple to see that D admits the following

1
D:d+a+§(€o+Xo).
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Here d : A*g* — A*Tlg* is the Lie algebra cohomology differential of g, 9 : A*g* —
A*~'g* is the Lie algebra homology differential of g*, and &y, X, are the modular
vectors of the Lie algebras g and g* respectively.

More generally, if 0 = g @ s is a Manin pair, and S(0) = As,

1 1 o
D= - Xo) — — s pvivivk
d+8+2(€o+ 0) 24¢Ukvvv,
where ¢, denotes the Drinfeld 3-cocycles [?] ¢ =.

Example 2.2. Consider again the vector bundle £ = TP & T* P with the standard
bilinear form (2). Then as in Section 1.1, (P) becomes a Clifford module of CliffE&
with the action defined by Equation (1).

Let 7 € I'(A2T'P) be a Poisson tensor. In terms of the graph L of 7# : T*P —
TP, one obtains another decomposition £ = L & TP. Thus I'(A*L) can also be
considered as a Clifford module of I'Cliff £, where the action is essentially the same
as described by Equation (1) with L being identified with T*P via the standard
bilinear form (2). On the other hand, there is a natural vector bundle isomorphism
between L and 1™ P:

T*P — L, & —&477E, YEeTHP.
Hence, I'(A*L) = Q(P) and the Clifford action is given by
(27) (X +8&) - p=uX +7%)pu+ENAp,

where ¢ € QY(P), X € X(P) and p € Q(P). It thus follows that these two Clif-
ford modules ((1) and (27)) are isomorphic and the isomorphism is established by
tlexpm): Q(P) — Q(P):

tlexpm)(p) = p+ o(m)p + %L(?T/\W),U-l—"‘ . Y e QP).

As a consequence, in terms of the standard action (1), we have, for any e €

['(F) = Cliffy (E),
(28) t(exp m)oeot(exp )™t = ¢(e),

where ¢(e) = (X +7#&) +if e = X + &,
On the other hand, a simple calculation yields [6] that

(29) t(exp m)odot(exp )™t = d + 0,

where 0 = [v(7), d] is the Koszul-Brylinski differential.
Let

D =d+o0.

Thus, we have

[D7 f] - L(eXp ﬂ-)o[d7 f]OL(eXpﬂ—)_l = ¢(df) = Xf + df’
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D? =0 and

{615 62}:D

= [[D,e1], €2

= [[t(exp 7)odot(exp ), 1], €3]

= expm)ofd, ¢ ter], ¢ teg]or(exp )t
= ¢f{o e, 07 ea}y

Thus D = d+0 is also a Dirac generating operator, whose induced Courant algebroid
is isomorphic to the standard one as in Section 1.1 with ¢! being the isomorphism.
Note that this Courant algebroid is also the double of the Lie bialgebroid (7'P, T* P)
associated to the Poisson manifold P (see Section 2.3).

Example 2.3. Let £ =TP ®T*P be equipped with the standard bilinear form on
the fibers, and Cliff ' and I'(S(F)) = Q(P) as in Section 1.1. Now we will consider
another differential operator D = d + Q on Q(P) for some 2 € Q3(P):

Dp=du+QAu, VueQP).

It is clear that D? = dQ. In order for D? € C*°(P), it is necessary that dQ = 0, i.e.,
(2 is a closed 3-form. It is also trivial to see that [D, f| = df € I'(E) and [[D, e1], e5] €
['(E). Therefore, D is indeed a Dirac generating operator. The induced bracket on
['(F) is in fact similar to the one described in Section 1.1 with some modification
for the bracket between vector fields in X(P). More precisely, the bracket takes the
following form:

(30)
(X0, Xt} = X, Kol (L & Lot yd((En, Xo)— (62, K1) —(X1A X)),

while the anchor p : TP ® T*P — TP is the projection map to the first compo-
nent. This type of Courant algebroids was due to Severa [18], called exact Courant
algebroids. More precisely, an exact Courant algebroid is a Courant algebroid on
E = TP ®T*P with the standard bilinear form (2) and the anchor p(X +¢) = X'

In fact, it is simple to see, by using the properties of Courant algebroids, that the
bracket of any exact Courant algebroid on £ is of the form (30), where the three
form €2 can be recovered by the following formula:

Hence, one obtains a one-one correspondence between exact Courant algebroids

and closed 3-forms on P.

IThis definition can be rephrased in a more intrinsic way. Namely, a Courant algebroid F with
anchor p is ezxact, if the sequence
(31) 0—TPLE TP 0

is exact, where p* : T*P — FE is defined by (p*¢,e) = (£, pe), V€ € T*P and e € T'(E). Such
a vector bundle E is always isomorphic, as a vector bundle with Riemanian metric in fibers, to
TP @& T*P by choosing an isotropic complement of 7% P 2 Kerp.



8 DERIVED BRACKETS AND COURANT ALGEBROIDS

Now assume that Q;, Qy € Z3(P) are cohomologous, i.e., Q; = Qy + df for
6 € Q*(P). Consider the spinsor bundle isomorphism A*T*P — A*T*P induced
by the Clifford action of ¢ € Q(P). Namely, on Q(P):

1
(33) ee-u:u+0/\u+56/\9/\u+---, Y € Q(P).

;From the relation e %odoc? = d + df, it follows that
Dy = e % Dyoc?.
It is also simple to see that
e Yoeoc? = p(e), Ve cT(E),
where
(34) ple) =X+ ((X)0+¢), if e=X+E.

Thus it follows that {ej,ex}; = ¢{d ter, ¢ lea}s, Ver,eo € T'(E), where {-,-}
and {-,-}5 are the induced derived brackets on I'(E) corresponding to Dy and Ds,
respectively. As a consequence, the induced Courant algebroids for D; and Dy are
isomorphic.

Conversely, it is simple to see, using the properties of Courant algebroids, that
any two exact isomorphic Courant algebroid structures on £ must be related by an
isomorphism ¢ : E — F of the form (34) for some two form 6 € Q?(P). Therefore,
their corresponding closed three forms on P must be cohomologous. Thus, we
recover the following theorem of Severa.

Theorem 2.4. [18] The isomorphic classes of exact Courant algebroids are parametrized
by H3(P).

The corresponding class in H?(P) is called the Severa characteristic class of the
Courant algebroid.

2.3. Double of Lie bialgebroids. A large class of Courant algebroids arise as the
double of Lie bialgebroids. The notion of Lie bialgebroids is a natural generalization
of that of Lie bialgebras. Roughly speaking, a Lie bialgebroid is a pair of Lie
algebroids (A, A*) satisfying a certain compatibility condition. We quote here its
definition below [16] [10].

Definition 2.5. A Lie bialgebroid is a dual pair (A, A*) of vector bundles equipped
with Lie algebroid structures such that the differential d. on T'(A*A) coming from
the structure on A* is a derivation of the Schouten-type bracket on I'(A*A) obtained
by extension of the structure on A. Equivalently, d, is a derivation for sections of
A, ie.,

(35) d.[X,Y]=[d. X, Y]+ [X,d.Y], VX, Y €T'(A).

Given a Lie bialgebroid (A, A*) over the base P, with anchors a and a, respec-
tively, let F denote their vector bundle direct sum F := A® A*. On F, there exists
a natural non-degenerate symmetric bilinear form:

(36) (X0 460X+ &) = (6] + (6, X)), VX0, X € T(4), £1,6 € I(AY).
Introduce a bracket on T'(E) by
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e, 6] = {[X1, Xo] 4+ Le, X — L, X1 — 5d.((61, X2) — (&, X1))}
+{[&1, &) + Lx, & — Lx,& + 5d ({61, Xo) — (&, X1)) 1,

where e; = X7 + & and e = Xy +&. Let p: E — TP be the bundle map
p = a+ a,. That is,

(38) p(X +&) =a(X)+a.f), VX eTI'(A) and £ € T'(A").

The following result was proved in [14].

(37)

Theorem 2.6. If (A, A*) is a Lie bialgebroid, then E = A & A* together with
([,], p, (+,+)) is a Courant algebroid. In this case, Df = d.f +df, Vf € C>®(P).

Such a Courant algebroid F is called the double of a Lie bialgebroid (A, A*). For
a Lie bialgebra (g, g*), the bracket (37) reduces to the well known Lie bracket on
the double g & g*. On the other hand, if A is the tangent bundle Lie algebroid T'M
and A* = T*M with zero bracket, then Equation (37) takes the form:

1
(39)  [X1+&, Xo+ &) = [X1, Xo] +{Lx,& — Lx,&1 + §d(<51, Xo) — (62, X1)) }-
This is exactly the one discussed in Section 1.1.

2.4. Courant algebroids associated to Manin pairs. Let (0, g) be a Manin pair
[?]. Namely, 0 is a Lie algebra with an invariant symmetric non-degenerate pairing
(+,-) of signature (n,n) and g is an isotropic subalgebra. Suppose that D is a Lie
group with Lie algebra 0 and G C D is a Lie subgroup corresponding to the Lie
subalgebra g. Consider the trivial vector bundle

E=vxD/G— D/G,

where D/G is the standard homogeneous space obtained by taking the orbit space
of the right G-action on D. Equip E with a fiberwise bilinear form (-,-). Now D
acts on D/G from the left, and by 9 — X(D/G), e — é we denote its induced
infinitesimal action. Define an anchor map p: E — T(D/G) by

(40) ple,x) =é,, V(e,x)edxD/G.

Sections of E are naturally identified with 9-valued functions on D/G. The Lie
bracket on 9 thus induces a bracket between constant d-valued functions. Extend
this bracket to non-constant functions using Equation (21).

Proposition 2.7. The above bracket on I'(F) is well-defined. In fact, this bracket
together with the anchor map (40) and the bilinear form (-,-) makes E into an exact
Courant algebroid. Moreover, the Courant algebroid structure on E is invariant
under the group D-action:

(41) d-(e,z) = (Adge,d-z) Vde D, (e,x) € (e,z) €0 x D/G.
Proof. Since E is a trivial bundle, CE = Cox D/G and S(E) = Sox D/G. Consider
the twisted spinor bundle S = (50 x D/G) ® (A?T*(D/G))z, and the operator

1 1

42 D:=—= iLé. —_— —

Cijkezejek.
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Then, (D, f] = —1¢'[L,, f] = —%(é;f)€’. Hence, [D, f] € T'(E), and the correspond-
ing anchor map p(e) = —é.
For any constant sections u,v of E,
1
24
This implies that [[D,e1],e5] € T'(F) for any two sections eq, ey according to
Lemma 7.

HD,U],U] ==

[Cijue’e? e u],v] = [u,v].

Next,
D?* = (- % L@z 214Cl]k€‘€j6k)
= 1(e",e?)Le, L, + z€'el[Le,, Le,] — Cijne’ed Le, 4 25 Cijn C9F.
Now
[Lém Lé]-] = L[eijeﬂ = C@'jkLékv
and

(ei>6j)veivej = (eiaej)( 00 + 5 (aapz))( Oy + 5 (abp?))

= (¢ ¢ )(pz %0, O+ O (p205) 0 + 5 (p20a0sp%) + 5(0apf)?) = 5(€', €7)(p30a0pp5) +

Hence D? is indeed a function on the base. B
Finally, note that D interchange with the natural D action on S. Hence the
induced Courant algebroid is indeed invariant under the D-action. U

Next we will investigate some special cases of this construction of Courant alge-
broids.

Assume that g admits an isotropic complement m which is stable under the ad-
joint action of g, i.e., [g, m] C m. This decomposition defines a (left)-D invariant
connection on the principal bundle G — D — D/G [?]. In other words, one ob-
tains a D-equivariant bundle map o : T(D/G) — (T'D)/G, where D acts on T'D
by lifting the left translation which commutes with the lifted right G action, hence it
descends to an action on the quotient space (7'D)/G. Trivialize T'D = d x D by right
translation, which induces a vector bundle isomorphism (T'D)/G — 2 x D/G(= E
given by [e,x] — (e, [z]), where e € 0 and = € D. It is simple to see that, under
this identification, the left D-action on (T'D)/G goes to the D-action defined by
Equation (41). Thus we obtain an D-equivariant bundle map

c:T(D/G) — E

such that poc = id. Since m is assumed to be isotropic, hence the image of o is
isotropic in E. In other words, we obtain an D-equivariant isotropic spiltting of the
exact sequence

(43) 0— T*(D/G) 2> E -2 T(D/G) — 0.

According to Example (?77?), E can be identified with a standard Courant algebroid
T(D/G)®T*(D/G) with the 3-form Q € Q3(D/G) defined by Equation (32). Since
o is D-equivariant and the Courant algebroid E is D-invariant, it is simple to see that
Q is indeed D-invariant, i.e., Q € Q3(D/G)P = A3(0/ frakg)*) = A3g. Under this
identification, Equation (32) implies that 2 = —2¢, where ¢ € A3g is the Drinfeld
3-cocycle corresponding to the splitting 0 = g & m. Note that ¢ is in general a
Lie algebra g-cocycle, but our assumption that [g,m| C m assurs that it is also a
relative 3-cocycle of the Lie algebra pair (9, g), which is responsable for 2 being a

1
4
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D-invrainat closed 3-form on D/G. Alternatively, our construction together with
Equation (32) shows that ¢ is essentially the curvature tensor of the principle bundle
D — D/G, under the identification Q?(D/G)P @ g = A%(0/g)* @ g = N2g® g.

Example 2.4. Let (g g*, g) be the standard Manin pair, and let m = g*. It is clear
that all the assumptions are satisfied and ¢ = 0 since m is a Lie subalgebra. In this
case D = G x g* is the semi-direct product, and D/G = g*. Thus FE is isomorphic
to the standard Courant algebroid T'g* @ T*g*, the double of the Lie bialgebroid
corresponding to the zero Poisson g*.

Example 2.5. Assume that g admits an invariant, nondegenerate symmetric bilin-
ear form (). Let 0 = g @ g, the direct sum of Lie algebra g. Define a bilinear form
on 0 by

(44) (E+m, & +n) = —%(Q(fl,&) —Q(n1,m)).

Embed g — 9 by the diagonal embedding: guiay = {(£,€)| € g} and let m =
{(&, —xi)|§ € g}. It is clear that @ = ggiug B M, Gaiay i a Lie subalgebra, and
[@diag, m] C m. Therefore we can apply the above construction to our situation so
that the Courant algebroid E is isomorphic to an exact Courant algebroid T'(D/G)®
T*(D/G). Now D = G x G and we can identify D/G with G by the following map

¢:lv,yl — xy™t, Vo, yed.

Under this identification, the left-D action on D/G becomes d - g = digd, ", Vd =
(dy,dy) € G x G and g € G since ¢((dy, ds) - [2,9]) = ¢([diz, doy]) = dio([, y])dy .
In particular, the induced G actions on G by embedding G as a subgroup of D via
G x {1}, {1} x G, and the diagonal, correspond to the left translation, the right
translation, and the adjoint action, respectively. A D-invariant closed 3-form on
D/G corresponds to, via ¢, a biinvariant closed 3-form on G. A simple calculation
shows that 2 is indeed the Cartan form corresponding to Q).

Finally, we have

Proposition 2.8. Let 0 = g @ g* be the double of a Lie bialgebra (g,g*). Assume
that the corresponding Poisson groups G and G* are complete so that D = G X G* as
a manifold. Then E is isomorphic to the Courant algebroid TG* & T*G* assocaited
to the Poisson manifold G*.

Proof. 1dentifying TG* @ T*G* with the trivial vector bundle (g @ g*) x G* by left
translations, one obtains a vector bundle isomorphism ¢ : TG* @ T*G* = E. It is
clear that this identification preserves the bilinear forms on the vector bundles. By
the definition of dressing action [18], one also sees that ¢ interchanges the anchor
maps.

To show that ¢ is a Courant algebroid isomorphism, it suffices to verify that
¢ preserves the Courant bracket for invariant sections. To this purpose, for any
e1, ea € g @ g%, let 4 and é3 be their corresponding left invariant sections in
TG @ T*G. Assume that e = X +&, eo =Y +n € g® g, and 6, = X + &,
¢ =Y + 7. Here X, Y and &, 7 denote the corresponding left invariant vector
fields and 1-forms on G for XY € g and &, n € g* respectively.From the fact that
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[X,Y] =[X,Y] and [£,7] = [£,7]™ (see [?]), it follows that
L€ = (ady€)”, LeX = (ad{X)".
This means that
(X, ] = Lgl—LX + %(d* —d) < X,£>
= (adx€)” — (ads X)~

= [X. ¢
Therefore,
e, &) = [X,Y]+[X, 7] +[6 Y]+ [€7]
= [X Y] +[Xon” +[6Y]” + 60
= [e1,eq] .
This concludes the proof. U

3. CONNECTIONS, DIVERGENCE AND TORSION

The purpose of this Section is to extend the notions of connection, divegence and
torsion to Courant algebroids.

3.1. EF-connections. Let E be a Courant algebroid over P, p be its anchor map,
and V' — P be a vector bundle. In analogy to ordinary connections we define a
notion of an F-connection.

Definition 3.1. A linear map V: I'(E ® V) — ['(V) is called an E-connection on
V' if it satisfies the following porperties,

(45) Vies = [Ves,
(46) Ve(fs) = [Ves+ (pe) f)s.
Here e € I'(E),s € I'(V) and f € C®(P).
Given an ordinary connection V on V' one can define an E-connection by formula
(47) Ves := Vs,

Let VZ be a linear connection on the Courant algebroid E preserving the bilinear
form (-,-). That is,

X(el, 62) = (Vf}el, 62) + (61, V)E{«EQ).

By formula (47) an ordinary connection on E preserving the bilinear form on fibers
defines an E-connection which will be denoted by the same letter VZ. For any
e € I'(E), we define a function divye € C*°(P) called the divegence of e,

(48) divge = Z(Via e,

where {ey, -+ ,e,} is a local basis of I'(F), and {e!,--- ,e"} its dual basis.

Lemma 3.1. For any f € C*(P) and e € I'(E),
divy(fe) = fdivge + p(e)f.
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Proof. The proof is by direct computation,
divy(fe) = Z(Vi(fe), N = fdwve+z e,e)ple;) f = fdivge + p(e)f.

0
In the following we shall need an E-connection on the line bundle A := A"PT*P.
Lemma 3.2. Formula
(49) V2 1= L,ye)s — (divge)s
defines an E-connection on A.
Proof. Using Lemma 3.1 we obtain,
ers = L5 — (divg(fe))s = fLye) + ple) f — f(divye)s — ple) f = fVis.
The following computation completes the proof,
VA(F5) = Ly (f3) — (divge)(fs) = FV2s + (ple) f)s.
OJ

Note that in general the connection V» is not induced by an ordinary connection
on A since p(e) = 0 does not necessarily imply divge = 0.

3.2. Courant algebroid torsion. In this section we develop a notion of torsion for
Courant algebroids. Given an E-connection V¥ on a Courant algebroid E, for any
three sections ey, €5, e3 € ['(E) we define a skew-symmetric function C'(ey, e, €3) €
C*(P) by formula,

1 1
C(ey, e9,€3) == gCyclmg({u,v},w) — éCyclmg,(VeEleg V _e1,€3).

Lemma 3.2. The function C(ey, e, €3) defines a 3-form on E, i.e., C € T(A*E*).
Proof. The first term in the expression for C' transforms as follows,

CyC1123({f€1762}763) = nyC1123({61762}763)
+ ((e1,e2)Df — (plez) f)er,es) — ((er,e3) Df — (ples) fer, ea)
= fCycligs({er, e}, e3) 4 5 ((e1, ea)ples) f — (ex, es)p(e2) f).

For the second term, we obtain,

CYC1123<V?61€2_vg(fel)ve?)) = nyClug(vg@ V ela€3>
+ ((e1,e2)ples) f — (61,63)P( 2)f).

The statement of the Lemma follows by comparison of these two formulas. O

The form C' € T(A3E*) 2 T(A3E) is (up to a sign) a direct analog of torsion when
the Lie bracket of vector fields is replaced by the Courant bracket on sections of the
Courant algebroid.
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3.3. Flat bases. It is often convenient to choose a local basis in the space of section
of a Courant algebroid. Let U C P be an open neighborhood of some point p € P
and let Ey be the restriction of the Courant algebroid E to U.

Lemma 3.3. As a vector bundle with scalar product Ey has a pair of complementary
Lagrangian subbundles. That is, Ey = Li ® Lo, where both Ly and Lo are of
dimension n and the restriction of the scalar product to each of them vanishes.

Proof. As a vector bundle, F is a direct sum of two n-dimensional subbundles E
and E_, where the metric is positive definite on £, and negative definite on E_.
Lagrangian subbundles L C E are in one-to-one correspondence with isomorphisms
between Riemannian vector bundles E, and E_, with metric on E_ the inverse of
the scalar product. More precisely, given such an isomorphism A\ : £, — F_|
the corresponding Lagrangian subbundle L, is spanned by vectors of the form
(x,\(z)) € (Ex & E_),. Over U, both E, and E_ are trivial as vector bundles.
Since all metrics on the vector space R" are isomorphic, £, and E_ are isomor-
phic as Riemannian vector bundles. Choose a particular isomorphism A\ and the
corresponding Lagrangian subbundle L,. The Lagrangian subbundle L_) is com-
plementary to L,. This copmletes the proof. U

The scalar product on E gives rise to a duality L; = L3 between two comple-
mentary Lagrangian subbundles. Over U, L; can be trivilized, and we can choose
a basis {l,} € T'(U, L) and a dual basis {I*} C T'(U, Ly). Together, they form a
flat basis {e;} C I'(P, Ey) such that (e;, e;) is constant for all + and j. Define a flat
connection V¥ with property VZe; = 0 for all i.

Using a basis {e;} and the corresponding flat connection V¥ simplifies many
formulas. In particular, all elements of the basis have vanishing divergence divyre; =
0 since VeEj e; = 0 for all 7 and j. Also, the expression for the torsion C' simplifies,

1
Cijr = Cles, e5,ex) = gCyC1z’jk({ei7€j}7ek)'

Proposition 3.4. Let V¥ be a flat connection on E and {e;} be a basis in the space
of section of E such that V¥e; = 0 for all e € T(F) and for all i, and (e;,e;) are
constant for all © and j. Then, the Courant bracket can be expressed by formula,

(50) {es, ej} = Cijk:eka
and the tensor Cyji, = C(e;, €5, e) satisfies the following differential equation,
(51) Cyclyy (p(€:)Cirt + 6Cijq(e%, €”) Cppr) = 0.

Proof. By definition, the expression ({e;, €;}, ex) is skew-symmetric with respect to
the first two indices. And formula (??) shows,

0=plei)(ejex) = ({eiej} + Dles,e),ex) + (€5, {€i, ex} + D(es, ex))
= ({eiejter) + ({ei e}, eg),

that it is in fact completely skew-symmetric. Hence, it coincides with Cjj;;, which
implies (50).
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To prove the differential equation we use formula (?7?)
ple)Cin = 2(DT(ej, ex, 1), i)
= 20y€1jkl({{€j7 6k}a 6l}7 ei)
= 2CyC1jlejkp(ep7 eq){{eq’ 6l}7 61'}
= —2Cycljle’ﬂq(eq,ep)ijk.
O

3.4. Clifford bundles and Clifford modules. Since a Courant algebroid E is
equipped with a bilinear form (-,-) on fibers, one can associate to it a bundle of
Clifford algebras C(FE). The Clifford (super-) commutator on sections of F is given
by:

[61, 62] = 2(61, 62).
Each E-connection V¥ on E preserving the bilinear form gives rise to an E-connection
VCE) on C(E) such that

VS(E) (uwv) = (VS(E)U)’U + u(VS(E)v)

for any e € I'(F) and u,v € I'(C(E)).

The difference A, = V, — V. of two E-connections VE and V¥ preserving the
scalar product on F is a linear operator on the fibers of E. It is skew-symmetric with
respect to the scalar product on E. On a local basis {e;} C I'(E) the action of A,
is given by A.(e;) = A;;e? with A;; = —Aj;. The corresponding Clifford connections
VEE) and VEE) are related by formula,

VB = VB + [ae, ),

where a, = —1A;;e’e? is a section of the Clifford bundle.

Locally, the Clifford bundle C(E) always possesses an irreducible Clifford module.
That is, a bundle S — P such that a fiber .S, is an irreducible representation of the
Clifford algebra C(E),. Indeed, by Lemma ??, over an open neighborhood U of p
the bundle F is isomorphic to a direct sum of two Lagrangian subbundles Ly & L.
Then, by choosing S = AL; we define the Clifford action by formulas,

e1-s=e NS, er-s=1(eg)s,

where s € I'(S) = ['(ALy), e; € I'(Ly), and ey € I'(Lg) = T'(LY).

Globally, if E admits a splitting into a sum of two Lagrangian subbundles, it
possesses an irreducible Clifford module S constructed as above. Then, any other
irreducible Clifford module S’ is obatined as tensor product of S with a line bundle,
S'=S®L.

Connections V¥ and V) are called compatible if the following condition is
satisfied,

V(- s) = (VEPy) . s 4+ u- (VSs).
Different connections on S compatible with a given Clifford connection differ by a
function on the base,
@f - Vf = <’7a 6>,
where v € I'(E*) = I'(E).

In the case of E split into a direct sum of two Lagrangian subbundles £ = L& L*,

and S = AL, any connection V¥ induces compatible connections on C(F) and on
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S. In particular, by Lemma 7?7, locally one can always construct such compatible
connections.

4. COURANT BRACKETS AS DERIVED BRACKETS

In this Section we show that, at least locally, every Courant bracket can be ob-
tained as a derived bracket for some choice of the Dirac generating operator.

4.1. Construction of the Dirac generating operator. Let E be a Courant
algebroid, C(E) be the corresponding Clifford bundle and S be an irreducible Clifford
module over C(E). The vector bundle S has fibers of dimension N = 2". Let
S = S ® L be the twisted Clifford module with line bundle £ := S ® A, where
S = (detS*)VN and A = (AfPT*P)Y/2. In general, the Clifford modules S and S
can only be constructed locally, over some open neighborhood U C FE.

Example 4.1. Assume that E admits a global splitting into a direct sum of two
Lagrangian subbundles, F = L & L*, and choose S = AL. In this case, detS* =

N

det(AL*) = (APL*) =, and formula for S simplifies,
S AL® (APL* @ NPT*P)z.

In particular, if L 2 T*P we obtain S = AT*P since the bundle (A"PT P& NPT P)
has a canonical trivialization. If L = TP we obtain, S = AT P ® AYPT*P.

Let V¥ be an E-connection on E, VE¥) be the induced connection on the Clifford
bundle, and V¥ be a compatible connection on S. The connection V° induces a
connection on the line bundle S, and by Lemma ?? a connection VZ defines an
E-connection on A. Together, they define a compatible connection on the Clifford
module S that we denote by V,

(52) V=VvgVieVh

Theorem 4.1. For any compatible connection (VE V*), the operator
1 . 1 o

(53) D = §elvei - ﬂC}jke’ejek

acting on sections of the Clifford module S is a Dirac generating operator for the
Courant bracket on E.

This Theorem is the main result of the paper. We postpone the proof until the
end of this Section. In the formulation of the Theorem we used a pair of dual bases
{e;} and {e'} in the space of sections of E. The definition of D is independent of this
choice since the torsion C'is a 3-form on F (see Lemma ?7?). The definition of the
generating operator D is reminiscent of the standard construction of a Dirac operator
(plus a cubic term correction) on a Riemannian manifold with a spin-structure.
This operator is also ultimately related to the cubic Dirac operator considered by
Konstant [13]. Recall that the generating operator D squares to a function on the
base, D? € C*°(P), whereas the square of the usual Dirac operator is a generalized
Laplacian.

The following Theorem shows that the Dirac generating operator on a given irre-
ducible Clifford module is essentially unique.
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Theorem 4.2. Let E be a Courant algebroid, S be an wrreducible Clifford module
of C(E) and let D and D be two Dirac generating operators acting on T'(S) and
generating the anchor map and the Clifford bracket on E. Then, the difference of
D and D is a section of E, § := (D — D) € I'(E), with property [D, 5] € C®(P).

Proof. Since the anchor maps generated by D and D coincide, we obtain,
(54) 6,f]=Df =Df =0
for any f € C*°(P). By assumption, FIND the Clifford module E is irreducible,
and formula (54) imples [4, f] = 0 and § € ['(C(E)).
The derived brackets generated by D and D coincide which implies,
[[[)7 61]7 62] - HD, 61]7 62] = [[67 61]7 62] =0

for all ey, ey € I'(E). This shows that § is a section of E, § € ['(E).
Finally,

[D,8] = D* — D* — %,
and since all the terms on the right hand side a smooth functions on the base, so is
the left hand side. U

4.2. D is independent of the conenction. In this Section we show that the
generating operator is independent of the choice of the connection V¥ on E and of
the compatible connection V¥ on S.

Theorem 4.3. The Dirac generating operator D defined by formula (7?) on sections
of S is independent of the choice of a connection VE on E and of a compatible
connection V° on S.

Proof. Choose two connections VE and V¥ on E and compatible connections V3
and V* on S. Then, as operators on S,

- 1 .
Vi — Vi = —Zai,jkejek + fi,

where a; i, fi € C°(P) and a; j, = —a; ;. A straightforward calculation shows that
the torsion forms induced by V¥ and by VZ compare as follows,

~ 1
Ciji — Ciji = —§ASymijk(ai7jk)a

where Asym,;, stands for complete anti-symmetrisation in indices 4,7 and k. The

connections induced by V2 and @f on the linde bundle S := (detS*)'/V differ by
a function (—f;),

VE—VE=—f.
Finally, the difference of induced E-connections on the bundle A = (A*PT*P)1/2 is
of the form,
~ 1 1 .
Vh -V = §(divvei — divge;) = i(ej, e"Vaj ki
Putting all the pieces together we compare the two generating operators,
- 1 1

1 . . 1 -
b=b= 561(_Zai,jk€]€k +fi—fit 5(‘9], eM)ajni) + ZgASYmijk(ai,jk)elejek =0.
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Here we used that

i k i k i k
a; pe'e’e” = gAsymijk(amk)e ele” +2(e', e’)a; jre”.

g

4.3. Proof of Theorem ??. By the property (45) of E-connections, we obtain,
1, 1 i
D.f] = 56Ve £ = 2ol e
Hence, [D, f] € I'(E), and the corresponding anchor map p(e)f := 2(|D, fl,e) =
(e,¢)p(e;) f coincides with the anchor map of E.

Since the operator D is independent of the choice of compatible connections on
E and S, we can locally choose a slitting £ = L & L*, dual bases {l,} C I'(L) and
{i*} ¢ T'(L*) and an isomorphism S = AL as in Section ??. The flat connection
VEe; =0, where {¢;} = {l,} U{l®} induces a flat connection of S with property,

VE(lay Avv  Nlay) =0,

and a flat connection VS on & 2 (AfP[*)1/2,

Choose local coordinates % on the base P and trivialize the bundle A"PT*P by
the volume form p := dx' A ...dxP. In local coordinates, the anchor map takes the
form,

p(ei) = 07 Oas
where p? € C°°(P). The condition p o D = 0 reads,
(e',e))pip; =0

for any a,b. The connection on A = (A*PT*P)'/2 can be written as,

VAFH = (ple) f + 5 @ur) '

We compute the commutator of D with two elements of the basis e;, e; of E,

1
[[D,ei], e;] = [Ve, — Z—lC'iklekel,ej] = Cie.
By Lemma ?? +4++ADD LEMMA+++ it implies that [[D,e;],es] € ['(E) for any
two sections ey, e5. Moreover, by Lemma 7?7 we obtain,
(D, e, e5] = {ei, €5}
Next, we verify that the operator D sqaures to a function on P.
D? = (%e’ivej — Q—ZCijkeiejekf
= (e, eV, Ve, + 5e'e[Ve,, Ve | N )
— 5Cire'e?Ve, — & (p(e:)Cir + +5Cyclyy (Cijp(eP, 1) Cop) el ebel + =Cj CIF,
Note that,
(p(e)Ci)e'e’ete! = Asym,(p(e;)Cim)e'e’ete! + (p(e;)Cipa)e™e.

Lemma 77?7 implies that the fourth term vanishes, and the first term is canceled by
the next term in the expression for D?. Next, we notice that for our choice of V,

[veﬂ vej] = v{ei,ej} - Oijkveka
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and the second and the third terms in the expression for D? cancel each other.
Finally,

(€, e)Ve, Ve, = (€,6) (000 + 5(0upi)) (0505 + 5(0sp}))
= (e,¢7) (0} P50u0s + 0a(p p7) 0 + 5(pf0a0sp5) + 1(Dupf)?)-

Since (e, ¢/ )p?pg’- = 0, the first two terms on the right hand side vanish, and the
other two terms are functions on the base. In conclusion, we obatin,

1 y 1 1
D? = - Cp O L (p0,0u78) + 5 (upt)?) € C(P).

We have shown that the operator D is a Dirac generating operator, and that the
corresponding anchor map coincides with the one of E. It is sufficient to verify that
the derived bracket generated by D coincides with the one of E on any basis in the

space of sections of E. But we already checked it in equation (?7). This observation
completes the proof of Theorem 77.

5. SPLITTABLE CASE

In this section, we discuss the case when the Courant algebroid is splittable, i.e.,
it admits a transversal pair of Dirac structures. In this case, the Courant algebroid
E corresponds to the double of a Lie bialgebroid (A, A*), i.e., E = A® A*. Thus we
can take S = AA as the spinor bundle, and the line bundle £ = (AP A* @ ATPT*P)2 .
Hence the twisted spinor bundle S = S ® £ 2 AA @ (AP A* @ AlPT*P)z. We shall
show, by a suitable choice of connections, the Dirac generating operator D can be

described by the differential operators defining the differential BV-algebra structure
on I'(AA) [19].

5.1. Statement of the theorem. Recall that given a Lie algebroid A over P,
there exists a canonical Lie algebroid representation of A on the line bundle AP A ®
APPT* P [7], which is simply taking the Lie derivative. Hence A has a representation
on the square root of this line bundle: (A"PA ® /\t"pT*P)%. The corresponding Lie
algebroid cohomology differential gives ries to an operator

F(/\ZA* ® (/\topA ® /\topT*P)%) N F(/\I—HA* ® (/\topA ® /\tOpT*P>%).
It is clear that as a vector bundle Al A*@ (AP AQAPT™ p)% is canonically isomorphic
to AP A® L, where £ = (AP A* @ A°PT* P)z | Therefore, one obtains an operator
9:T(N*A® L) — T(A* A L).

On the other hand, by considering the Lie algebroid A* and its canonical represen-
tation on L, we obtain a differential operator

do: NFA® L — N A L.
The main theorem of the Section is

Theorem 5.1. If a Courant algebroid E is the double of a Lie bialgebroid (A, A*),
by identifying S with NA & (APA* @ /\t"pT*P)%, the Dirac generating opeartor D
equals to d, + 0.
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5.2. Compatible connections and an alternative formula for D. Let us fix a
non-zere section V' € T'(A"PA) (which always exists locally), and let Q € T'(A"P A*)
be its dual section. Choose a (local) volume form s € T'(A*PT*P). Using the section
Q®s € T(A'PA* @ APT*P), we can trivialize the line bundle £, and write the
operators ci* and 9 as follows:

- 1

(55) d* = d* + §X0 and
~ 1

(56) 0 = —0+ 550,

where d, : T(A*A) — T(A*™'A) is the Lie algebroid cohomology differential of
the Lie algebroid A*, and 9 : T'(A*A) — T'(A*!A) is the BV-generating operator
[19] for the Gerstenhaber algebra @I'(A*A) corresponding to the non-zero section
V e T(APA):

oU = —(—1)¥I(dw 1V,

when U = w V. Here X, and &, are, respectively, the modular vector fields of the
Lie algebroids A* and A corresponding to the non-zero sections 2 ® s and V ® s:

(57) LyV®s+V ®L,ys =< go,Y > V@S, VY€F<A),
and
(58) Lo @ s+ Q@ Lygs =< 0,Xy>Q®s Y0cT(A").

In this case, we may choose a pair of compatible connections on £ and on S as
follows. Choose a linear connection V on the vector bundle A, and denote by the
same symbol its induced connection on the dual bundle A*. In this way, we obtain a
connection on £ = A@® A* preserving the bilinear form (-, -). By abuse of notations,
we use the same symbol V to denote all kinds of different connections.

The connection V also induces naturally a connection on the spinor bundle S =
@ A" A. Tt is trivial to check that these two connections are indeed compatible.
Note that a linear connection on A induces a Lie algebroid A-connection on A by
VxY =Vux)Y,VX,Y € T'(A). Then the torsion tensor is a section of A*A* defined
by

Tor(X,Y) = [X,Y] — (VxY — Vy X).

Similarly, one obtains an A*-connection on A* with the torsion being a section of
A2A defined by Tor(¢,n) = [6,1] — (Ven — V,€), V&.n € D(A7).

Lemma 5.2. For any X,Y € I'(A) and &, n € T'(A*),
1
(59 CX,Y,6) = 5 < Tor(X,Y), € >

(60) Clen X) = %< Tor(€,n), X > .
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CYCI(VXY—VyX, 5)
= (VxY = VyX, )+ (Vv X)—(VxE, YY)

= %<VXY—V)/X, €>+%<VY£7 X> _%<VX€7 Y>

= SIVRY = VX, )+ S(a(V)(E X) — (6 VX)) — 5(a(X)(€, V) — 6 VaY))

2
= (Va¥ — VX, &) + 5alV )6, X) — 5a(X)(E,Y).
Hence,
(X, Y.

1
= T(X.Y.§) — 5 Cyel(VxY = VyX,¢)

= T(X,Y,) ~ 5UTxY — Ty X.€) + 2a(V){E X) — 5a(X)(E V)]

_ T(X,Y.) - ia(Y)({, X)+ %a(X)(f, y) — %(VXY Yy X, &) (using Equation (26))

= ([X,Y],¢) — %(VXY - Vv X, §)

—_

= —<[X, Y] — (V)(Y - VYX)v §>

— N

= §<T07’(X, Y)7 £>
Equation (60) can be proved similarly. O

Let us choose a (local) basis {X1,---, X,,} of T'(A4), and let {a!, -+ a™} be its
dual basis in I'(4*), i.e., (o, X;) = &}. Then we may choose {Xy,---, X,,,a',---,a"}
as a basis of I'(E), and {2a', -+ ,2a",2X1, -+ ,2X,} will be its dual basis.

Under such a choice of basis, the operator D can be written as

Proposition 5.3.
. 1 L . .
(61) D =a'Vyx, +X;Vai+ §(<Tor(Xi,Xk), o) X" + (Tor(a, o), X;) X;a? X},)

Proof. 1t is clear that Cjjre’e/e” can be decomposed into four parts I; + I + I3 + I,
where
L = 8C(Xl, i Xp)alalab =0
L = 80(ai,a’, ") XX, X) = 0
Iy = 8C(Xy, X oM alad Xy, + 8C(Xi, of | Xy ) X0 4+ 8C (o, X, Xi) Xyl
I, = 8C(a', o, X})X; X;aF +8C(a, X, ") X; oﬂXk—i-SC'(Xl,oz "ol X; X,

Now
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C(X;, X;,aF)alal X,
= O(X;, X, a") i (= Xpa? + 6])
= —C(Xi, Xy, )" X" + O(X;, X, 07
Similarly,

C(a’, Xj, Xip) Xsal ok
= —C(Xi, Xp,ad)a' X0 — C(a?, X;, X;)a'.
Hence,
I = —24C(Xi, Xy, o?)a' X;a"(by Equation (59))
= —12(Tor(X;, X}.), o’ )a' X;a*.
Similarly, we have
I, = —12(Tor(a’,a*), X;) X0’ X.
Therefore,
Cire'eled = —12((Tor(X;, Xi), ad)a' X ;0" + (Tor(a, o), X;) X0/ X}.).
The conclusion thus follows immediately. U

Next we divide the computation of D into two parts, namely on the part of AA,
and on the part of the line bundle L.

5.3. Contribution of the AA-part. Let V denote the torsion free A-connection
on A:
VxY =VxY + %Tor(X, Y), VX,Y €T'(A).
Then
(62) ' = —a'Vy,

is the corresponding BV-generating operator of the Schouten bracket on @®I'(A*A)
[19].

Similarly, we denote by 6577 = Ve + %Tor(f,n), Ve, n € T'(A*), the torsion free
A*-connection on A*.

Note that, for any fixed £ € I'(A*), Tor(&,-) : A* — A* is a bundle map. Hence
traceTor(¢, ) is a smooth function on the base space P, which is C*°(P)-linear on
€. Therefore, there exists a X, € T'(A) such that

(63) (€, Xo) = traceTor(€, ) = (Tor(€,a'), X;).
More explicitly,

(64) Xo = (Tor(a!, a*), X}, X;
Similarly, let

(65) o = (Tor(X;, X3,), o®)al.
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Set
. 1 o
D, = o/VXZ.—i-§<T0r(Xi,Xk),oﬂ>oﬂXjak
1 , .
D, = Xivai—i—§(Tor(al,ak),Xj>Xia9Xk

The following lemma is obvious.

Lemma 5.4. For any X € I'(A) and { € I'(A"), X¢&, as an operator on &T'(A*A),
1s a derivation with respect to the wedge product, i.e.,

(XEOUAV)=(XOU)AV +UAN(XEV, VU, Vel (AA).
Proposition 5.5. For any U € T(A*A), DU = —d'U, and DU = d U + 1 X, AU.
Proof.

. 1 .
D, = o(Vx, + §(Tor(Xi, Xp), a?) X;ak)

» 1
= o' (Vx, + §T0r(X,;,Xk)ak)(by Lemma 5.4)

= CYZVX.

k3

Hence, )
DU =o' 1Vx,U=-0"U.
On the other hand,

1 . 4
D, = Xl-Vai+§(Tor(a’,ak),Xj>X¢a7Xk
1 ) )
= Xi(Vu+ §(T0r(o/, a®), X;)ad Xy)
1 .
= Xi(Vai + 5Tor(o/, ") X})

1 . 1 )
= Xi<vai - §XkTOI‘<OéZ, ak) + —<TOI‘(O(Z, ak)v Xk>)

[N}
—

= Xi(Vai — %XkTor(o/, o)) + 5)20.
It is simple to check that for any X € I'(A)
(Vi — %XkTor(ai, o)X =V X.
Using the derivation property: Lemma 5.4, we thus have
(Vi — %XkTor(ai, oNU = VU, YU eTD(A*A).
Thus
DU = X;AVaU+ %Xo A U (according to Lemma 3.10 in [19])
= dU+ %XO AU.

This concludes the proof of the proposition. O
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5.4. Contribution of the line bundle L-part. Next we need to compute the
portion, of which D acts on the line bundle £. The following lemma can be verified
directly (see [?]).

Lemma 5.6.
divgX = (VxX, o),
divg§ = (Vai&, X;).
Take Q = a' A--- Aa"™ € D(APA*) and V = X; A -+ A X, € T(APA). Then
clearly (2, V) = 1.
Lemma 5.7. For any X € I'(A) and £ € T'(A*),
Ve@Q®s) = (£ Xo— Xo)(Q®s);
Vx(Ves) = (X,&—&)(V®s).
Proof. For any s € ['(A*PT*P),
(Le =Ve)s = La.gs — Ves
= L(a.e)s — (Lia.gys — (divg€)s)
= (divg€)s (by Lemma 5.6)
= <vai£, XZ>8
On the other hand,
((Le = Ve)Q, V) = ((Le — Ve)o', X;).
Therefore,
(Le = V) = ((Lg — Ve)a!, X)Q.
It thus follows that
Le(Q®s)—Ve(2® )
& — Vé‘)Q ® S‘+ Q ® (Lg — Vg)S
£, O‘z] - (vfal - voﬂf)v XZ>)Q ® s
TOI'(&, a/i)7 XZ>Q ® s

= (£, X)OQ®s
Hence
VeQ®s)=Le(Q®s) — (£, X0)Q®@s = (£, Xp— X)Q® s.
The second equation can be proved similarly. U

By 6, we denote the section of A* defined by

(66) Vx(Q®s)=(X,0)(Q®s), VX el'(A).
Lemma 5.8.

00 = (60— 6).
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According to Lemma 5.7, we have
VxV®s+V®oVxs=(X, &— go)(v® s).
It thus follows that
(67) Vxs = (X, & —&)s — (Q, VxV)s.
From the definition of 8, we have
(X,0)(Q®s)=VxQ®s+Q® Vxs.
Thus,

(X,0)s
= (VxQ,V)s+ Vs
= —(Q,VxV)s+ Vxs (by Equation (67))
—2(Q, VxV)s + (X, & — &)s
2Q, (Vx — Vx)V)s+ (X, & —&)s — 2(Q, VxV)s
(X, €0)s + (X, & — E)s — 2(Q, VxV)s
(X, &)s —2(Q,VxV)s
(X, &0)s —2(Q, VxV)s.

It thus follows that
(X, & —0) =2(Q,VxV).
Hence

~ 1
VxV = §<X> & —0)V.

Let V° be the flat A-connection on AP A corresponding to the operator 0, i.e.,
V%V =0, VX € [(A). Thus, VxV — V&V = (X, L(& — 6))V. According to
Proposition 4.2 in [19], we thus have

90— = %(50—0).
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5.5. Proof of Theorem 5.1. It is easy to see that for any U € T'(A*A),
D(U® (Q®s)?)
= DUR(Q®s)?+ (o 1U)® Vy, (2@ s)2
+(X;AU)® V(2 ® )2 (by Lemma 5.7 and Equation (66))
= DU®Q@s)} + 3 (X, 00’ J0)@ Qo5

N|=

1 . -
50, Xo = Xo)(Xi AU) @ (2@ 5)2

N

1 1 -
= DU®(Q®s)? + 5(9J U)®(Q®s)2 + §(X0 — Xo) AU ® (2 ® s)%(by Proposition 5.5)

1~ 1
= (=0'U+d.U+ §X0 AU)® (2® s)2(by Lemma 5.8)
1 1
= (—OU + §§0JU+d*U+§X0/\U)®(Q®s)%.
This concludes the proof of the theorem. O

5.6. Laplacian operator. Define the Laplacian operator of a Lie bialgebroid (A, A*)
by

(68) £ =08d, +d.0: T(A*A) — T(AA),

which is clear a derivation of the Gerstenhaber algebra on I'(AA). As an immediate
consequence of Theorem 5.1, we see that £ is indeed an inner derivation. This gives
an affirmative answer to an open question in [19].

Corollary 5.9. o L=3(Lx, + Lg,) : T(A*A) — T(A*A);
o D? = —%(aXo) + le < &y, Xo >.

Proof. We now have
1
D=-0+d,+ 5(50 + Xp) : @T(A*A) — @T(A*A).

Thus,

2 ]_

p* = D, D)
1 1 1
= L+ 5Le — 510, Xo] + 7 [€o, Xo].
Now for any U € T'(A*A),
[87 XU](U)
= 0(XoAU)+ XoNA0OU

(—=[Xo, Ul + 0Xo AU — Xy AOU) + Xo AU
- _LX0U+ (3X0)U,

Hence [0, Xo] = —Lx, + 0X,. On the other hand, [£y, Xo] = (£, Xo)-
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Therefore,
2 1 1 L
DP = L+l —5(—Ly, +0Xo) + 7 < 6o, Xo >
1 1 1 1
= Gle gl = L) =50%0) 5, Xo)

It is simple to see that £, L¢, and Ly, are all derivations of degree 0 with respect
to the wedge product on I'(AA). The conclusion thus follows immediately from
Theorem ?7?. O

6. DIRAC EQUATION AND DIRAC STRUCTURES

In this section we explain the relation between Dirac generating operators and
Dirac structures.

6.1. Dirac structures. Let us first recall the definition of Dirac structures below.

Definition 6.1. Let £ — P be a Courant algebroid. A Lagrangian subbundle
F C E is called a Dirac structure if the space of sections I'(F') C T'(E) is closed
with respect to the Courant bracket.

It is clear that the restriction of the anchor map and the bracket on I'(F) to F
makes F' into a Lie algebroid.

If the Courant bracket on F is a derived bracket corresponding to a Dirac generating operator
D, there is a simple way to construct Dirac structures.

Definition 6.2. A section s € I'(S(E)) is called projectively closed if there is a
section e € I'(E) = C,(F) such that

(69) Ds=e-s.

Assume that s € I'(S(F)) is a nonvanishing section. We denote by ¢ : C(E) —
S(E), c(a) =a-s, Ya € C(F) the corresponding Clifford map.
Given a nonvanishing section s, consider a subspace of F,, x € P as follows:

F, = E, NKer(c,).
It is clear that F), is automatically isotropic.

Definition 6.3. A nonvanishing section s is called of mazimum rank at a point
x € P if F, is maximal isotropic (i.e., F, is of dimension n, or is a Lagrangian
subspace).

Let s € I'(S(FE)) be a nonvanishing section of maximum rank everywhere on P.
Then, the subspaces F, C E, form a smooth subbundle F' of rank n, which is
indeed a Lagrangian subbundle of E, called the Lagrangian subbundle generated by
s. More generally, a line subbundle £ of S(F) is said to be of mazximum rank , if
any local nonvanishing section of £ is of maximum rank . It is clear that any of
maximum rank line subbundle of S(E) generates a Lagrangian subbundle of F in a
similar fashion.

Conversely, given any Lagrangian subspace F,, C E,, elements in S(FE), which are
annihilated by F, under the Clifford action consist of a one-dimensional subspace
L, of S(E),. Hence for a Lagrangian subbundle F', U,cpL, is a line subbundle of
S(FE), denoted by Lp.
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In summary, there is a bijection between Lagrangian subbundles of £ and of
maximum rank line subbundles of S(E). Next Theorem describes what a Dirac
structure corresponds under this bijection.

Theorem 6.4. Let E be a Courant algebroid corresponding to a Dirac generating operator
D on the spinor bundle S(E). Assume that s € T'(S(E)) is a nonvanishing section
of maximum rank everywhere on P. If s is projectively closed, then its generated
Lagrangian subbundle F is a Dirac stucture on E.

Conversely, given any Dirac stucture F C E, if s € T'(Lp) is a nonvanishing
(local) section, then s must be projectively closed.

Proof. Let e1, es be two sections of F' so that e; - s = e5 - s = 0. Then,
(e1<e9)s = [Dey, ea]ls = —(ege1)Ds = —egere - s = (—ea(e, e1) + ezeer) - s = 0,

because both e; and e, annihilate s. Hence, e;<ey € I'(F), and the space of sections
I'(F') is closed with respect to the Courant bracket.

Conversely, assume that s € I'(Lr) is a nonvanishing (local) section. Then for any
e1,e9 € T'(F), since (e <ey) € T'(F), we have [[D, e1], ea]s = (e3 <e3) - s = 0. It thus
follows that es[D, e1]s = 0 since es annihilates s. This implies that [D, e;]s € T'(Lr)
by the definition of L. Since s is assumed to be nonvanishing, there exists a function
fe, € C°°(P) such that

(70) [D,e1]s = fe, 8.

Now [D,e]s = (Dey + e1D)s = ey - Ds, which implies that f., depends on e;
C>°(P)-linearly. Thus there is a section e € I'(E) determined uniquely up to a
section of F' such that f., = 2(e,e;). And therefore f.,s = (ee; + eje) - s = eje - s.
According to Equation (70), we obtain that e; - (Ds —e-s) = 0. Hence Ds —e-s =
fs for some function f. Note that both D and e are odd operators on I'(S(E)),
that is, they change the parity with respect to a fixed grading on I'(S(£)) (WE
SHOULD SAY SOMETHING REGARDING Z, GRADDING OF I'(S(FE)). IT IS
NOT CANONICAL, BUT ONE MAY ALWAYS CHOOSE ONE). On the other
hand, it is easy to see that a nonvanishing section s € I'(Lr) must be homogeneous
with respect to this grading. It thus follows that Ds —e-s = 0. This completes the
proof of the theorem. Il

Definition 6.5. A of maximum rank line subbundle £ of S(F) is said to be pro-
jectively flat if any of its nonvanishing local section is projectively closed.

Geometrically, one may rephrase this definition as follows. A of maximum rank
line subbundle £ of S(E) generates another subbundle: E - £, which is of rank
n. Then L is projectively closed if for any s € I'(L), Ds € I'(E - £). According
to Theorem 7.1, Dirac generating is essentially unique up to some section of F,
therefore the properity being projectively flat is independent of the choice of D.
Equivalently, Theorem 6.4 can be stated as follows.

Proposition 6.1. There is a bijection between projectively flat of maximum rank
line subbundles of S(E) and Dirac structures of E.
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6.2. Properties of e. We note that in Theorem 6.4, when s is fixed e is uniquely
determined up to a section of F, hence it corresponds to a unique section é of
E/F = F*. As we see below, € is a 1-cocycle of the Lie algebroid F.

Proposition 6.2.
dFé — 0,
where dp : T(A*F*) — T(A*T1F*) is the differential of the Lie algebroid cohomol-
ogy of F.
Proof. We have, VXY € I'(F),

dré(X,Y)
= ,O(X)<é, Y> - p(Y)(é, X> - <é’ {X’Y}>
- %[p(X)(e, Y) = p(Y)(e,X) — (e, X 1Y)
= S(XaeY) —p(V)(e, X))

Here the second from the last equality follows from Equation (17).
On the other hand,

D(X,e)-s
1

= —D[X,e]-s
2

_ %([DX, e — [X, Del)s

= %(XQ@ — [X, De])s.

Now [X, De|s = (XDe—(De)X)s = X[D,e|]s = X-(D(e-s)+e-Ds) = X-(D?*s+
ee-s) = (D*+ee)X - s = 0. Here we used Dirac Equation (69), and the fact that
both D? and ee are functions on P. Tt thus follows that D(X,e)-s = 3(X <e) - s,
and p(Y)(e,X)s = [D(X,¢),Y]s =YD(X,e) s = 1[Y(X <e)] - s = [(X <e)Y +
Y(X<e)]-s = (X<e,Y)s. Therefore, we obtain that dré(X,Y)s = 0, which implies
that dpé(X,Y) = 0 since s is a nonvanishing section. This completes the proof. [

We note that e, hence é, depends on a particular choice of s. When s is replaced
by fs for a nowhere vanishing function f, e becomes e+ Df/f. On the other hand,
it is simple to see that Df = drf. Thus the class of € is a well-defined element in

H'(F). We will show below that this is indeed the modular class of the Lie algebroid
F when D is self-adjoint.

Theorem 6.6. If D is a self-adjoint Dirac generating operator and F is a Dirac
structure, the section e in Dirac Equation (69) corresponds to (up to a scalar of %)
the modular class of F.

Proof. Let us choose an isotropic complement F* of F' so that E = F & F*. Note
that I'(F™) may not be closed under the Courant bracket. As in Example (4.1), we
take S = AF* and

S = AF* @ (APF @ NPT*P)s.
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It is clear that in this case Lr 2 1Q(A'PF® /\t"pT*P)%. As in Section 5.1, we may
choose a pair of compatible connections on E and on S as follows. Choose a linear
connection V on the vector bundle F'; and denote by the same symbol its induced
connection on the dual bundle F*. This induces compatible connections on £ =
F@®F*and S = AF*. Let us choose a (local) basis {a!, -+ ,a"} of I'(F'), and denote
by {X1,---, Xy} its dual basis in ['(F*), i.e., (!, X;) = d5. Then we may choose
{Xy, -+, X, al -+ a"} as abasis of I'(E), and {2a,--- 20", 2X,--- ,2X,} will
be its dual basis.

As in Proposition 5.3, under such a choice of a basis, —iCijkeiej eF can be de-
composed into four parts I; + I + I3 + I, where

I, = —%C(Xi,Xj,Xk)o/ajozk

L, = —%C(ai,aj,a’f)xixjxk

I; = —%C(Xi,Xj,ak)aioﬂXk+8C’(Xi,aj,Xk)ainak—|—80(ai,Xj,Xk)Xiajak
I, = —%C(ai,aj,Xk)Xinak+8C’(O/,Xj,ozk)Xioszk—|—8C’(Xi,ozj,ak)ozinXk

It is clear that both I; and I3 annilate £z under the Clifford action. On the
other hand, I5 is identically zero since F' is a Dirac structure. And as in the proof
of Proposition 5.3, I, = —3(Tor(e/, o), X;) X,a7 X), = —1 X, X, Tor(a?, o¥) + 1 X,
where X, € I'(F*) is defined by Equatlon (64). In conclusion, when acting on Lp
under the Clifford action, —Z 51Cijke’ 'ele equals to XO

Now 3¢'V,, = a'Vx, +X; Vaz When acting on F(EF) the first part o'V, clearly
vanishes, according to Lemma 5.7 the second part equals to X;V,i(1 ® (Q® s)%) =
HXo—Xo)- (1@ (Q®s5)7). Here Q = a' A---Aa™ € T(APF), s € T(APT*P) is a
(loca) volume volume, and X, € I'(F*) is the modular section of the Lie algebroid
with respect to the section 2 ® s:

(71) L@ s+Q® Lygs = (0,X)Q@s Vo eT(F).

Let § = (1® (Q® s)2), which is a nonvanlshlng (local) section of Lp. Then we

obtain that )
Ds=-X,-3§
2

This completes the proof. O

Remark 6.1. In the case above, (F, F*, F) indeed consists of a quasi-Manin triple.
The restriction of the Courant bracket to I'( F*) is decomposed into two components:
a cobracket I'(F)) — T'(A’F) and a section ¢ € T'(A’F). Thus one may still have
operators d, and 9 as in Section 5.1. And then D = d, + 0 — 24gz5.

As an immediate consequence, we have

Corollary 6.3. If E is a Courant algebroid which admits a unimodular Dirac struc-
ture and D its self-adjoint Dirac generating opeartor, then D? = 0.

Note that Corollary 6.3 also follows from Corollary 5.9 when the unimodular Dirac
structure admits a Dirac complement.
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Example 6.1. Consider the standard Courant algebroid £ = TP & T*P as in
Section 1.1. Take S(E) = ATP and D = 0, the BV-generating operator of the
Schouten bracket, i.e., D = % lodox, where * : T'(A*T'P) — QUP~*(P) is the
linear isomorphism induced by a volume form on P. Let 7 be a bivector field, and
F = {7#£+4£|€ € T* P} be the graph of . Then F is clearly a Lagrangian subbundle
of E. It is simple to see that Lp is spanned by the section e™™ € T'(ATP). Now
De™™ = (=0m + [m,7]) - e ™. Hence we see that I is a Dirac structure iff 7 is a
Poisson tensor, and the modular vector field 97 of the Poisson tensor (which is, up
to a sign, one-half of the modular of the corresponding Lie algebroid 7% P) naturally
appears in the Dirac equation.

Example 6.2. Let £ = TP & T*P be an exact Courant algebroid defined by a
three form Q € Q3(P) as in Example 2.3. Take T'(S(F)) = Q(P) and D = d + Q.
For a given two form w € Q%(P), the graph F' = {v + wbv|v € TP is a Lagrangian
subbundle. Then L is linearly spanned by the section e™ € Q(P). It is simple to
see that De ™ = (—dw + Q) - e7¥. Thus it follows that F' is a Dirac structure iff
dw = €, i.e., w is a quasi-presymplectic structure in the sense of [?].

On the other hand, consider the Lagrangian subbundle F' = {7n#¢ + £)|¢ € T*P}
corresponding to the graph of a bivector field 7. Just like in the previous example,
it is more convenient in this case to use I'(AT'P) as a model of I'(S(E)). Then Lp
is spanned by the section e™™ € I'(AT'P), and D = 9+ ). Now a simple calculation
yields that

De™™ = (=0r + [n,7] = 7 Q+ 7% (r 1Q)) -e ™.
Thus it follows that F' is a Dirac structure iff [r, 7] = 7%, i.e., 7 is quasi-Poisson
[?]. In this case, the vector field —97 + 7# (7 _J Q) is one-half of the modular of the
Lie algebroid F = T* P defined by the quasi-Poisson structure. For this reason, we
may call O — 7# (7 _1Q) the modular vector field of the quasi-Poisson structure 7.

6.3. Generalized Dirac structures. Let £ — P be a Courant algebroid, F' — @
a Lagrangian subbundle of E over a submanifold ) of P. We say F' is compatible
with the anchor if the image of the anchor map p, when restricting to F', is tangent
to @, i.e., p(F) C TQ. The following is easy to check.

Lemma 6.7. Assume that F' — @ is a Lagrangian subbundle compatible with the
anchor. For any sections ey, es of E, if e1]g, ealg € I'(F'), then the value of {e1, e}
over ) only depends on eq|q and es|q.

Proof. Let f € C*°(P) be any function such that f|g = 0, then,

{er, featlo = f{er, e2} + (pler) f)ez — (er,e2) Df = 0.
Similarly, {fe1,ea}|g = 0. This means that {e;,es}q only depends on e;|g and
62|Q. O
We are now ready to introduce the definition of generalized Dirac structures.
Definition 6.8. Given a Courant algebroid £ — P, a Lagrangian subbundle F' — @)
over a submanifold ) of P is a Dirac structure if

e F'is compatible with the anchor;
e for any sections ey, e of E such that e;|g, ealg € T'(F), {e1,e2}|q € T'(F);
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e for any sections eq, s, e3 € I'(F), there exist extensions €1, €3, €3 € I'(E) such
that for any e € E|,, we have p(e)T'(€1, €3, €3) = 0.

Immediately, we have

Proposition 6.4. A generalized Dirac structure F — @Q is a Lie algebroid under
the restriction of the anchor map and the Courant bracket.

For a given Lagrangian subbundle F' — ) compatible with the anchor, consider
T(e1,e2,e3) = 3 Cyclygs({e1, €2}, €3) as in Equation (24). If e1|q, e2]q, eslg € T(F),
by Equation (26), we have T'(e1, ez, e3)|g = ({e1,e2},e3)|g. Thus it follows that T
defines a three form on I'(A*F*), which is denoted by Tr. It is clear that {ej,es}¢ €
['(F) iff Tp = 0. Thus we obtain the following equivalent definition of generalized
Dirac structures.

Proposition 6.5. A Lagrangian subbundle F' — @ is a generalized Dirac structure
if

e F' is compatible with the anchor;

® TF =0.

Let D : T'(S(E)) — I'(S(E)) be a Dirac generating operator of the Courant
algebroid. Assume that £ — @ is a line subbundle of S(E) which is of maximum
rank at each point of (). Thus £ defines a Lagrangian subbundle F' — () such that
F annilates £ under the Clifford action, i.e., £L = Lp.

Proposition 6.6. The following are all equivalent

e (i) F is compatiable with the anchor;
o (ii) Df|g € T'(F) for any f € C>®(P) such that f|g = 0;
e (iii) Ds|q is a well-defined section of S(E)|q for any s € I'(LF).

Proof. (i) — (i1) For any f € C*(P) such that f|lp = 0 and e € I'(F'), we have
(e,Df)lg =2p(e)f =0. Thus Df|g € I'(F).

(17) — (ii7) Let f € C*°(P) be any function such that f|o = 0. Then D(fs) =
fDs+ Df -s. Thus D(fs)|q = 0, since Df|g € I'(F') which annialtes s. It thus
follows that Ds|q is well-defined.

(7i1) — (i) By assumption, for any nonvanishing local section s € I'(Lr) and f €
C>°(P) such that f|g =0, we have D(fs)|g = 0. Thus Df|q - s = 0, which implies
that Df|g € T'(F). If e € T'(F) is any section, then p(e)(f)|q = 3(e, Df|q) = 0.
Hence p(e) must be tangent to Q.

This concludes the proof. U

Similar to 7, we say that a section s € I'(Lp) is projectively closed over @ if
Equation (69) holds over @ for some e € I'(E|g), and we say that Lp is projectively
flat if any of its nonvanishing local sections is projectively closed, or Ds € T'(E - Lf)
for any s € I'(Lp).

The following can be proved similarly as in Theorem 6.4.

Theorem 6.9. Let E be a Courant algebroid corresponding to a Dirac generating operator
D on the spinor bundle S(E). Assume that s € I'(S(E))|q is a nonvanishing section

of maximum rank everywhere on Q. Then the Lagrangian subbundle F generated

by s is a generalized Dirac stucture, if F' is compatible with the anchor and s is
projectively closed over Q).
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Conversely, given any generalized Dirac stucture F — Q, if s € T'(Lg) is a
nonvanishing (local) section, then s must be projectively closed over Q.

In other words, there is a bijection between projectively flat of mazimum rank line
subbundles of S(F) over Q and Dirac structures of E over Q.

Theorem 6.10. Under the same hypthesis as in Theorem 6.9, if F — @Q is a gener-
alized Dirac stucture defined by the Dirac equation Ds = e-s, then the projection é of
e inT'((E/F)|g) = '(F*) is a Lie algebroid 1-cocycle. If moreover D is selfadjoint,
the class of € is the modular class of the Lie algebroid F.

6.4. Examples. In this section, we will discuss some examples of generalized Dirac
stuctures.

Proposition 6.7. Let P be a Poisson manifold with Poisson tensor w, and F =
TP @ T*P the Courant algebroid as in Example 2.2. For a submanifold @), F =
TQ ® N*Q is a generalized Dirac stucture iff Q) is a coisotropic submanifold.

Proof. If F is a generalized Dirac stucture, it follows from the compatibility between
F and the anchor that () must be a coisotropic submanifold. Now we will prove its
inverse.

Assume that () is coisotropic. Then F' is compatible with the anchor. Take
S(E) = AT*P and then D = d+ 9. It is clear that Lr = AP N*(Q. Let us choose a
local coordinates (x1,- -+, Zq, Tgt1, - ,T,) of P such that @ is the slice defined by
Zgp1 =+ =x, =0. Thus s = dx,1 A--- Adxyg is a (local) nonvanishing section
of L. It is simple to see that

Ds=0(dxga N+ -dzy,) = Z(—l)”jd{xqﬂ, Tgpif NdTga A" " Nday, = € s,

i#
— Hagri®gr;} O Hzg+iTqti} O
Wher? ‘= Zi#( rgrs Bwgr; | Orgr, 3xq+i)'
This concludes the proof. Il

The proposition above is a special case of the following more general theorem.

Theorem 6.11. Let E = A® A* be the double of a Lie bialgebroid (A, A*) over a
base P, L — Q a vector subbundle of A over a submanifold Q C P. Let F = L@ L*.
Then F is a generalized Dirac structure iff both L and L* are subalgebroids of A
and A* respectively.

Proof. 1t is clear that F' is automatically a Lagrangian subbundle. If F' is a gener-
alized Dirac structure, by definition L and L+ must be Lie subalgebroids of A and
A* respectively.

Conversely, assume that L and L+ are Lie subalgebroids of A and A* respectively.
Then it is simple to see that F' is compatible with anchor. Take S(E) = AA*, then
according to Theorem 5.1, D =d — 0, + %(Xo + &) is a Dirac generating operator.
We also see that Lr & APLE and E - Lp 2 AP7LLE @ (APLE A A*). Now given
any section £ € T'(A*) such that £|g € T'(LY), we have d¢|g € T'(L*+ A A*). This is
because, for any X, Y € I'(L),

AElQ(X,Y) = p(X)(E,Y) = p(¥)(&, X) — (&, [X, Y]) = 0.



34 DERIVED BRACKETS AND COURANT ALGEBROIDS

It thus follows that dT'(Lr) C T(A*PLE A A*). On the other hand, since L' is a Lie
subalgebroid of A*, T'(AL1) is indeed stable under the BV-generating operator 0.
Hence, in particular, OF(A*PLL) C T'(AfP~1LL). Tt thus follows that Lp is indeed
projectively flat under D. This completes our proof. O

Proposition 6.8. Let E =TP & T*P be an exact Courant algebroid corresponding
to the three form Q € Q3(P). For any smooth submanifold Q C P, F = TQ & N*Q
is a generalized Dirac structure iff 1*Q0 = 0, where i : ) — P is the inclusion.

Proof. Take S(E) = AT*P and then D = d + Q. We have L = AP N*Q, and
E - Lr = ANP7IN*Q & (ANPN*Q A T*P|g). It is simple to see that dT'(Lr) C
L(APN*Q ANT*P|g) C E - L. Hence, L is projectively flat iff Q|g - Lp C E - L,
which is equivalent to ¢*€2 = 0. O

6.5. Courant algebroid morphisms. We are now ready to introduce Courant
algebroid morphisms.

Definition 6.12. Let £; — P; and E5; — P, be Courant algebroids. A morphism
between these Courant algebroids is a generalized Dirac structure F C E; x E, over
a graph of some smooth map ¢ : P, — P,, where E, is the Courant algebroid
obtained from Fs by changing the sign of the metric, and E; x E, denotes the
product Courant algebroid over P; x Ps.

If P, = P, = P and F is the graph of a bundle map ® : E; — FE, over the
identity P — P, it is simple to see that F' defines a Courant algebroid morphism
iff ® is a Courant algebroid isomorphism. In general, we have

Proposition 6.9. The graph of a bundle map ¢ : £y — FEy over ¢ : P, — Py
defines a morphism of Courant algebroids iff
o & commutes with the anchor maps, i,e., poo® = Pyop1;
o & preserves the bilinear forms on the vector bundles;
o for any ey, ey € I'(Ey), Pléy, éa] = [e1,es], where for any e € T'(Ey), é €
['(Ey) denotes the pull back of e by ® with Ey and Ey being identified with
their duals.

Proof. 1t follows from definition. We leave it for the reader. O

As we see above, Courant algebroid morphisms are quite rigid when the definining
relation F' comes from a bundle map. In many interesting cases, however F' does
not come from a bundle map.

Theorem 6.10. Let (A, A*) and (B, B*) be Lie bialgebroids over bases M and N
respectively, and Fy = A ® A* and Fy = B @& B* be their doubles. Assume that
®: A — B is a Lie bialgebroid morphism. Then

F ={(a+ ®*b,, Pa + b,)|Va € A and b, € B* over compatible fibers} C E; x Fy
is a morphism of Courant algebroids.

Proof. Let L = {(a, ®a)|Va € A} be the graph of ®, which is a subbundle of A x B.
By assumption, L is a Lie subalgebroid of the product Lie algebroid A x B, and
L+ = {(®*b,, —b,)|Vb, € B*} is a Lie subalgebroid of A* x B* where B* is the
opposite Lie algebroid of B*. According to Theorem 6.11, L & L* is a generalized
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Dirac structure of the double A x B ® A* x B*. It is clear that A x B ® A* x B*
is the Courant algebroid product of A @ A* with B @ B*. Finally, note that the
bundle map b+ b, — b—b,, Vb+b, € B@ B* is a Courant algebroid isomorphism
between B @ B* and E,, and L @ L* becomes F by applying this isomorphism on
B’s-components. This concludes the proof. U

As a special case, we have

Corollary 6.11. Let P, and Py be Poisson manifolds, and ¢ : P, — P, a Poisson
map. And let By = TP, ® T*P, and By = TP, & T*P, the standard Courant
algebroids as in Fxample 2.2. Then

F={(v+¢"¢ o+ e TP, {€T, Py with ¢(x) =m} C Ey x B
is a Courant algebroid morphism.

Proof. We note that ¢, : TP, — TP, is a Lie bialgebroid morphism since ¢ is a
Poisson map. Il

Remark 6.2. Note that Lr = N*Q, where (Q is the graph of ¢. It might be inter-
esting to write down an explict formula of s when Py is symplectic.

Example 6.3. If P is a Hamiltonian Poisson group G space with a momentum map

J: P — G¥, then
F ={(v+¢"E, pv+8)|v € TP, £ € T G* with ¢(z) =m} C (TPOT*P)x(TG* & T*G*)~

is a morphism between TP & T*P and the Courant algebroid (g ® g*) x G* as in
Proposition 2.8.
WHAT IS s? RELATION WITH LIOUVILL FORM?

We end this Section with the following last example.

Proposition 6.12. Let E =TP, ®T*P, and E1 = TP, & T*P, be exact Courant
algebroids with Q0 € Q3(Py) and Qy € Q3(P,) respectively. Let ¢ : P — P be a
smooth map. Then

F={(+¢€ dov+8)|ve TP, £ €TiPy with p(x) =m} C By x By
1s a Courant algebroid morphism iff ¢*Qy = Q4.

Proof. This is a direct consequence of Proposition 6.8. U

7. SELF-ADJOINT

Proposition 7.1. Let E — P be a Courant algebroid, D a self-adjoint first order
odd differential operator D on I'(S) satisfing the following properties:

e For any function, f € C*(P),
(72) D, f] = Df € T(E).
e [For any two sections ey, es € I'(F),
(73) [[D,e1],es] = €1 <es € T(E).
Then D is a Dirac generating operator of the Courant algebroid, i.e., D?* € C*(P).
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Proof. Yg € C*(P), we have [[D,Df],g] = [Df,Dg] = 2(Df,Dg) = 0. It thus
follows that [D,Df] € T'(C(E)). On the other hand, Ve € T'(E), by assumption,
[[D,Dfl],e] = Df <e = 0. Hence [D,Df] € C>®(P). By graded Jacobi identity,
Vf € C*(P), we have [D?, f| = [D, Df]. Hence, we obtain that [D?, f] € C*°(P).
Now since D is self-adjoint, (D?)! = D? and therefore [D?, f]' = —[D?, f], which
implies that [D?, f] = 0. Hence D? € T'(C(F)). Finally, again by assumption, D only
involves T'(C3(E)), and therefore D?* € T'(C5(E)). Now the condition (D?)! = D?
implies that D? € C*(P). O

THEOREM 4.2
The following Theorem shows that the Dirac generating operator is essentially
unique.

Theorem 7.1. Let E be a Courant algebroid, S be an wrreducible Clifford module
of C(E) and let D a Dirac generating operator acting on I'(S) and generating the
anchor map and the Clifford bracket on E.

o If ' =S ® L is another irreducible Clifford module of C(FE), where L is a
line bundle, then D' = D ®@ 1 + €' ® V) is a Dirac generating operator
acting on I'(S"). Here V is a flat linear connection on the line bundle L.

e If D is also a Dirac generating operators acting on ['(S) and generating the
anchor map and the Clifford bracket on E, then, the difference of D and D
is a section of E, § := (D—D) € T'(E), with property, p(6) = 0 and <e = 0,
Veee I'(E).

REFERENCES

[1] Alekseev, A, Malkin, A, and Meinrenken, E., Lie group valued moment maps, J. Diff. Geom.
48 (1998), 445-495.
[2] Cabras, A., Vinogradov, A. M., Extensions of the Poisson bracket to differential forms and
multi-vector fields, J. Geom. Phys. 9 (1992), 75-100.
[3] Courant, T.J., Dirac manifolds, Trans. A.M.S. 319 (1990), 631-661.
[4] Drinfel’d, V. G., Quasi-Hopf algebras, Leningrad Math. J. 2 (1991), 829-860.
[5] Drinfel’d, V.G., On Poisson homogeneous spaces of Poisson-Lie groups, Theor. Math. Phys.
95 (1993), 524-525.
[6] Evens, S,, and Lu, J.-H., Poisson harmonic forms, Kostant harmonic forms, and the S!-
equivariant cohomology of K/T, Adv. Math. 142 (1999), 171-220.
[7] Evens, S., Lu, J.-H., and Weinstein, A., Transverse measures, the modular class, and a coho-
mology pairing for Lie algebroids, Quart. J. Math. Ozford, to appear.
[8] Kosmann-Schwarzbach, Y., Modular vector fields and Batalin-Vilkovisky algebras, Banach
Center Publ. 51 (2000), 109-129.
[9] Kosmann-Schwarzbach, Y., and Monterde, J., Divergence operators and odd Poisson brackets,
math.QA /00022009.
[10] Kosmann-Schwarzbach, Y., Exact Gerstenhaber algebras and Lie bialgebroids, Acta Appl.
Math. 41 (1995), 153-165.
[11]
[12] Y. Kosmann-Schwarzbach, From Poisson algebras to Gerstenhaber algebras, Ann. Inst.
Fourier 46 (1996), 1243-1274.
[13] Kostant, B., A cubic Dirac operator and the emergence of Euler number multiplets of repre-
sentations for equal rank subgroups, Duke Math. J. 100 (1999), 447-501.
[14] Liu, Z.-J., Weinstein, A. and Xu, P., Manin triples for Lie bialgebroids, J. Diff. Geom., 45
(1997), 547-574.



DERIVED BRACKETS AND COURANT ALGEBROIDS 37

Lu, J. H., Weinstein, A., Poisson Lie groups, dressing transformations, and Bruhat decompo-
sitions, J. Diff. Geom. 31 (1990), 501 - 526.

Mackenzie, K. and Xu, P., Lie bialgebroids and Poisson groupoids, Duke Math. J. 18 (1994),
415-452.

Courant algebroids, derived brackets and even symplectic supermanifolds, math.DG/9910078.
Severa, P., letter to Alan Weinstein.

Xu, P., Gerstenhaber algebras and BV-algebras in Poisson geometry, Commun. Math. Phys.
200 (1999), 545-560.



